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Data fitting

Data fitting

m experimental data by, by, ..., by, € R corresponding to observations made on
points ai, az,...,am € R.

We want to find the best approximation of experimental data with a polynomial of
degree n — 1, with n < m.

Polynomial with coefficients xg, ..., x,:

pa)=x1+xa+x3a®+---+x,a" !

The residual is r € R™ s.t. r; = p(a;) — b;.
We want to find x s.t. ||r|| is minimum, i.e.

min ||Ax — b||
x € R"
where )
1 a a8 ... 4 by
1 a a3 ... ayt by
A= . b=
1 a, a3, ... ant bm
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Data fitting

Data fitting

For any norm, the function ||[Ax — b|| is convex.

Euclidean norm || - ||2 (least squares approximation) — quadratic programming
problem:

min 1[[Ax — b||3 = 2(Ax — b)T(Ax — b) = IxTATAx — xTATb — 1b7h
x € R"
rank(A) = n, thus ATA is positive definite, the unique solution is given by the

system of equations:
ATAx = ATb
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Data fitting

Data fitting

norm || - ||1 — linear programming problem:

min ||Ax — b||; = z |Aix — b

i=1

x € R"
is equivalent to
min ZY: min > y;
_> i=1
IAx bi| yi>Ax—b  Yi=1,...
:max{A,x—b,-,b,-—A,-x} yi > bi — Aix Vi= 1,
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Data fitting

Data fitting

norm || - ||oo — linear programming problem:

min ||Ax — bl =  max |Aix — bj|
i=1,....om

x € R”

is equivalent to
min y
y > Aix — b; Vi=1l,...,m
yZb,'—A,'X VI:].,

3
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Data fitting

Data fitting

Exercise. Given the experimental data in fitting.txt, find the best approximating
polynomial of degree 3 with respect to the Euclidean norm.
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Exercise. Find the best approximating polynomial of degree 3 w.r.t. | - ||1.
Exercise. Find the best approximating polynomial of degree 3 w.r.t. || - ||oo-
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Data fitting

Data fitting

Now, b depends on n— 1 parameters, i.e., m experimental data by, by, ..., b, € R,
where b; corresponds to an observation made on points aj1,...,ai -1 € R.

We look for the best linear approximation of experimental data.

Affine function has coefficients xi, ..., x,, residual is

n—1
r = E ajj Xj + Xn — b;.
Jj=1

We want to find x s.t. ||r|| is minimum, i.e.

min ||[Ax — b||
x € R"
where
a1l di2 a1,n—1 1 bl
a1 ax ... agn-1 1 by
A= b=
ami aAm2 ... am,n—1 1 bm
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Machine learning

Extract knownledge from data

» classification
regression

| 4
> clustering
>
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Support Vector Machines

Data classification

Given training data in different classes (labels known)
Predict test data (labels unknown)
Examples:

» handwritten digits recognition
spam filtering

credit card fraud detection
marketing

medical diagnosis

vV V.V VY

image processing
> ...

Methods:
» Decision tree
» neural networks

» support vector machines
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Support Vector Machines

Linear SVM

Given two sets A, B C R” (training set).
Assume that A and B are linearly separable, i.e., there is an hyperplane
H={xe€R": wlx+ b=0} such that

wix'+b>0 VxieA
wixl+b<0 VxieB
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Support Vector Machines

Linear SVM

Many possible choices of w and b. Which hyperplane do we choose?
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Support Vector Machines

Linear SVM

Definition
If H is a separating hyperplane, then the margin of separation of H is defined as
the minimum distance between H and points of AU B, i.e.

. |wTx + b
x€AUB  ||wl|

p(H) =
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Support Vector Machines

Linear SVM
We look for the separating hyperplane with the maximum margin of separation.

Theorem
This problem is equivalent to

min ||w||?
wix! +b>1 VxieA (1)
wix +b<—1 VxeB

Proof. If H={w'x + b = 0} is a separating hyperplane, i.e.,
WTxi—&—bZa Vx eA
w'xX+b< -8 VxeB

then A = {W'x + b =0}, where w =2w/(a+ ) and b= (2b—a + 3)/(a + B), is
another separating hyperplane s.t.

Wx+b>1 VxeA
WX +b<-1 VxeB
- 1
p(H) < p(H) = 7=
(H) < p(H) ]

It can be proved that (1) has a unique solution (w™, b*). O
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Support Vector Machines

Linear SVM

Exercise. Find the separating hyperplane with maximum margin (data in
svml.txt).
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Support Vector Machines

Linear SVM

Define labels

; 1 ifx' e A
Y711 ifxesB
Then the problem
min ||w/||?
wixi+b>1 VxieA
wixi +b<—1 Vx eB

min %HWHQ @
1—yl(w'x'+b)<0 Vi=1,...,¢

is equivalent to

It is useful to consider the dual of (2).
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Support Vector Machines

Linear SVM

E . .
L(w,b,\) = 3lw|*+ 2 [1-y/(w'x' + b)]
. % ) e ) ‘
= 2wl =X Ay wTx' = S Niy'b+ 3\
i=1 i=1 i=1

Z .
If >> \iy' #0, then milr) L(w, b, \) = —oo. Otherwise,

i=1
e . .
Vi l(w,b,A) =w =Y Ny'x' =0
i=1
Dual function
¢ )
—00 if > Ay’ #0
P(A) = e o0 ) ¢ 71 .
—% SISV A+ N i ANy =0
i=1j=1 i=1 i=1
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Support Vector Machines

Linear SVM

Dual problem is

max —3 '2431 f:lyiyj(xi)ij)\;Aj + _Zz:l)\;
i=1j= iz
_Ze: Ayl =0
>0
or max —%)\TXTX)\ +elA
zé: Aiy' =0
A= 0

where X = (y*x,y?x? ..., y'x*) and " = (1,...,1).

M. Passacantando Optimization Methods 17 / 29 -



Support Vector Machines

Linear SVM

» Dual problem is a convex quadratic programming problem
» Dual constraints are simpler than primal constraints

» Dual problem has optimal solutions: each KKT multiplier \* associated to
the primal optimum (w*, b*) is a dual optimum

» If A¥ > 0 then x' is said support vector
» If A\* is a dual optimum, then

¢
=2 Ay
and b* is obtained using one of the complementarity conditions:

A L=y (W)X + b7)] =

» Decision function is
f(x) = sign((w*)"x + b*).
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Support Vector Machines

Linear SVM

Exercise. Find the separating hyperplane with maximum margin by solving the
dual problem (data in svm1.txt).
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Support Vector Machines

Linear SVM with soft margin

If sets A and B are not linearly separable?
The linear system

1—y'(w'x +b)<0 i=1,...,4
has no solutions. We introduce slack variables & > 0 and consider the system:
1—y/(w'x' 4+ b) <& i=1,...,0
& >0 i=1,...,0
¢

If x is misclassified, then & > 1, thus Y~ & is an upper bound of the number of
i=1

misclassified points.
¢

We add to the objective function the term C >_ &;, with C > 0:
i=1
C12 £
min s{lw|]*+ C_ &
) . i=1 (3)
1—y(w'x' +b) <& Vi=1,...,0
£ >0 Vi=1,...,¢
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Support Vector Machines

Linear SVM with soft margin

Exercise. Prove that the dual problem of (3) is

e ¢ ¢
max —3 3 Sy (XN TN + XA
i=1j=1 i=1
L4 ;
g /\,-y’ =0

i=1

o<\ <C i=1,...,¢

If A* is dual optimum, then
¢

w* = Z)\}‘yixi.

i=1
Find b* choosing i s.t. 0 < A} < C and using the complementarity conditions:

{1 e e —g] <o
(C-x)g =0
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Support Vector Machines

Linear SVM with soft margin
Exercise. Find the optimal hyperplane by solving the dual problem with C = 10
(data in svm2.txt).
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Support Vector Machines

Nonlinear SVM
Consider sets A and B which are not linearly separable.
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Are they linearly separable in other spaces?

Use map ¢ : R" — H, where H is an higher dimensional (maybe infinite) space
H is called the features space

We try to linearly separate ¢(x'), i = 1,...,¢ in the feature space.
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Support Vector Machines

Nonlinear SVM
Primal problem:

¢
min 3|wl|?+C3 &
i=1

1—y'(wlo(x)) +7b)§§,- Vi=1,...,¢
£ >0 Vi=1,...,¢

w is a vector in a high dimensional space (maybe infinite variables)

Dual problem:

L /L L . . 4
max —3 Zl _Zl)/’y%(x’)T(/)(XJ)/\i/\j + _Zl/\i
I=1 )= =
4 .
2 Aiy' =0
i=1
0<\N<C Vie=1,...10

number of variables = number of training data
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Support Vector Machines

Nonlinear SVM

» Solve dual problem X\*

é . .
» Compute w* = Y Ay'o(x')
i=1
> Use any AT s.t. 0 < A7 < C for finding b*:

4
YD Ny o) Te(x') + b7 | —1=0

Jj=1

Decision function

J4
f(x) = sign((w*)"é(x) + b*) = sign (Z Ay o(x") T o(x) + b*>

i=1
depends on
> A — know ¢(x')Tep(x/)
> ¢(x')Té(x)
» b* — know @(x')Té(x/)
No need to explicitly know ¢(x), but only ¢(x)Té(y)
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Support Vector Machines

Nonlinear SVM

We use kernel functions

Definition
A function k : R" x R" — R is a kernel if there is a function ¢ : R" — H s.t.

k(x,y) = (p(x), d(¥)),

where (-, -) is a scalar product in H.

Examples:
> k(x,y)=x"y
» k(x,y)=(x"y +1)P, with p>1 (polynomial)
> k(x,y) = e Ix¥I*  (Gaussian)
» k(x,y) = tanh(BxTy +~), with suitable 3 and v
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Support Vector Machines

Nonlinear SVM

Theorem
If k:R"xR"” — Ris a kernel and x!,...,x* € R", then the matrix

Kijj = k(x', %)

is positive semidefinite.

Dual problem is convex:
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Support Vector Machines

Nonlinear SVM

In practice:

» choose a kernel k
» solve the dual — \*
» find b*
1 ¢ o
b*zF—ZA}‘ka(X’,xJ), for some i s.t. 0 < A7 < C
j=1

Decision function

v

£

f(x) = sign (Z Ny k(x', x) + b*

i=1

Separating surface f(x) =0 is
» linear in the features space

» nonlinear in the input space
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Data fitting Support Vector Machines

Nonlinear SVM

Exercise. Find the separating surface using a Gaussian kernel with C =1, v =1
(data in svm3.txt).
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