
Dataflow Analyses 



Code Optimization in Compilers



Control flow graph

• Program commands are encoded by nodes in a control flow 
graph 

• If a command S may be directly followed by a command T 
then the control flow graph must include a direct arc from 
the node encoding S to the node encoding T



  [ input n; ]1 

[ m:= 1; ]2  

  [ while n>1 do ]3   

[ m:= m * n; ]4 

  [ n:= n - 1; ]5 

[ output m; ]6 

input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;
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We will see data-flow analyses: 
-Liveness analysis 
- Reaching definitions  analysis 
-Available Expressions analysis

Data-Flow analyses



Liveness or Live Variables Analysis

• We need to translate the source program in the 
intermediate representation IR that can use a large 
(potentially unbounded) number of registers.  

• but the program will be  executed by a processor with 
a (finite and) small number of registers 

• Two variables a and b can be stored in the same 
register when it turns out that a and b are never 
simultaneously “used”



IR: Three Address Code

Three-address instruction has at most three operands 
and is typically a combination of an assignment and a 
binary operator.  
For example: t1 := t2 + t3. 

The name derives from the use of three operands in 
these statements even though instructions with fewer 
operands may occur.



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

a = 0; 
do { 
  b = a+1; 
  c += b; 
  a = b*2; 
} 
while (a<N); 
return c;

We want to know if a and b are  
simultaneously used.

Example



Live Variables Analysis
• A compiler needs to analyze programs in IR in order to 

find out which variables are simultaneously used 

• A variable X is live at the exit of a command C if X stores 
a value which will be actually used in the future, that is, 
X will be used as R-value with no previous use as L-value 

• A variable X which is not live at the exit of C is also 
called dead (this information can be used for dead code 
elimination) 

• This is an undecidable property



b:= a+1;

a:= 0;
1
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c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Back to the example 

• A variable X is live when it stores a value 
which will be later used with no prior 
assignment to X 

• The “last” use of the variable b as r-value is in  
command 4 

• The variable b is used in command 4: it is 
therefore live along the arc 3 → 4 

• Command 3 does not assign b, hence b is live 
along  2 → 3 

• Command 2 assigns b. This means that the 
value of b along 1 → 2 will not be used later 

• Thus, the “live range” of b turns out to be: {2 
→ 3, 3 → 4}
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b:= a+1;
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Live variables

• a is live along 4 → 5 and 5 → 2 

• a is live along 1 → 2 
• a is not live along 2 → 3 and 3 → 4 

• Even if the variable a stores a value in node 
3, this value will not be later used, since 
node 4 assigns a new value to the variable 
a.



a:= 0;

b:= a+1;
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c:= c+b;
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a:= b*2;
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a<N;
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return c;
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• c is live along all the arcs  
• By the way: liveness analysis can be 

exploited to deduce that if c is a 
local variable then c will be used with 
no prior initialization (this 
information can be used by compilers 
to raise a warning message)

More on live variables



a:= 0;

b:= a+1;
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a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;

➔ Two registers are enough: variables a and b will be 
never simultaneously live along the same arc



ab:= 0;

ab:= ab+1;
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c:= c+ab;
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ab:= ab*2;
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ab<N;
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return c;
6

Variables a and b will be 
never simultaneously live 
along the same arc. Hence, 
instead of using two distinct 
variables a and b we can 
correctly employ a single 
variable ab



a:= 0;

b:= a+1;
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return c;
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We need a way to compute live variables

• A CFG has outgoing edges (out-edges) that lead to 
successor nodes, and ingoing edges (in-edges) that 
originate from predecessor nodes.  

• pre[n] and post[n] denote, respectively, the 
predecessor and successor nodes of some node n. 

• As an example, in this CFG: 
— 2 and 6 are successors of node 5 because 

5 → 6 and 5 → 2 are the out-edges of 5 
— 1 and 5  predecessor 2 since        

    5 → 2 and 1 → 2 are the in-edges of 2 
— pre[2]={1,5}; post[5]={2,6}.



a:= 0;

b:= a+1;
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c:= c+b;
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a:= b*2;
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return c;
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• An assignment to some variable (a use of the 
variable as L-value) is called a definition of the 
variable 

• A use of some variable as R-value in a command is 
called a use of this variable 

• def[n] denotes the set of variables that are 
defined in the node n 

• use[n] denotes the set of variables that are used 
in the node n 

• As an example, in this CFG: 
• def[3]={c}, def[5]= 
• use[3]={b,c}, use[5]={a}

Notation

;
<latexit sha1_base64="XyJA1P140YrPYWC/Se2PL5fLl4Q=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFvBU0nqQY9FLx4r2A9IQ9lsJ+3S3STsToQQ+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W6WNza3tnfJuZW//4PCoenzS1XGqGHRYLGLVD6gGwSPoIEcB/UQBlYGAXjC9m/u9J1Cax9EjZgn4ko4jHnJG0UhefQAywUwD1ofVmtNwFrDXiVuQGinQHla/BqOYpRIiZIJq7blOgn5OFXImYFYZpBoSyqZ0DJ6hEZWg/Xxx8sy+MMrIDmNlKkJ7of6eyKnUOpOB6ZQUJ3rVm4v/eV6K4Y2f8yhJESK2XBSmwsbYnv9vj7gChiIzhDLFza02m1BFGZqUKiYEd/XlddJtNtyrRvOhWWvdFnGUyRk5J5fEJdekRe5Jm3QIIzF5Jq/kzULrxXq3PpatJauYOSV/YH3+APXUkQk=</latexit>



a:= 0;

b:= a+1;
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c:= c+b;
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a:= b*2;
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Formalization of the property: 

• A variable x is live along an arc e→f if there exists a 
real execution path P from the node e to some node 
n such that: 

—e→f is the first arc of such path P 
—x   use[n]  
—for any node n'≠e and n'≠n in the path P, 

x∉def[n’] 

• A variable x is live-out in some node n if x is live 
along some (i.e., at least one) out-edge of n 

• A variable x is live-in in some node n if x is live 
along any in-edge of n 

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



As an example, in this CFG: 

a is live along 1 → 2, 4 → 5 and 5 → 2 

b is live along 2 → 3, 3 → 4 

c is live  along any arc 

a is live-in in node 2, while it is not live-out in node 2 

a is live-out in node 5

a:= 0;

b:= a+1;
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c:= c+b;
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a:= b*2;
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a<N;
5

return c;
6

Example



Computing an approximation of Liveness property

Let us define the following notation:  

in[n] is the set of variables that the static analysis 
determines to be live-in at node n  

out[n] is the set of variables that the static analysis 
determines to be live-out at node n 

 



 n node of the CFG

y:= x+z+2;
n

in[n] ⊇ use[n] 

Computing an approximation of Liveness property

 Liveness information:  the sets in[n] and out[n]  is computed 
as an over-approximation in the following way 

2. If a variable x   use[n] then x is live-in in node n.  
In other terms, if a node n uses a variable x as R-value then 
this variable x is live along each arc that enters into n.

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



y:= w+z*2; n

in[n] ⊇ out[n] - def[n] 

Computing Liveness

2. If a variable x is live-out in a node n and x ∉ def[n] then the 
variable x is also live-in in this node n. 
If a variable x is live for some arc that leaves a node n and x is 
not assigned in n then x is live for all the arcs that enter in n 



y:= x+z*2;
m

n2n1

out[n1] ⊇ U{in[m] | m ∈ post[n1]} 
out[n2] ⊇ U{in[m] | m ∈ post[n2]}  

Computing Liveness

3. If a variable x is live-in in a node m then x is live-out for all the 
nodes n such that m∈post[n]. 

 This is clearly correct by definition.



Dataflow Equations

 The previous three rules of liveness analysis can be 
thus formalized by two equations for each node n: 

1. in[n] = use[n] U (out[n] - def[n])  (rules 1 and 2) 

2. out[n] = U{in[m] | m ∈ post[n]}  (rule 3)



This definition of liveness analysis in[n] and out[n] is correct: 
 If x is concretely live-in (live-out) in some node n then the 
static analysis will detect that x   in[n]  (x  out[n]): 

in[n] ⊇ live-in[n] 
out[n] ⊇ live-out[n] 

In other terms, no actually live variable is neglected by liveness 
analysis.  

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

Correctness of the analysis of  Liveness

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



Correctness in Dragon Book



Liveness analysis is approximate: 

 it assumes that each path of the CFG is a feasible path 
while this hypothesis is obviously not true 

Computing Liveness



Liveness analysis is approximate: it assumes that each path 
of the CFG actually is a feasible path while this hypothesis 
is obviously not true.  

a:=b*b;

c:=a+b;

c>=b
3

return c return a

The analysis determines that a is live-in in 
5, and therefore a is live-out in 3. 
However, no real execution path from 3 to 
5 exists (because b+b*b<b is always false) 
so that a is not really live when exiting 3! 

1

2

4 5

Computing Liveness



        1.  in[n] = use[n] U (out[n] - def[n]) 

 2.  out[n] = U {in[m] | m ∈ post[n]} 

Correctness tells us that in[n] ⊇ live-in[n] and out[n] ⊇ live-
out[n] 

But we need a way to compute  Live variable analysis

How can we  compute a solution to 1 and 2?



How can we  compute a solution to 1 and 2?

   
We need to compute a fix point  

• but how can we be sure that such fix-points exist? 
It depends on the domain and on the function!

1. in[n] = use[n] U (out[n] - def[n]) 
2. out[n] = U {in[m] | m ∈ post[n]}



Does a solution of the semantic equation always exist? 

If it exists, is it unique? 

How to compute it? 

Questions 



Fixpoint? 
fixF = X such that F(X) = X       
greatest fixed point 

 



The fix point theory

Definition (Partial Order). A binary relation    is a 
partial order on a set D 
 if it holds:  

1. reflexivity: a   a for all a D  

2. Antisymmetry: a  b and b a implies a = b  

3. Transitivity: a   b and b   c implies a   c  

A set D with a partial order  is called a partially ordered 
set (D,  ), or  
simply poset. 

⊑

⊑ ∈
⊑ ⊑

⊑
⊑



Examples

Hasse diagrams



Least Upper Bound 

Definition (Least Upper Bound).  

For a partial ordered set (D, ) and  

                    is an upper bound of X iff  
 
An upper bound d is the least upper bound of X iff for all upper 

bounds y of X  
  

The  least upper bound of X  is denoted by 

⊑ <latexit sha1_base64="+VQUOYrHvXvDphpANnCwbag1x0w=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFF1KSgo9lURcuK9gHtKFMpjft0MkkzkyEGvolblwo4tZPceffOG2z0NYDFw7n3Mu99/gxZ0o7zreVW1ldW9/Ibxa2tnd2i/beflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o+up33oEqVgk7vU4Bi8kA8ECRok2Us8ulttdlfgKNDzgm9Nyzy45FWcGvEzcjJRQhnrP/ur2I5qEIDTlRKmO68TaS4nUjHKYFLqJgpjQERlAx1BBQlBeOjt8go+N0sdBJE0JjWfq74mUhEqNQ990hkQP1aI3Ff/zOokOLr2UiTjRIOh8UZBwrCM8TQH3mQSq+dgQQiUzt2I6JJJQbbIqmBDcxZeXSbNacc8rZ3fVUu0qiyOPDtEROkEuukA1dIvqqIEoStAzekVv1pP1Yr1bH/PWnJXNHKA/sD5/AF3rkkE=</latexit>

X ✓ D,

<latexit sha1_base64="UvuitTKFdPNnPi6x1FNKeixEeWw=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgG9eAxgnnAZgmzs7PJkNmZZWZWCCGf4cWDIl79Gm/+jZNkD5pY0FBUddPdFaacaeO6305hbX1jc6u4XdrZ3ds/KB8etbXMFKEtIrlU3RBrypmgLcMMp91UUZyEnHbC0e3M7zxRpZkUj2ac0iDBA8FiRrCxkl+NekwgdFdFqF+uuDV3DrRKvJxUIEezX/7qRZJkCRWGcKy177mpCSZYGUY4nZZ6maYpJiM8oL6lAidUB5P5yVN0ZpUIxVLZEgbN1d8TE5xoPU5C25lgM9TL3kz8z/MzE18HEybSzFBBFovijCMj0ex/FDFFieFjSzBRzN6KyBArTIxNqWRD8JZfXiXtes27rF081CuNmzyOIpzAKZyDB1fQgHtoQgsISHiGV3hzjPPivDsfi9aCk88cwx84nz+zJY+T</latexit>

d 2 D
<latexit sha1_base64="akcsnAU1hL/i/0BqIG9OE4xCKqM=">AAACD3icbVC7TgJBFJ3FF+ILtbSZCBorskvioyTaWGIij4QlZHb2LkyYnV1mZg2E8Ac2/oqNhcbY2tr5Nw6whYInucnJOffm3nu8mDOlbfvbyqysrq1vZDdzW9s7u3v5/YO6ihJJoUYjHsmmRxRwJqCmmebQjCWQ0OPQ8Po3U7/xAFKxSNzrUQztkHQFCxgl2kid/GnRDSJJOMdDlwncLOEiLg5dNVCJp0DDAGO/iHEnX7BL9gx4mTgpKaAU1U7+y/UjmoQgNOVEqZZjx7o9JlIzymGScxMFMaF90oWWoYKEoNrj2T8TfGIUH5u7TAmNZ+rviTEJlRqFnukMie6pRW8q/ue1Eh1ctcdMxIkGQeeLgoRjHeFpONhnEqjmI0MIlczcimmPSEK1iTBnQnAWX14m9XLJuSid35ULles0jiw6QsfoDDnoElXQLaqiGqLoET2jV/RmPVkv1rv1MW/NWOnMIfoD6/MHW5CaVA==</latexit>

8x 2 X. x v d

<latexit sha1_base64="5IaBGAbPyu7h7SRqlXjulWVtQxU=">AAAB/HicbVBNT8JAEN3iF+JXlaOXjWDiibQkfhyJXjxiImACDdluB9iw3ZbdrUnT4F/x4kFjvPpDvPlvXKAHBV8yyct7M5mZ58ecKe0431ZhbX1jc6u4XdrZ3ds/sA+P2ipKJIUWjXgkH3yigDMBLc00h4dYAgl9Dh1/fDPzO48gFYvEvU5j8EIyFGzAKNFG6tvlatBTE5X4CjRMME6rGPftilNz5sCrxM1JBeVo9u2vXhDRJAShKSdKdV0n1l5GpGaUw7TUSxTEhI7JELqGChKC8rL58VN8apQADyJpSmg8V39PZCRUKg190xkSPVLL3kz8z+smenDlZUzEiQZBF4sGCcc6wrMkcMAkUM1TQwiVzNyK6YhIQrXJq2RCcJdfXiXtes29qJ3f1SuN6zyOIjpGJ+gMuegSNdAtaqIWoihFz+gVvVlP1ov1bn0sWgtWPlNGf2B9/gAXUpPC</latexit>

d v y

<latexit sha1_base64="/mQSnvkdrzWRaj9BVg7gtvnm3Cw=">AAAB+nicbVDLSsNAFL3xWeMr1aWbwVZwVZKCj2XRjcsK9gFtKJPppB06mcSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMadf9tlZW19Y3Ngtb9vbO7t6+UzxoqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYXU/91gOVisXiTo8T6kd4IFjICNZG6jnFcjdgA3VP0sRGqF1GqOeU3Io7A1omXk5KkKPec766/ZikERWacKxUx3MT7WdYakY4ndjdVNEEkxEe0I6hAkdU+dns9Ak6MUofhbE0JTSaqb8nMhwpNY4C0xlhPVSL3lT8z+ukOrz0MyaSVFNB5ovClCMdo2kOqM8kJZqPDcFEMnMrIkMsMdEmLduE4C2+vEya1Yp3Xjm7rZZqV3kcBTiCYzgFDy6gBjdQhwYQeIRneIU368l6sd6tj3nripXPHMIfWJ8/kcWSQQ==</latexit>F
X



Examples

Hasse diagrams



Chain 
Definition (Chain). Let (D,  ) be a partial ordered set. A subset 

 is called  a chain if X is totally ordered:  

⊑
<latexit sha1_base64="+VQUOYrHvXvDphpANnCwbag1x0w=">AAAB+HicbVDLSsNAFJ3UV62PRl26GWwFF1KSgo9lURcuK9gHtKFMpjft0MkkzkyEGvolblwo4tZPceffOG2z0NYDFw7n3Mu99/gxZ0o7zreVW1ldW9/Ibxa2tnd2i/beflNFiaTQoBGPZNsnCjgT0NBMc2jHEkjoc2j5o+up33oEqVgk7vU4Bi8kA8ECRok2Us8ulttdlfgKNDzgm9Nyzy45FWcGvEzcjJRQhnrP/ur2I5qEIDTlRKmO68TaS4nUjHKYFLqJgpjQERlAx1BBQlBeOjt8go+N0sdBJE0JjWfq74mUhEqNQ990hkQP1aI3Ff/zOokOLr2UiTjRIOh8UZBwrCM8TQH3mQSq+dgQQiUzt2I6JJJQbbIqmBDcxZeXSbNacc8rZ3fVUu0qiyOPDtEROkEuukA1dIvqqIEoStAzekVv1pP1Yr1bH/PWnJXNHKA/sD5/AF3rkkE=</latexit>

X ✓ D,
<latexit sha1_base64="FO9O5MN8fwub6PWo1vUfzkklP8w="></latexit>

8x1, x2 2 X.x1 v x2 or x2 v x1



CPO
Definition (CPO). A poset (D, ) is a CPO (complete 
partial order) if every chain X of D has a      

We consider CPOs (D,  ) with a least element 

⊑

⊑ ⊥

<latexit sha1_base64="nX7t628UirPKv3L05LzGk72S9JM=">AAAB/3icbVDLSsNAFL2prxpfUcGNm8FWcFWSgo9lURcuK9gHNKVMppN26GQSZyZCqV34K25cKOLW33Dn3zhts9DWAxcO59zLvfcECWdKu+63lVtaXlldy6/bG5tb2zvO7l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG8HgauI3HqhULBZ3epjQdoR7goWMYG2kjnNQ9APWU/ckTWyEmj4T6LqIUMcpuCV3CrRIvIwUIEO143z53ZikERWacKxUy3MT3R5hqRnhdGz7qaIJJgPcoy1DBY6oao+m94/RsVG6KIylKaHRVP09McKRUsMoMJ0R1n01703E/7xWqsOL9oiJJNVUkNmiMOVIx2gSBuoySYnmQ0MwkczcikgfS0y0icw2IXjzLy+SernknZVOb8uFymUWRx4O4QhOwINzqMANVKEGBB7hGV7hzXqyXqx362PWmrOymX34A+vzB9N9lAo=</latexit>F
X 2 D



Monotone and Continuous Functions 

Definition (Continuous Function). Given two CPO’s  D  and 
E, a monotone function f :    is continuous if it 
preserves least upper bounds of chains
•

<latexit sha1_base64="ZAehkVWrHFSX/RZXO3QlctFaUzE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDLaCq5IUfCyLD3BZwT6gDWUynbRDJ5MwM1FCqb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11N/dYDlYpF4l6nMfVCPBAsYARrI/XsYvkadSUbDDWWMnpEN2WEenbJqTgzoGXiZqQEGeo9+6vbj0gSUqEJx0p1XCfW3hhLzQink0I3UTTGZIQHtGOowCFV3nh2/AQdG6WPgkiaEhrN1N8TYxwqlYa+6QyxHqpFbyr+53USHVx4YybiRFNB5ouChCMdoWkSqM8kJZqnhmAimbkVkSGWmGiTV8GE4C6+vEya1Yp7Vjm9q5Zql1kceTiEIzgBF86hBrdQhwYQSOEZXuHNerJerHfrY96as7KZIvyB9fkDhoCTZw==</latexit>

D ! E

Definition (Monotone Function). Given two partially ordered 
sets D  and E 
a function f :                is monotone if it preserves orders 
between any two elements in D  

<latexit sha1_base64="ZAehkVWrHFSX/RZXO3QlctFaUzE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDLaCq5IUfCyLD3BZwT6gDWUynbRDJ5MwM1FCqb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11N/dYDlYpF4l6nMfVCPBAsYARrI/XsYvkadSUbDDWWMnpEN2WEenbJqTgzoGXiZqQEGeo9+6vbj0gSUqEJx0p1XCfW3hhLzQink0I3UTTGZIQHtGOowCFV3nh2/AQdG6WPgkiaEhrN1N8TYxwqlYa+6QyxHqpFbyr+53USHVx4YybiRFNB5ouChCMdoWkSqM8kJZqnhmAimbkVkSGWmGiTV8GE4C6+vEya1Yp7Vjm9q5Zql1kceTiEIzgBF86hBrdQhwYQSOEZXuHNerJerHfrY96as7KZIvyB9fkDhoCTZw==</latexit>

D ! E
<latexit sha1_base64="Rb7gF+wPuDgDhf3HvDAXjX+ndoA="></latexit>

8d1, d2 2 D. d1 v d2 =) f(d1) v f(d2)

<latexit sha1_base64="65DsZqwqPVtpDAIF1mOZ/qMuUOs="></latexit>

8chain X 2 D.
G

d2X

f(d) = f(
G

X)



d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain 
(by monotonicity)

a chain

<latexit sha1_base64="HZzFqzMjttBkpNxXi/qNSLrljbk=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIKCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h90TGQ1hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md99BG1EpO5xFoMfsokSY8EZplLrdlituXU3B10mXkFqpEBzWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8ZWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6ZdM7q3kXdbZ3XGtdFM2VyRI7JKfHIJWmQO9IkbcIJkCfyTF4c67w6b877z2jJKXYOyR84H983I5FS</latexit>

D
<latexit sha1_base64="h3QOX4QBBXWOAeWNBBqy7LNSSNs=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIRdVkUwWUL9gFtKJPpbR06mYSZO0IJ/QK3unInbv0gF/6LScxCW8/qcM693HNPEEth0HU/ndLK6tr6RnmzsrW9s7tX3T/omMhqDm0eyUj3AmZACgVtFCihF2tgYSChG0xvMr/7CNqISN3jLAY/ZBMlxoIzTKXW7bBac+tuDrpMvILUSIHmsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYMH8yil4n/eX2L4ys/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6ZzVvYu62zqvNa6LZsrkiByTU+KRS9Igd6RJ2oQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BOLKRUw==</latexit>

E

Monotonicity illustrated



d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

lub

u.b. 
(by monotonicity)

a chain 
(by monotonicity)a chain

lub
=?

Continuity illustrated

follows from

monotonicity

(and CPO)

G

i2N
f(di) vE f

 
G

i2N
di

!

<latexit sha1_base64="Gchini5P5broaJYXQedlKrcMvlI="></latexit>

G

i2N
f(di)

?
wE f

 
G

i2N
di

!

<latexit sha1_base64="b+OzhPleEY31RPNWTtMSeP/tCoM="></latexit>

continuity



0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(n) = n+ 1

<latexit sha1_base64="u4M5G0S4PLnrmm9pG4Xp6a5ynO4=">AAAB/HicbVDLSsNAFJ3UV62vqks3g0WoCCWRim6EohuXFewD21Am09s6dDIJMzdCCfUr3OrKnbj1X1z4LyYxC62e1eGce7nnHi+UwqBtf1iFhcWl5ZXiamltfWNzq7y90zZBpDm0eCAD3fWYASkUtFCghG6ogfmehI43uUz9zj1oIwJ1g9MQXJ+NlRgJzjCRbkdVdUjPqTpyBuWKXbMz0L/EyUmF5GgOyp/9YcAjHxRyyYzpOXaIbsw0Ci5hVupHBkLGJ2wMvYQq5oNx4yzxjB5EhmFAQ9BUSJqJ8HMjZr4xU99LJn2Gd2beS8X/vF6EozM3FiqMEBRPD6GQkB0yXIukCqBDoQGRpcmBCkU50wwRtKCM80SMkm5KSR/O/Pd/Sfu45tRrJ9f1SuMib6ZI9sg+qRKHnJIGuSJN0iKcKPJInsiz9WC9WK/W2/dowcp3dskvWO9f7SGT1w==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous

Example



0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(n) = n+ 1

<latexit sha1_base64="u4M5G0S4PLnrmm9pG4Xp6a5ynO4=">AAAB/HicbVDLSsNAFJ3UV62vqks3g0WoCCWRim6EohuXFewD21Am09s6dDIJMzdCCfUr3OrKnbj1X1z4LyYxC62e1eGce7nnHi+UwqBtf1iFhcWl5ZXiamltfWNzq7y90zZBpDm0eCAD3fWYASkUtFCghG6ogfmehI43uUz9zj1oIwJ1g9MQXJ+NlRgJzjCRbkdVdUjPqTpyBuWKXbMz0L/EyUmF5GgOyp/9YcAjHxRyyYzpOXaIbsw0Ci5hVupHBkLGJ2wMvYQq5oNx4yzxjB5EhmFAQ9BUSJqJ8HMjZr4xU99LJn2Gd2beS8X/vF6EozM3FiqMEBRPD6GQkB0yXIukCqBDoQGRpcmBCkU50wwRtKCM80SMkm5KSR/O/Pd/Sfu45tRrJ9f1SuMib6ZI9sg+qRKHnJIGuSJN0iKcKPJInsiz9WC9WK/W2/dowcp3dskvWO9f7SGT1w==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous

Example



0

1

2

3

…

monotone function, not continuous(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(x) =

⇢
0 if x 2 N
1 if x = 1

<latexit sha1_base64="+Fx1YzUr65WhKvWwUpf1eGFFbjg="></latexit>

Example



f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

fn(d) =

n timesz }| {
f(· · · (f(d)) · · · )

<latexit sha1_base64="bl2FIKLASlw5p7RAV7fsmRoTrzI="></latexit>

fn : D ! D

<latexit sha1_base64="4vCZptgV9upFay/9ymbKsDN1RVQ=">AAACCnicbVC7TsNAEDyHVwivABINzYkIiSqyURCICkEKSpAIICUmWh+bcMr5bN2tQcjkD/gKWqjoEC0/QcG/4AQXkDDVaGZXOztBrKQl1/10ChOTU9MzxdnS3PzC4lJ5eeXcRokR2BCRisxlABaV1NggSQovY4MQBgovgt7RwL+4RWNlpM/oPkY/hK6WHSmAMqldXutcpbq/z+u8ZWT3hsCY6I7X2+WKW3WH4OPEy0mF5Thpl79a15FIQtQkFFjb9NyY/BQMSaGwX2olFmMQPehiM6MaQrR+Oszf55uJBYp4jIZLxYci/t5IIbT2PgyyyRDoxo56A/E/r5lQZ89PpY4TQi0Gh0gqHB6ywsisGOTX0iARDJIjl5oLMECERnIQIhOTrKlS1oc3+v04Od+uerXqzmmtcnCYN1Nk62yDbTGP7bIDdsxOWIMJ9sCe2DN7cR6dV+fNef8ZLTj5zir7A+fjGwaAmgU=</latexit>

<latexit sha1_base64="jT60Jx8oR50pJoI7YyZ9mgMVpgc="></latexit>

f0(d)
M
= d

<latexit sha1_base64="+rYT1udSoW/H0f3Rsuj38EWSQfE="></latexit>

fn+1(d)
M
= f(fn(d))

Repeated application

f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

PO?

<latexit sha1_base64="7ikv4Vy4fM2xQgZw56+vqXJaVNc=">AAAB+3icbVC7TsNAEDyHVwivACXNiQSJKrIRCMoIGjqCRB4osaLzZRNOuTtbd2ukKMpX0EJFh2j5GAr+Bdu4gISpRjO72tkJIiksuu6nU1haXlldK66XNja3tnfKu3stG8aGQ5OHMjSdgFmQQkMTBUroRAaYCiS0g/FV6rcfwVgR6jucROArNtJiKDjDRLpv3FT7vSDEar9ccWtuBrpIvJxUSI5Gv/zVG4Q8VqCRS2Zt13Mj9KfMoOASZqVebCFifMxG0E2oZgqsP80Cz+hRbBmGNAJDhaSZCL83pkxZO1FBMqkYPth5LxX/87oxDi/8qdBRjKB5egiFhOyQ5UYkTQAdCAOILE0OVGjKmWGIYARlnCdinFRTSvrw5r9fJK2TmndaO7s9qdQv82aK5IAckmPikXNSJ9ekQZqEE0WeyDN5cWbOq/PmvP+MFpx8Z5/8gfPxDYbBlEY=</latexit>

monotone)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

{fn(?)}n2N

<latexit sha1_base64="KrKOsk/BPWkDmwovtHnmH36Tv00=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArES2DNlYSwTwgG8Ps5CYOmZ1dZu4KYdnOT/ArbLWyE1t/wMJ/cTem0MRTHc65l3vu8UIpDNr2p5VbWFxaXsmvFtbWNza3its7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmji8xv3YM2IlA3OA6h67OhEgPBGaZSr7jvxoNbVXa9AI/cpBcrVyjXZ3jnefFVkvSKJbtiT0DniTMlJTJFvVf8cvsBj3xQyCUzpuPYIXZjplFwCUnBjQyEjI/YEDopVcwH040nfyT0MDIMAxqCpkLSiQi/N2LmGzP2vXQyi2hmvUz8z+tEODjrxkKFEYLi2SEUEiaHDNciLQhoX2hAZFlyoEJRzjRDBC0o4zwVo7SxQtqHM/v9PGkeV5xq5eS6WqqdT5vJkz1yQMrEIaekRi5JnTQIJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAOfT55A</latexit>

is a chainLemma



(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

{fn(?)}n2N

<latexit sha1_base64="KrKOsk/BPWkDmwovtHnmH36Tv00=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArES2DNlYSwTwgG8Ps5CYOmZ1dZu4KYdnOT/ArbLWyE1t/wMJ/cTem0MRTHc65l3vu8UIpDNr2p5VbWFxaXsmvFtbWNza3its7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmji8xv3YM2IlA3OA6h67OhEgPBGaZSr7jvxoNbVXa9AI/cpBcrVyjXZ3jnefFVkvSKJbtiT0DniTMlJTJFvVf8cvsBj3xQyCUzpuPYIXZjplFwCUnBjQyEjI/YEDopVcwH040nfyT0MDIMAxqCpkLSiQi/N2LmGzP2vXQyi2hmvUz8z+tEODjrxkKFEYLi2SEUEiaHDNciLQhoX2hAZFlyoEJRzjRDBC0o4zwVo7SxQtqHM/v9PGkeV5xq5eS6WqqdT5vJkz1yQMrEIaekRi5JnTQIJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAOfT55A</latexit>

when

Kleene’s fix point theorem states that  
if     is continuous, then the limit of the  
above chain is the least fixpoint of

is a CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

then is a chain

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

<latexit sha1_base64="Xcqmu3dm2X3aiNkYXfv0vvNgOBY=">AAACD3icbVC7TsNAEDzzDOFloExzIkIKTWQjBJQRNFQoSOQhxSE6XzbhlPPZulsjRZYLPoGvoIWKDtHyCRT8C3ZIAQlTjWZ2tbPjR1IYdJxPa2FxaXlltbBWXN/Y3Nq2d3abJow1hwYPZajbPjMghYIGCpTQjjSwwJfQ8kcXud+6B21EqG5wHEE3YEMlBoIzzKSeXfKSwa2q9A+9tJcoTygvYHjn+8lVmvbsslN1JqDzxJ2SMpmi3rO/vH7I4wAUcsmM6bhOhN2EaRRcQlr0YgMR4yM2hE5GFQvAdJPJEyk9iA3DkEagqZB0IsLvjYQFxowDP5vMI5pZLxf/8zoxDs66iVBRjKB4fgiFhMkhw7XI2gHaFxoQWZ4cqFCUM80QQQvKOM/EOKurmPXhzn4/T5pHVfek6lwfl2vn02YKpET2SYW45JTUyCWpkwbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf3x7CnOI=</latexit>

{fn(d)}n2N
not necessarily 
a chain!

it must have a limit

Towards Kleene’s 



f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

monotonePO

f(p) = p

<latexit sha1_base64="JvT9F0hiy3XZtyOxxej+6iJZXyU=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREDRIETSUQSIPKYmi82UTTjmfT3drpMjkJ2ihokO0/AwF/4JtXEDCVKOZXe3s+FoKi6776Swtr6yurRc2iptb2zu7pb39lg0jw6HJQxmajs8sSKGgiQIldLQBFvgS2v7kOvXbD2CsCNUdTjX0AzZWYiQ4w0TqjCr6hF5SPSiV3aqbgS4SLydlkqMxKH31hiGPAlDIJbO267ka+zEzKLiEWbEXWdCMT9gYuglVLADbj7O8M3ocWYYh1WCokDQT4fdGzAJrp4GfTAYM7+28l4r/ed0IRxf9WCgdISieHkIhITtkuRFJEUCHwgAiS5MDFYpyZhgiGEEZ54kYJc0Ukz68+e8XSeu06tWqZ7e1cv0qb6ZADskRqRCPnJM6uSEN0iScSPJEnsmL8+i8Om/O+8/okpPvHJA/cD6+ARW8k2s=</latexit>

fixpoint

Clearly any fixpoint is also a pre-fixpoint

pre-fixpoint p 2 D

<latexit sha1_base64="oxSgwzbQJ9iq2m+0avuDbZE9MuM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004crZPd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJlBQGXffTKSwtr6yuFddLG5tb2zvl3b2WiRPNocljGetOwAxIEUETBUroKA0sDCS0g/Fl6rcfQBsRR7c4UeCHbBSJoeAMrdRSPRHRq3654lbdDHSReDmpkByNfvmrN4h5EkKEXDJjup6r0J8yjYJLmJV6iQHF+JiNoGtpxEIw/jRLO6NHiWEYUwWaCkkzEX5vTFlozCQM7GTI8M7Me6n4n9dNcHjuT0WkEoSIp4dQSMgOGa6FrQHoQGhAZGlyoPZ3zjRDBC0o49yKie2lZPvw5r9fJK2Tqlernt7UKvWLvJkiOSCH5Jh45IzUyTVpkCbh5J48kWfy4jw6r86b8/4zWnDynX3yB87HN7XFk0o=</latexit>

f(p) v p

<latexit sha1_base64="ixQ2cABEELfoR2M7lqcZbDHB7Jo=">AAACBnicbVC7TgJBFJ3FF+ILsbSZSEywIbsGoyXRxhITeSRAyOxwwQmzu8PMHSMh9H6FrVZ2xtbfsPBf3F0pFDzVyTn35p57fCWFQdf9dDIrq2vrG9nN3Nb2zu5efr/QMJHVHOo8kpFu+cyAFCHUUaCEltLAAl9C0x9dJX7zHrQRUXiLEwXdgA1DMRCcYSz18oVBSZ3Qjhkb6xtAGFPVyxfdspuCLhNvTopkjlov/9XpR9wGECKXzJi25yrsTplGwSXMch1rQDE+YkNoxzRkAZjuNM0+o8fWMIyoAk2FpKkIvzemLDBmEvjxZMDwzix6ifif17Y4uOhORagsQsiTQygkpIcM1yIuBWhfaEBkSXKgIqScaYYIWlDGeSzauKVc3Ie3+P0yaZyWvUr57KZSrF7Om8mSQ3JESsQj56RKrkmN1AknD+SJPJMX59F5dd6c95/RjDPfOSB/4Hx8AxfLmG8=</latexit>

p 2 D

<latexit sha1_base64="oxSgwzbQJ9iq2m+0avuDbZE9MuM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004crZPd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJlBQGXffTKSwtr6yuFddLG5tb2zvl3b2WiRPNocljGetOwAxIEUETBUroKA0sDCS0g/Fl6rcfQBsRR7c4UeCHbBSJoeAMrdRSPRHRq3654lbdDHSReDmpkByNfvmrN4h5EkKEXDJjup6r0J8yjYJLmJV6iQHF+JiNoGtpxEIw/jRLO6NHiWEYUwWaCkkzEX5vTFlozCQM7GTI8M7Me6n4n9dNcHjuT0WkEoSIp4dQSMgOGa6FrQHoQGhAZGlyoPZ3zjRDBC0o49yKie2lZPvw5r9fJK2Tqlernt7UKvWLvJkiOSCH5Jh45IzUyTVpkCbh5J48kWfy4jw6r86b8/4zWnDynX3yB87HN7XFk0o=</latexit>

Pre-Fixpoints



Fix(f) ={ l ∈ L  |  f(l)=l}

 prefixpoints 
{ l ∈ L  |  f(l) ⊑ l}

 postfixpoints 
{ l ∈ L  |  l ⊑ f(l)}

lfp(f)  = glb{ l ∈ L | f(l) ⊑ l }

gfp(f) = lub{ l ∈ L | l ⊑ f(l) }

Tarsky ’s Theorem



f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sb itjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

continuous

let

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

fix (f) ,
G

n2N
fn(?)

<latexit sha1_base64="HnLyZGK3SXMpAzIv9A+1RNJWA5A="></latexit>

1. fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

is a fix point of f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

2. fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

is the least pre-fixpoint of f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f(fix (f)) = fix (f)

<latexit sha1_base64="5W0MWGoa0CmBpBJJ7TQTgmBTrWg=">AAACGHicbVC7TsNAEDyHVwgvAyXNiYCUNJGNgqBBiqChDBJ5SEkUnS/rcOL80N0aEVn5AT6Br6CFig7R0lHwL9jGBSRMNZrZ1c6OE0qh0bI+jcLC4tLySnG1tLa+sbllbu+0dRApDi0eyEB1HaZBCh9aKFBCN1TAPEdCx7m9SP3OHSgtAv8aJyEMPDb2hSs4w0Qamgdupe8xvBEYu+J+WnGrVXpGZ6ShWbZqVgY6T+yclEmO5tD86o8CHnngI5dM655thTiImULBJUxL/UhDyPgtG0MvoT7zQA/i7JspPYw0w4CGoKiQNBPh90bMPK0nnpNMpjH1rJeK/3m9CN3TQSz8MELweXoIhYTskOZKJDUBHQkFiCxNDlT4lDPFEEEJyjhPxCjprZT0Yc9+P0/aRzW7Xju+qpcb53kzRbJH9kmF2OSENMglaZIW4eSBPJFn8mI8Gq/Gm/H+M1ow8p1d8gfGxzdaup+G</latexit>

8d 2 D. f(d) v d ) fix (f) v d

<latexit sha1_base64="Y+/kOQEO30Sm57jl+NRFZIGFj2U="></latexit>

if     is a pre-fixpoint then            is smaller thand

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

d

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

Kleene ’s Theorem



lfp(f)  =

gfp(f) = 

?
<latexit sha1_base64="fZGHlzL5jCb8PK91XjuQuKLI3OA=">AAAB63icbVDLSsNAFJ3UV62vqks3g0VwFRJT03ZXdOOygn1AG8pkOmkHZyZhZiKU0F9w40IRt/6QO//GSVvF14ELh3Pu5d57woRRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh7WXud++IVDQWN3qakICjsaARxUjn0iCM9bBccW1nDujYnlOrV88N8b2G7zvw06qAJVrD8ttgFOOUE6ExQ0r1XSfRQYakppiRWWmQKpIgfIvGpG+oQJyoIJvfOoMnRhnBKJamhIZz9ftEhrhSUx6aTo70RP32cvE/r5/qqB5kVCSpJgIvFkUpgzqG+eNwRCXBmk0NQVhScyvEEyQR1iaekgnBsRs5/K+X/5LOme16tnddrTQvlnEUwRE4BqfABTXQBFegBdoAgwm4B4/gyeLWg/VsvSxaC9Zy5hD8gPX6AYU8jrQ=</latexit>

>
<latexit sha1_base64="ZS18b2Y9Ee4+hivkrODlpdhJ0kg=">AAAB63icbVDLTgJBEJzFF+IL9ehlIjHxtNldEORG9OIRExES2JDZYRYmzGMzM2tCCL/gxYPGePWHvPk3zgIaX5V0UqnqTndXlDCqjee9O7mV1bX1jfxmYWt7Z3evuH9wq2WqMGlhyaTqREgTRgVpGWoY6SSKIB4x0o7Gl5nfviNKUyluzCQhIUdDQWOKkcmknpFJv1jyXW8O6LmVwDsLAkuq9XpQqcFPqwSWaPaLb72BxCknwmCGtO76XmLCKVKGYkZmhV6qSYLwGA1J11KBONHhdH7rDJ5YZQBjqWwJA+fq94kp4lpPeGQ7OTIj/dvLxP+8bmri83BKRZIaIvBiUZwyaCTMHocDqgg2bGIJworaWyEeIYWwsfEUbAieW89Q/Xr5L7kNXL/slq8rpcbFMo48OALH4BT4oAYa4Ao0QQtgMAL34BE8Odx5cJ6dl0VrzlnOHIIfcF4/AJMnjr0=</latexit>

Kleene’s Theorem

<latexit sha1_base64="XTFOu6wusOXLv6Yu4BqnGF8C+/k=">AAAB+3icdVDLSsNAFJ34rPUV69LNYBHqJiTpw3ZXdOOygn1AU8tkOmmHTiZxZiKW0l9x40IRt/6IO//GSVtBRQ9cOJxzL/fe48eMSmXbH8bK6tr6xmZmK7u9s7u3bx7kWjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2xxep374jQtKIX6tJTHohGnIaUIyUlvpmzpO3OIn7HAY3vOD5kTrtm3nbqlVdt1iDtuU4rmtXUlJzysUSdCx7jjxYotE3371BhJOQcIUZkrLr2LHqTZFQFDMyy3qJJDHCYzQkXU05ConsTee3z+CJVgYwiIQuruBc/T4xRaGUk9DXnSFSI/nbS8W/vG6igmpvSnmcKMLxYlGQMKgimAYBB1QQrNhEE4QF1bdCPEICYaXjyuoQvj6F/5OWazkVq3xVytfPl3FkwBE4BgXggDNQB5egAZoAg3vwAJ7AszEzHo0X43XRumIsZw7BDxhvn75TlEY=</latexit>

tnf
n(?)

<latexit sha1_base64="6FqMKSJbIjx6cQOZFBwIDkCv7mQ=">AAAB+3icdVDLSgMxFM34rPVV69JNsAh1M2Ta2seu6MZlBfuAzlgyaaYNzWTGJCOW0l9x40IRt/6IO//G9CGo6IELh3Pu5d57/JgzpRH6sFZW19Y3NlNb6e2d3b39zEG2paJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/dDHz23dUKhaJaz2OqRfigWABI1gbqZfJuuqW4LgnYHAj8q6O4tNeJodsVCuVKkWIbKeKauUZKRVRtVaAjo3myIElGr3Mu9uPSBJSoQnHSnUdFGtvgqVmhNNp2k0UjTEZ4QHtGipwSJU3md8+hSdG6cMgkqaEhnP1+8QEh0qNQ990hlgP1W9vJv7ldRMdVL0JE3GiqSCLRUHCoY7gLAjYZ5ISzceGYCKZuRWSIZaYaBNX2oTw9Sn8n7QKtlO2z65Kufr5Mo4UOALHIA8cUAF1cAkaoAkIuAcP4Ak8W1Pr0XqxXhetK9Zy5hD8gPX2CcVnlEw=</latexit>

unf
n(>)



Which is our domain?

Our objects: 
Given a  node  we need to compute the set in  and the set out (sets of 
variables)  

• Let Vars be the finite set of variables that occur in the program P to 
analyze. We consider all possible subsets: P(Vars) 

Given a node we will need a set for in and a set for out:  P(Vars)x P(Vars) 

But we have N nodes, one for each node of the CFG so our domain will be 

( P(Vars)x P(Vars))N   : N-tuples of pairs of subsets of Vars     

The order :             
<latexit sha1_base64="qV6A9SxsZjLGpG4vsnWc7qy2iP8="></latexit>

< in1
1, out

1
1, . . . , in

1
N , out1N >✓2N< in1

1, out
1
1, . . . , in

1
N , out1N > i↵

<latexit sha1_base64="YKkFSeXSV0cWEhdeDaBH4bBl7K0=">AAACI3icbZA9SwNBEIb34leMX1FLm8WcYBXugqB2QRvLCMYEkjPsbSbJkr29c3dOCCG/xca/YmOhEGws/C9uPgpNHFh4ed4ZZucNEykMet6Xk1lZXVvfyG7mtrZ3dvfy+wf3Jk41hyqPZazrITMghYIqCpRQTzSwKJRQC/vXE7/2BNqIWN3hIIEgYl0lOoIztKiVv3SFaokHnzZNGhpAeKRTUHIpU23qxiku2DNSclv5glf0pkWXhT8XBTKvSis/brZjnkagkEtmTMP3EgyGTKPgEka5ZmogYbzPutCwUrEITDCcnjiiJ5a0aSfW9imkU/p7YsgiYwZRaDsjhj2z6E3gf14jxc5FMBQqSREUny3qpJJiTCd50bbQwFEOrGBcC/tXyntMM4421ZwNwV88eVnUSkX/rOj7t6VC+WqeR5YckWNySnxyTsrkhlRIlXDyTF7JO/lwXpw3Z+x8zlozznzmkPwp5/sHpKii6w==</latexit>

in1
i ✓ in2

i and out1i ✓ out2i

<latexit sha1_base64="so6PQNcdhblB/pJlEC7K3hIjEes=">AAAB+nicdVBNS0JBFJ1nX2Zfr1q2GdKglcx7mOlOatMqDDIDNZk3XnVw3kcz8wR5+E/atCiItv2Sdv2b5qlBRR24cDjnXu69x4sEV5qQDyuztLyyupZdz21sbm3v2Lt7NyqMJYMGC0Uobz2qQPAAGpprAbeRBOp7Apre6Dz1m2OQiofBtZ5E0PHpIOB9zqg2Ute2C20Vewo03N8l7uW00LXzpFitlEnJxaRISMUlZUNOiFN1qtgxSoo8WqDetd/bvZDFPgSaCapUyyGR7iRUas4ETHPtWEFE2YgOoGVoQH1QnWR2+RQfGaWH+6E0FWg8U79PJNRXauJ7ptOneqh+e6n4l9eKdb/SSXgQxRoCNl/UjwXWIU5jwD0ugWkxMYQyyc2tmA2ppEybsHImhK9P8f+k6RadUtFxrtx87WyRRxYdoEN0jBx0imroAtVRAzE0Rg/oCT1bifVovViv89aMtZjZRz9gvX0C8Z6Trg==</latexit>

✓2N



Example 

Vars ={a,b} N=2. 
<(  (Vars)x (Vars) )2,      >   is  a finite domain. 
  
             

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b} ;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="SrjZ+0pvkk3AQaYrNyatgWcXSJY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl262Q27E6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8l/udJ6YNV/IRJykLEjKUPOaUoJU6/VGk0FQG1ZpX9+ZwV4lfkBoUaA6qX/1I0SxhEqkgxvR8L8VgSjRyKtis0s8MSwkdkyHrWSpJwkwwnZ87c8+sErmx0rYkunP198SUJMZMktB2JgRHZtnLxf+8XobxTTDlMs2QSbpYFGfCReXmv7sR14yimFhCqOb2VpeOiCYUbUJ5CP7yy6ukfVH3r+rew2WtcVvEUYYTOIVz8OEaGnAPTWgBhTE8wyu8Oanz4rw7H4vWklPMHMMfOJ8/7eWPTA==</latexit>. . .

<latexit sha1_base64="qV9ZRJAtZlWhN/6jmH/M3zHyNXg=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIph42uwiBPZG9OIRExESWMns0MCE2QczsyRkw3d48aCJ8eq/ePNvnAVM1GglnVSqutPd5UWcSWVZH0ZmbX1jcyu7ndvZ3ds/yB8e3ckwFhSaNOShaHtEAmcBNBVTHNqRAOJ7HFre+Cr1W1MQkoXBrZpF4PpkGLABo0RpyS12ZexJUDC5Lxd7+YJlOrVK5aKGLdOynJJT1cRxHLtqY1srKQpohUYv/97thzT2IVCUEyk7thUpNyFCMcphnuvGEiJCx2QIHU0D4oN0k8XRc3ymlT4ehEJXoPBC/T6REF/Kme/pTp+okfztpeJfXidWg5qbsCCKFQR0uWgQc6xCnCaA+0wAVXymCaGC6VsxHRFBqNI55XQIX5/i/0mrZNpl07ZvSoX65SqPLDpBp+gc2aiK6ugaNVATUTRBD+gJPRtT49F4MV6XrRljNXOMfsB4+wQ67JI6</latexit>

✓4



CPO with bottom?  
<(  (Vars)x (Vars) )N,     >  P

<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

It is a CPO  because it is finite 
bottom?

Our domain



Which is our function?

Live(<{}{}{}{}>)=<{}{}{a}{}>  
Live(<{}{}{a}{}>)=<{}{a}{a}{}> 
Live(<{}{a}{a}{}>)=<{}{a}{a}{}> 

def(1)={a}, use(1)={} 
def(2)={b}, use(2)={a} 

[

m2post[1]
<latexit sha1_base64="v6gm6NLaDYrTO7gh0Rq5h63utzk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQudFl047KCfUASwmQ6aYfOI8xMhBK6cOOvuHGhiFs/wp1/47TNQlsPXDiccy/33pNkjGrjed/O2vrG5tZ2Zae6u7d/cOgeHXe1zBUmHSyZVP0EacKoIB1DDSP9TBHEE0Z6yfhm5vceiNJUinszyUjE0VDQlGJkrBS7tTAIEzrEeRYXPKQCZlKbwI+mMIxit+41vDngKvFLUgcl2rH7FQ4kzjkRBjOkdeB7mYkKpAzFjEyrYa5JhvAYDUlgqUCc6KiYPzGFZ1YZwFQqW8LAufp7okBc6wlPbCdHZqSXvZn4nxfkJr2KCiqy3BCBF4vSnEEj4SwROKCKYMMmliCsqL0V4hFSCBubW9WG4C+/vEq6zYZ/0WjeNeut6zKOCqiBU3AOfHAJWuAWtEEHYPAInsEreHOenBfn3flYtK455cwJ+APn8wdgG5fn</latexit>

•  Example 

[

m2post[N ]
<latexit sha1_base64="xzpu6+fjaJFiSBTBdSo2sgXGh6E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVlgLGChQkViT6kJIoc122t2o5lO0hV1IGFX2FhACFWPoKNv8FtM0DLka50dM69uveeRDKqjed9O6W19Y3NrfJ2ZWd3b//APTzq6DRTmLRxylLVS5AmjArSNtQw0pOKIJ4w0k3G1zO/+0CUpqm4NxNJIo6Ggg4oRsZKsVsNgzChQ5zJOOchFVCm2gS30RSGUezWvLo3B1wlfkFqoEArdr/CfoozToTBDGkd+J40UY6UoZiRaSXMNJEIj9GQBJYKxImO8vkTU3hqlT4cpMqWMHCu/p7IEdd6whPbyZEZ6WVvJv7nBZkZXEY5FTIzRODFokHGoEnhLBHYp4pgwyaWIKyovRXiEVIIG5tbxYbgL7+8SjqNun9eb9w1as2rIo4yqIITcAZ8cAGa4Aa0QBtg8AiewSt4c56cF+fd+Vi0lpxi5hj8gfP5A4ygmAQ=</latexit>

The map Live:  
          ( (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

 Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm> 

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

Note that Live is monotone!



is continuous? 

The map Live:  
          ( (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

 Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm> 

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

Yes! because it is monotone on a finite domain 

Is it continuous?

[

m2post[1]
<latexit sha1_base64="v6gm6NLaDYrTO7gh0Rq5h63utzk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQudFl047KCfUASwmQ6aYfOI8xMhBK6cOOvuHGhiFs/wp1/47TNQlsPXDiccy/33pNkjGrjed/O2vrG5tZ2Zae6u7d/cOgeHXe1zBUmHSyZVP0EacKoIB1DDSP9TBHEE0Z6yfhm5vceiNJUinszyUjE0VDQlGJkrBS7tTAIEzrEeRYXPKQCZlKbwI+mMIxit+41vDngKvFLUgcl2rH7FQ4kzjkRBjOkdeB7mYkKpAzFjEyrYa5JhvAYDUlgqUCc6KiYPzGFZ1YZwFQqW8LAufp7okBc6wlPbCdHZqSXvZn4nxfkJr2KCiqy3BCBF4vSnEEj4SwROKCKYMMmliCsqL0V4hFSCBubW9WG4C+/vEq6zYZ/0WjeNeut6zKOCqiBU3AOfHAJWuAWtEEHYPAInsEreHOenBfn3flYtK455cwJ+APn8wdgG5fn</latexit>

[

m2post[N ]
<latexit sha1_base64="xzpu6+fjaJFiSBTBdSo2sgXGh6E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVlgLGChQkViT6kJIoc122t2o5lO0hV1IGFX2FhACFWPoKNv8FtM0DLka50dM69uveeRDKqjed9O6W19Y3NrfJ2ZWd3b//APTzq6DRTmLRxylLVS5AmjArSNtQw0pOKIJ4w0k3G1zO/+0CUpqm4NxNJIo6Ggg4oRsZKsVsNgzChQ5zJOOchFVCm2gS30RSGUezWvLo3B1wlfkFqoEArdr/CfoozToTBDGkd+J40UY6UoZiRaSXMNJEIj9GQBJYKxImO8vkTU3hqlT4cpMqWMHCu/p7IEdd6whPbyZEZ6WVvJv7nBZkZXEY5FTIzRODFokHGoEnhLBHYp4pgwyaWIKyovRXiEVIIG5tbxYbgL7+8SjqNun9eb9w1as2rIo4yqIITcAZ8cAGa4Aa0QBtg8AiewSt4c56cF+fd+Vi0lpxi5hj8gfP5A4ygmAQ=</latexit>



The map Live:  
          (     (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

  

Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm>

is a monotonic (and therefore continuous) function on the finite CPO   
               <(  (Vars)x (Vars) )N,         > and therefore Live has  
                                             
                                    a  least fixpoint

P
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[

m2post[N ]
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✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

In conclusion



in[n] ⊇ live-in[n] and out[n] ⊇ live-out[n] 

Why  a least  fixpoint

• Live is a possible  analysis, 

i.e., if a  variable x will be really live in a node n during some program 
execution then x belongs to in[n] of all the fixpoints of the function Live  
  
All fixpoints of the equation system is an over-approximation of really live 
variables.  

We want the least fixpoint ( more precise over approximations) 



Conservative Approximation

• How to interpret the output of this static analysis? 
• Correctness tells us that: 
 in[n] ⊇ live-in[n] and out[n] ⊇ live-out[n] 

If the variable x will be really live in some node n during some 
program execution then x belongs to in[n] of all the fixpoints of the 
function Live (least fixpoint)  

• The converse does not hold: the analysis can tell us that x is in the 
computed set out[n], but this does not imply that x will be necessarily 
live in n during some program execution 

• In liveness analysis “conservative approximation” means that the analysis may 
erroneously derive that a variable is live, while the analysis is not allowed to 
erroneously derive that a variable is “dead” (i.e., not live). 

★if x    in[n] then x could be live at program point n. 
★if x∉in [n] then x is definitely dead at program point n.

2
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Live1 Live2 Live3

use def in out in out in out
1 a a a
2 a b a a b c a c b c
3 b c c b c b c b b c b
4 b a b b a b a
5 a a a a a c a c a c
6 c c c c

for all n 
 in[n]:= {} out[n]:={}; 
repeat 
 for all n (1 to 6) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  in[n]:= use[n] U (out[n] - def[n]); 
  out[n]:= U { in[m] | m ∈ post[n]}; 
until (for all n: in'[n]=in[n] && out'[n]=out[n])

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6



Live3 Live4 Live5

use def in out in out in out
1 a a a c c a c
2 a b a c b c a c b c a c b c
3 b c c b c b b c b b c b
4 b a b a b a c b c a c
5 a a c a c a c a c a c a c
6 c c c c

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

for all n 
 in[n]:=?; out[n]:=?; 
repeat 
 for all n (1 to 6) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  in[n]:= use[n] U (out[n] - def[n]); 
  out[n]:= U { in[m] | m ∈ post[n]}; 
until (for all n: in'[n]=in[n] && out'[n]=out[n])



Live5 Live6 Live7

use def in out in out in out
1 a c a c c a c c a c
2 a b a c b c a c b c a c b c
3 b c c b c b b c b c b c b c
4 b a b c a c b c a c b c a c
5 a a c a c a c a c a c a c
6 c c c c

• The algorithm thus gives the following output:  
 out[1]={a,c}, out[2]={b,c}, out[3]={b,c}, out[4]={a,c}, 

out[5]={a,c} 
• In this case, the output of the analysis is precise

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6



for all n 
 in[n]:=?; out[n]:=?; 
repeat 
 for all n (6 to 1) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  out[n]:= U { in[m] | m ∈ post[n]}; 
  in[n]:= use[n] U (out[n] - def[n]); 
until (for all n: in'[n]=in[n] && out'[n]=out[n])

Improvement

 In this iterative computation, observe that we have to wait for the next 
iteration in order to exploit the new information computed for in and out 
on the nodes.  

 By a suitable reordering of the nodes and by first computing out[n] and 
then in[n], we are able to converge to the fixpoint in just 3 iteration 
steps.



Live1 Live2 Live3

use def out in out in out in
6 c c c c
5 a c a c a c a c a c a c
4 b a a c b c a c b c a c b c
3 b c c b c b c b c b c b c b c
2 a b b c a c b c a c b c a c
1 a ac c ac c ac c

for all n 
 in[n]:=?; out[n]:=?; 
repeat 
 for all n (6 to 1) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  out[n]:= U { in[m] | m ∈ post[n]}; 
  in[n]:= use[n] U (out[n] - def[n]); 
until (for all n: in'[n]=in[n] && out'[n]=out[n])



Backward Analysis

 As shown by the previous example, Live Variable 
Analysis is a “backward” analysis. This means that 
information propagates “backward” from terminal 
nodes to initial nodes:  

1. in[n] can be computed from out[n]; 
2. out[n] can be computed from in[m] for all the nodes m 

that are successors of n.



Application: Dead Code Elimination



Reaching Definitions (Reaching Assignment) Analysis
One of the more  useful data-flow analysis 

d1 : y := 3
d2 : x := y

d1 is a reaching definition for d2 
d1 : y := 3
d2 : y := 4
d3 : x := y

d1 is no longer a reaching definition for d3, because d2 kills its reach: 
the value defined in d1 is no longer available and cannot reach d3 

A definition d  at point i reaches a point p if there is a path from the 
point i to p such that d is not killed (redefined) along that  path 



Reaching definitions 

This information is very useful  
• The compiler can  know whether x is a constant at point p 
• The debugger can tell whether is possible that x is an undefined 

variable at point p



• Given a program point n, which  definitions are actual –  not 
successively overwritten by a different assignment – when the       
execution reaches n?  

 And when the execution leaves n? 

• A program point may clearly “generate” new definitions 

• A program point n may “kill” a definition: 
 if n is an assignment x:=exp then n kills all the assignments to the 
variable x which are actual in input to n 

• We are thus interested in computing input and output reaching 
definitions for any program point   

Reaching definitions



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3

4

5

Which is  the actual  
definition of m here? 
 Can m be initialised? 

The intuition: the factorial of n

Which are the points that are  reached by  
this definition of m? 

Which are the points that are  reached by  
this definition of m? 

Which is  the actual 
definition of n  
 here? Can n be 
initialised? Which are  the actual 

definition of n and m ? Can 
n or m be initialised? 



Formalization of the reaching definition property

• The property can be represented by sets of pairs: 
{(x,p) | x  Vars, p is a program point}      (Vars x Points) 
where (x,p) means that the variable x is assigned at 

program point p 
• For each program point, this dataflow analysis computes a 

set of such pairs  
• The meaning of a pair (x,p) in the set for a program point q 

is that the assignment of x at point p is actual at point q 
• ? is a special symbol that we add to Points and we use to 

represent the fact that a variable x is not initialized. 
• The set ι = {(x,?) | x  Vars} therefore denotes that all the 

program variables are not initialized.
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<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>



The domain for Reaching Definitions Analysis
Vars is the  (finite) set of variables occuring in the program P. 
Let N be the number of nodes of the CFG of P. 
Let Points={?,1,…N}. 

<(  (Vars x Points)x (Vars x Points) )N,           >    P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

<latexit sha1_base64="+5jFHxYzACAZl0YuV5EfjZCtRHw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRiyepYD+gTctmO2mXbjZxd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPrqd+8xGlYpG41+MYvZAMBAsYJdpI3Y5KfIUaH7pp5XbSK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOmlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvnZefurFS9yuLIwxEcwym4cAFVuIEa1IGChGd4hTfryXqx3q2PeWvOymYO4Q+szx+7YZKo</latexit>

✓2N

•  Example Vars={a,b} e N=2  

<latexit sha1_base64="SrjZ+0pvkk3AQaYrNyatgWcXSJY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl262Q27E6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8l/udJ6YNV/IRJykLEjKUPOaUoJU6/VGk0FQG1ZpX9+ZwV4lfkBoUaA6qX/1I0SxhEqkgxvR8L8VgSjRyKtis0s8MSwkdkyHrWSpJwkwwnZ87c8+sErmx0rYkunP198SUJMZMktB2JgRHZtnLxf+8XobxTTDlMs2QSbpYFGfCReXmv7sR14yimFhCqOb2VpeOiCYUbUJ5CP7yy6ukfVH3r+rew2WtcVvEUYYTOIVz8OEaGnAPTWgBhTE8wyu8Oanz4rw7H4vWklPMHMMfOJ8/7eWPTA==</latexit>. . .

<latexit sha1_base64="UYcEd0VYPdepgr18jFFOSrJh5D0=">AAACFXicbVDLSgMxFM3UVx1foy7dBItQYSgzoujCR9GNy0rtAzpDyaSZNjTzIMkIZehPuPFX3LhQxK3gzr8x0+lCWy8J99xz7iW5x4sZFdKyvrXCwuLS8kpxVV9b39jcMrZ3miJKOCYNHLGItz0kCKMhaUgqGWnHnKDAY6TlDW8yvfVAuKBReC9HMXED1A+pTzGSiuoa5jmsXzhpGZlXhyZUyc6Sl1eeqpyxqdfzc9k1SlbFmgScB/YUlMA0al3jy+lFOAlIKDFDQnRsK5ZuirikmJGx7iSCxAgPUZ90FAxRQISbTrYawwPF9KAfcXVDCSfs74kUBUKMAk91BkgOxKyWkf9pnUT6Z25KwziRJMT5Q37CoIxgZhHsUU6wZCMFEOZU/RXiAeIIS2WkrkywZ1eeB82jin1Sse6OS9XrqR1FsAf2QRnY4BRUwS2ogQbA4BE8g1fwpj1pL9q79pG3FrTpzC74E9rnD3MbmBo=</latexit>

< S = {(a, ?), (a, 1), (b, ?), (b, 1)}, S, S, S >

<latexit sha1_base64="ZeNYcDYoo4E584tXNADMwsnVs6U=">AAACE3icfZA9SwNBEIb3/IzxK2ppsxgEEQl3omghErSxjGA+IAlhbzOXLNnbO3bnhBDyH2z8KzYWitja2Plv3CRXaCK+sPDwzgyz8/qxFAZd98uZm19YXFrOrGRX19Y3NnNb2xUTJZpDmUcy0jWfGZBCQRkFSqjFGljoS6j6vetRvXoP2ohI3WE/hmbIOkoEgjO0Vit3eEEbEMbYN4BH/9JlK5d3C+5YdBa8FPIkVamV+2y0I56EoJBLZkzdc2NsDphGwSUMs43EQMx4j3WgblGxEExzML5pSPet06ZBpO1TSMfuz4kBC43ph77tDBl2zXRtZP5VqycYnDcHQsUJguKTRUEiKUZ0FBBtCw0cZd8C41rYv1LeZZpxtDFmbQje9MmzUDkueKcF9/YkX7xK48iQXbJHDohHzkiR3JASKRNOHsgTeSGvzqPz7Lw575PWOSed2SG/5Hx8A+Chns0=</latexit>

< ;, ;, ;, ; >



   {(x,q)  |q    Points and {x}=def[q] }      if {x}=def[p] 
• killRD[p] = 
                                               if     =def[p] 

   {(x,p)}                    if {x}=def[p] 
• genRD[p] = 
                                               if     =def[p] 

         
As usual, def[p] = {x} when the command in the point p is an assignment 
x:=exp

Specification

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit> ;

<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3

4

5

6

Kill and Gen

killRD genRD

1
2 (m,?)(m,2) 

(m,4)
(m,2)

3
4 (m,?)(m,2) 

(m,4)
(m,4)

5 (n,?) (n,5) (n,5)

6



• Reaching definitions analysis is 
specified by  equations: 
 
       {(x,?) | x     VARS}                           
  
RDentry(p)=     

                      U{RDexit(q)  |q    pre[p]}   
                                if p is not initial          

 

RDexit(p) =

 (RDentry(p) \ killRD[p] )  U  genRD[p]

Specification

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>

input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3

4

5

if p is initial



The solution of the previous system

Once again the solution for the  equations in the previous  system   
requires the existence of a fix point  

We can apply the Kleene theorem if we have 

a) a continuous function on 
b)  a CPO with bottom 



is a CPO with bottom?  

It is a CPO because it is finite 
Bottom?

Point b

<(  (Vars x Points)x (Vars x Points) )N,           > P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

<latexit sha1_base64="+5jFHxYzACAZl0YuV5EfjZCtRHw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRiyepYD+gTctmO2mXbjZxd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPrqd+8xGlYpG41+MYvZAMBAsYJdpI3Y5KfIUaH7pp5XbSK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOmlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvnZefurFS9yuLIwxEcwym4cAFVuIEa1IGChGd4hTfryXqx3q2PeWvOymYO4Q+szx+7YZKo</latexit>

✓2N



The map Reach:  
         <(  (Vars x Points)x (Vars x Points) )N-> <(  (Vars x Points)x (Vars x Points) )N  
defined by  

 (assuming 1 is the only initial node) 

Reach(<RDentry1,RDexit1,…,RDentryN,RDexitN>)= 
 < {(x,?) | x in VARS}, (RDentry1\killRD[1] )  U  genRD[1],  

U{RDexit2 |m in pre[2]} , (RDentry2\killRD[2] )  U  genRD[2], 

 ….,  
U{RDexitm  |m in pre[N]} , (RDentryN\killRD[N] )  U  genRD[N] > 

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

Point a: the function



Reach(<RDentry1,RDexit1,…,RDentryN,RDexitN>)= 
 < {(x,?) | x in VARS}, (RDentry1\killRD[1] )  U  genRD[1],  

U{RDexit2 |m in pre[2]} , (RDentry2\killRD[2] )  U  genRD[2] 

 ….,  
U{RDexitm  |m in pre[N]} , (RDentryN\killRD[N] )  U  genRD[N] > 

Reach(<{(a,?)}, {}, {},{} )=<{(a,?)(b,?)},{(a,1)(b,?)},{(a,1)(b,?)},{(a,1)(b,2)}>  
Reach(<{(a,?)(a,2)},{(a,2)},{},{(b,1)}>)= 
<{(a,?)(b,?)},{(a,1)(b,?)},{(a,1)(b,?)},{(a,1),(b,2)}> 
 

killRD(1)={(a,?)}, genRD(1)={(a,1)} 
killRD(2)={(b,?)}, genRD(2)={(b,2)} •  Example 

Note that Reach is monotone!

Point a 

 Since it is monotone on a finite domain  then it is continuous



RD analysis is possible,  
 if an assignment x:=a in some point q is really actual in entry  
to some point p then 
 (x,q)   RDentry(p)  

The vice versa does not hold 

All fixpoints of the above equation system is an over-approximation of 
really reaching definitions.  
Computing the least fixpoint  gives a more precise over approximation 

Why a least fix point

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;

output m;

1

2

3

4

5

RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2)} 

RDexit(3)={(n,?),(m,2)} 

RDentry(4)= {(n,?),(m,2)} 

RDexit(4)= {(n,?), (m,4)} 

RDentry(5)= {(n,?),(m,4)} 

RDexit(5)= {(n,5),(m,4)} 

RDentry(6)= {(n,?),(m,2)} 

RDexit(6)= {(n,?),(m,2)}

6

(m,?)(m,2) 
(m,4)

(m,2)

(m,4)(m,?)(m,2) 
(m,4)
(n,?) (n,5) (n,5)

2

4

5

First iteration:

RDentry(p) ={(x,?)|  x in  Vars}, if p is initial

kill gen



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;

output m;

1

2

3

4

5

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2)} 

RDexit(3)={(n,?),(m,2)} 

RDentry(4)= {(n,?),(m,2)} 

RDexit(4)= {(n,?), (m,4)} 

RDentry(5)= {(n,?),(m,4)} 

RDexit(5)= {(n,5),(m,4)} 

RDentry(6)= {(n,?),(m,2)} 

RDexit(6)= {(n,?),(m,2)}

6

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(3)={(n,?),(m,2),(n,5)(m,4)} 

RDentry(4)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(4)= {(n,?),(n,5)(m,4)} 

RDentry(5)={(n,?),(n,5)(m,4)} 

RDexit(5)={(n,5),(m,4)} 

RDentry(6)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(6)={(n,?),(m,2),(n,5)(m,4)}

(m,?)(m,2) 
(m,4)

(m,2)

(m,4)(m,?)(m,2) 
(m,4)
(n,?) (n,5) (n,5)

2

4

5

Second iteration: 

fix point!

RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 
RDentry(p) ={(x,?)|  x in  Vars}, if p is initial



• RD analysis is forward and possible,  
i.e., if an assignment x:=a in some point q is really actual in entry  
to some point p then 
 (x,q)   RDentry(p) (while the vice versa does not hold). 

How can we use this? 

-If the analysis tells us that a variable is undefined (that is we just have 
the pair (x,?) ) then it is 
-Loop invariant code motions 

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>

RD analysis



Consider a loop where:  
1.  m is the entry point 
2. an inner point n contains an  

assignment x:=exp 
3. if for any variable y occurring 

 in exp (i.e. y   vars(exp)) and for any program 
 point p, we have that 

  (y,p)   RDentry(m)            (y,p)    RDentry(n)  

 then, the assignment x:=exp can be correctly moved out as 
preceding the entry point of the loop

        

 x:=exp; 

        

n

m

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

Application: Loop invariant code motion

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit> ,

<latexit sha1_base64="oEhgJxJUjHarZJQY4MHCEVOnJlo=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjWBiRe6w0JJoY2GBiYAJELK37MGGvd3L7pyEnPwUGwuNsfWX2PlvXOAKBV8yyct7M5mZF8SCG/C8bye3tr6xuZXfLuzs7u0fuMXDplGJpqxBlVD6ISCGCS5ZAzgI9hBrRqJAsFYwup75rUemDVfyHiYx60ZkIHnIKQEr9dxiuXPLQtB8MASitRqXe27Jq3hz4FXiZ6SEMtR77lenr2gSMQlUEGPavhdDNyUaOBVsWugkhsWEjsiAtS2VJGKmm85Pn+JTq/RxqLQtCXiu/p5ISWTMJApsZ0RgaJa9mfif104gvOymXMYJMEkXi8JEYFB4lgPuc80oiIklhGpub8V0SDShYNMq2BD85ZdXSbNa8c8r1btqqXaVxZFHx+gEnSEfXaAaukF11EAUjdEzekVvzpPz4rw7H4vWnJPNHKE/cD5/APi0k88=</latexit>

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



y:=3; z:=5; 
for(int i=0; i<9; i++) { 
  x = y + z; 
  a[i] = 2*i + x; 
}

y:=3; z:=5; 
x = y + z; 
for(int i=0; i<9; i++) { 
  a[i] = 2*i + x; 
}

Application: Loop invariant code motion

Loop-invariant code motion



Available Expressions Analysis

Let p be a program point. For each execution path ending in p, 
we want track  the expressions that have already been 
evaluated and then  not modified.  
These are called available expressions



 
x:=a+b; 
y:=a*b;  
while y>a+b  
do (a:=a+1; 
      x:=a+b;) 

   when the execution reaches 3, the expression a+b 
is available, since it has been previously evaluated 
(in point 1 for the first iteration of the while-loop 
and in point 5 for the next iterations) and does 
not need to be evaluated again in 3 

• This analysis can be therefore used to avoid re-
evaluations of available expressions

Example

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



The domain

Let E={ e | e is a sub-expressions/expression appearing in P} 

< (  (E)x (E) )N,     >   is  a finite domain P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Let N be the number of nodes of the CFG of P



• An expression e in E is killed in a program point p (e is in killAE(p))  
if a variable occurring in e is modified (i.e., it is defined by some assignment) 
by the command in p. 

killAE([x:=e’]p)= {e in E | x    vars(e)} 

• An expression e is generated in a program point p (e is in genAE(p))  
if e is evaluated in p and no variable occurring in e is modified in  p. 

     genAE([x:=e]p) ={e}              if x ∉ vars(e),                                  
genAE([x:=e]p) =                   if x   vars(e); 

           genAE([e1>e2]p)  = expr({e1, e2})   where expr(S) returns  
                                                       the subset of S that are expressions       

  KillAE  and GenAE

<latexit sha1_base64="UPgJz8j2m/13V1tj2vlM0uGX7q8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthbbUDbbSbt0swm7EyGE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqDi0ey1h3AmZACgUtFCihk2hgUSDhIRjfTP2HJ9BGxOoeswT8iA2VCAVnaKVH2oMowcwA9qs1t+7OQJeJV5AaKdDsV796g5inESjkkhnT9dwE/ZxpFFzCpNJLDSSMj9kQupYqFoHx89nFE3pilQENY21LIZ2pvydyFhmTRYHtjBiOzKI3Ff/zuimGV34uVJIiKD5fFKaSYkyn79OB0MBRZpYwroW9lfIR04yjDaliQ/AWX14m7bO6d1F3785rjesijjI5IsfklHjkkjTILWmSFuFEkWfySt4c47w4787HvLXkFDOH5A+czx+Qw5DZ</latexit>

; <latexit sha1_base64="ZetvKexAAemhATf6VP/teVRjcG8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLuM/VoFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8AaPIjfk=</latexit>2

<latexit sha1_base64="ZetvKexAAemhATf6VP/teVRjcG8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLuM/VoFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8AaPIjfk=</latexit>2



n killAE(n) genAE(n)

1 ∅ {a+b}
2 ∅ {a*b}
3 ∅ {a+b}
4 {a+b, a*b,a+1} ∅

5 ∅ {a+b}

Example
  
x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 
E = {a+b, a*b, a+1}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



Specification

• Available expressions analysis is specified by the following 
equations, for any program point p: 

       ∅          if p is initial 
   
AEentry(p) =   
         ∩{AEexit(q) |  q    pre[p]}   otherwise 

 
AEexit(p)= (AEentry(p) \ killAE(p))  U  genAE(p) 

2
<latexit sha1_base64="MObzohmu3AwC10wzTb5NcCUC88U=">AAAB7HicbVBNS8NAEJ34WetX1aOXxVbwVJIW/LgVvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btIgan0w8Hhvhpl5fsyZ0rb9aa2srq1vbJa2yts7u3v7lYPDjooSSahLIh7Jno8V5UxQVzPNaS+WFIc+p11/epP53QcqFYvEvZ7F1AvxWLCAEayN5NYGTNSGlapdt3OgZeIUpAoF2sPKx2AUkSSkQhOOleo7dqy9FEvNCKfz8iBRNMZkise0b6jAIVVemh87R6dGGaEgkqaERrn6cyLFoVKz0DedIdYT9dfLxP+8fqKDSy9lIk40FWSxKEg40hHKPkcjJinRfGYIJpKZWxGZYImJNvmU8xCuMpx/v7xMOo2606w37xrV1nURRwmO4QTOwIELaMEttMEFAgwe4RleLGE9Wa/W26J1xSpmjuAXrPcvHZqOXA==</latexit>



To find a solution to the previous equation system we need to apply 
Kleene Theorem 

b) (  (E)x (E) )N,     >   is  a finite domain therefore is a 
CPO, moreover, it has a  bottom element 

     a) The map      (  (E)x (E) )N   ->   (  (E)x (E) )N         defined by  
         (assuming 1 is the only initial node) 
       AE(<AEentry1,AEexit1,…,AEentryN,AEexitN>)   = 

 < ∅, (AEentry1 \ killAE(1))  U  genAE(1), 
∩{AEexitq |  q  in  pre[2]}, (AEentry2 \ killAE(2))  U  genAE(2), 
….. 
∩{AEexitq |  q  in  pre[N]}, (AEentryN \ killAE(N))  U  genAE(N)>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>
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Point a and b to apply Kleene Theorem



 a) The map    
         AE(<AEentry1,AEexit1,…,AEentryN,AEexitN>)   = 

 < ∅, (AEentry1 \ killAE(1))  U  genAE(1), 
∩{AEexitq |  q  in  pre[2]}, (AEentry2 \ killAE(2))  U  genAE(2), 
….. 
∩{AEexitq |  q  in  pre[N]}, (AEentryN \ killAE(N))  U  genAE(N)> 
is monotone on  the finite domain  

(  (E)x (E) )N,     > P
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<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Point a

AE(<∅,∅,∅,∅,∅,∅> )= 
<∅,{a+b}, {}, {a*b}, {a*b}, {a+b, a*b}> 
AE(<∅,{a+b}, {}, {a*b}, {a*b}, {a+b, a*b}>)=  
<∅,{a+b}, {a+b}, {a+b,a*b}, {a+b,a*b}, {a+b,a*b}> 

x:= a+b;

y:= a*b;

1

2

x=a+b;
3

•  Example 



AE is a definite analysis:  
if e   AEentry(p) then e  is really available in entry to p  

the converse does not hold 

• Any fixpoint of the above equation system is an under-approximation  
of really available expressions. 

Between all fix points,  we are thus interested in computing  
the greatest fixpoint (the more precise approximation)  

Also, observe that this is a forward analysis. 

Which  fix point? 

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>



Computing the greatest fix point

x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 
E = {a+b, a*b, a+1}

The starting point, for all n  
AEentry(n)=AEexit(n)={a+b,a*b,a+1}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

n killAE(n) genAE(n)

1 ∅ {a+b}

2 ∅ {a*b}

3 ∅ {a+b}

4 {a+b, a*b,a+1} ∅

5 ∅ {a+b}

AEentry(1)= ∅                  AEexit(1)={a+b} 

AEentry(2)={a+b}         AEexit(2) ={a+b,a*b} 

AEentry(3)={a+b,a*b}   AEexit(3)={a+b,a*b} 

AEentry(4)={a+b,a*b}   AEexit(4)={} 

AEentry(5)={}               AEexit(5)={a+b}

AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)



AEexit(1)= AEentry(1) U {a+b} 

AEexit(2)= AEentry(2) U {a*b} 

AEexit(3)= AEentry(3) U {a+b} 

AEexit(4)= AEentry(4) - {a+b, a*b, a+1} 

AEexit(5)= AEentry(5) U {a+b}

n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b,a*b} {a+b,a*b}
4 {a+b,a*b} ∅

5 ∅ {a+b} n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

Second iteration
AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

Previous iteration



n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

AEexit(1)= AEentry(1) U {a+b} 

AEexit(2)= AEentry(2) U {a*b} 

AEexit(3)= AEentry(3) U {a+b} 

AEexit(4)= AEentry(4) - {a+b, a*b, a+1} 

AEexit(5)= AEentry(5) U {a+b}

Third iteration and Greatest Fixpoint

n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)
Previous iteration



n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

Result

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 



A[i,j]=B[i,j]+C[i,j]

Application: Common Subexpression Elimination

Dataflow Analyses 



A Dataflow Analysis Framework

• The above dataflow analyses (Reaching Definitions, 
Available Expressions, Live Variables) reveal many 
similarities. 

• One major advantage of a unifying framework of 
dataflow analysis lies in the design of a generic 
analysis algorithm that can be instantiated in order to 
compute different dataflow analyses. 



Possible Analysis 
Semantics        Analysis

Definite Analysis 
Analysis    Semantics

Forward                
in[n]                 out[n]        
 pre                   post

Reaching definitions  Available   
expressions

 Backward           
out[n]             in[n]              
post                 pre 

Live variables Very busy 
expressions

Catalogue of Dataflow Analyses

✓
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<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>

)
<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>)
<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>


