Chapter 3

SPARSE MATRICES

As described in the previous chapter, standard discretizations of Partial Differential Equations
typically lead to large and sparse matrices. A sparse matrix is defined, somewhat vaguely, as
a matrix which has very few nonzero elements. But, in fact, a matrix can be termed sparse
whenever special techniques can be utilized to take advantage of the large number of zero
elements and their locations. These sparse matrix techniques begin with the idea that the
zero elements need not be stored. One of the key issues is to define data structures for these
matrices that are well suited for efficient implementation of standard solution methods, whether
direct or iterative. This chapter gives an overview of sparse matrices, their properties, their
representations, and the data structures used to store them.

3.1 Introduction

The natural ideato take advantage of the zeos of amatrix and their location wasini-
tiated by engineasin various disciplines In the mplest caseinvolving banded ma
trices spedal techniques ae graightforward to develop. Electrical engineesdeding
with electrical networksin the 196G were the first to exploit sparsity to solve general
sparselinea systemsfor mariceswith irregular structure. The main issue, and the
first addresse by sparse matrix techndogy, wasto devise dired solution methods
for linea systems Thesehad to be emnamical, both in termsof storage and compu-
tational effort. Sparsedired solvers can hande very large problemsthat canna be
tackled by the usual “dense” lvers.

Essantially, there are two broad typesof sparsematrices structured and unstruc-
tured. A structured matrix is one whosenorzero entries form aregular pattern, often
along a sndl number of diagorels. Alternatively, the norzero elements may lie in
blocks (dense sibmatriceg of the sane size, which form aregular pattern, typically
alonga gndl number of (block) diagorals. A matrix with irregularly located entries
is sad to be irregularly structured. The beg example of aregularly structured ma
trix is a matrix that consists of only a few diagorels. Finite difference mariceson
redanguar grids, such asthe ones sea in the previous dhapter, are typical examples
of mariceswith regular structure. Most finite element or finite volume techniques
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76 CHAPTER 3. SFARSE MATRICES

applied to complex geometries lead to irregularly structured matrices Figure(3.2
shows a sndl irregularly structured sparsematrix as®ciated with the finite element
grid problem shown in Figure/3.1.

Figure 3.1: A smdl finite element grid model.

The distinction between the two typesof matricesmay not naticeably affed di-
red solution techniques andit hasnot recaved much attention in the pag. However,
this distinction can be important for iterative solution methods. In thesemethods,
one of the essatial operations is matrix-by-vedor produwcts. The performance of
theseoperations can differ significantly on high performance mmputers, depending
on whether they are regularly structured or not. For example, on vedor computers,
storing the matrix by diagorels is ided, but the more general schemes may suffer
becausethey require indired addressng.

The next sedion discussesgraph represeantations of sparsematrices This isfol-
lowed by an overview of some of the dorage sdhemes used for sparse matrices and
an explanation of how some of the smplest operations with sparse marices ca be
performed. Then sparse linea system solution methods will be covered. Finaly,
Sedion|3.7/discussedest matrices

3.2 Graph Representations

Graphtheory is an ided tool for representing the dructure of sparsematrices and for
this rea®nit plays amgor role in sparsemeatrix techniques For example, graphthe-
ory is the key ingredient used in unraveling parallelism in sparse Gaussan elimina
tion or in precondtioning techniques In the following sedion, graphs ae discussel
in general termsand then their applications to finite element or finite difference ma
trices ae discussel.
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Figure 3.2: Sparsematrix as®ciated with the finite element grid of Figure3.1,

3.2.1 Graphs and Adjacency Graphs
Remember that agraphis defined by two sds, a sé of vertices

V= {U17U27" . 77}71}7

and a se of edges EZ which consistsof pairs (v;, v;), where v;, v; are dements of V,
i.e.,
E CVxV.

This graph G = (V, E) is often represented by a se of paintsin the plane linked by
adireded line between the points that are cnneded by an edge. A graphis a way
of representing a binary relation between objects of a se& V. For example, V' can
represet the mgor cities of the world. A line is drawn between any two cities that
are linked by a norstop airline conredion. Such a graph will represent the relation
“there is a norstop flight from city (A) to city (B).” In this particular example, the
binary relation is likely to be symmdric, i.e., when there is anorstop flight from (A)
to (B) there is also a norstop flight from (B) to (A). In such situations, the graph is
sdd to be undreded, asoppael to agenera graphwhich is direded.

Going bad to sparsematrices the adjacency graphof a arsematrix is agraph
G = (V, E), whosen verticesin V' represent the n unknavns. Its edgesrepresent
the binary relations egablished by the equations in the following manner: There is
an edge from node 7 to noce 5 when a;; # 0. This edge will therefore represent the
binary relation equation i involvesunknown j. Note that the adjacency graphis an
undreded graphwhen the matrix pattern is symmeric, i.e., whena;; # 0iff aj; # 0
foral 1 <i,j <n).

When a mérix has a gmmeéric norzero pattern, i.e., when a;; and a;; are d-
ways norzero at the sanetime, then the graph is undreded. Thus, for undreded
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graphs, every edge paints in baoth diredions. As areallt, undreded graphs can be
represanted with nonaiented edges

As an example of the useof graph models, parallelism in Gaussan elimination
can be extraded by finding unknavns that are independent at a given stage of the
elimination. These ae unknavnswhich do nd depend onead other acording to the
abowe binary relation. The rows arregpondng to such unknavns can then be used
aspivots simultaneously. Thus, in one extreme, when the matrix is diagorel, then all
unknowvns ae independent. Conversdy, when a matrix is dense ead unknavn will
depend onall other unknovns. Sparse matriceslie somewhere between thesetwo

extremes.
1 2

Figure 3.3: Graphs of two 4 x 4 sparsematrices

There ae afew intereging simple properties of adjacency graphs. The graph
of A% can be interpreted as a n-vertex graph whose alges ae the pairs (4, j) for
which there eists at leag one path of length exadly two from node ¢ to noce j in
the original graph o A. Similarly, the graph o A* consistsof edgeswhich represant
the binary relation “thereis at leag one path of length £ from node ¢ to node 5.” For
details, seeExercise/4|

3.2.2 Graphs of PDE Matrices

For Partial Differential Equations involving orly one physical unknavn per mesh
point, the adjacency graph d the matrix arising from the discretization is often the
graph represated by the mesh itself. However, it is commaon to have several un-
knowns per mesh pant. For example, the equations modeling fluid flow may involve
the two velocity components of the fluid (in two dimensions) aswell as aergy and
momentum at ead mesh pant.

In such situations, there ae two choices when labeling the unknavns. They
can be labeled contiguowsly at ead mesh pant. Thus, for the example just men-
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tioned, we can label al four variables (two velocities followed by momentum and
then presaire) at a given mesh pant aswu(k), ..., u(k + 3). Alternatively, al un
knowns assciated with one type of variable can be labeled first (e.g., first velocity
components), followed by those asaciated with the seond type of variables (e.g.,
se®ond \elocity components), etc. In either case it is clear that there is redundant
information in the graph d the ajacency matrix.

The quatient graph correpondng to the physcal mesh can be used instead. This
reallts in substantial savings in storage and computation. In the fluid flow example
mentioned abowve, the gorage can be reduced by afadtor of amost 16 for the integer
arrays needed to represent the graph. This is becaisethe number of edgeshasbeen
reduced by this much, while the number of vertices which is usually much smadler,
remansthe sane

3.3 Permutations and Reorderings

Permuting the rows or the clumns, or bath the rows and columns, of a arsematrix
is @ omman operation. In fad, reordering rows and columns is one of the maost
important ingredients used in parallel implementations of both dired and iterative
solution techniques This sedion introducesthe ideasrelated to thesereordering
techniques and their relations to the adjacency graphs of the matrices Recdl the
notation introduced in Chapter 1 that the j-th column of a matrix is denoted by a.
andthe i-th row by a;.

3.3.1 Basic Concepts
We begin with a definition and new notation.

Definition 3.1 Let A bea matrix andn = {iy,i2,...,i,} @ permutation of the se
{1,2,...,n}. Then the matrices

Ay = Aar(p),jti=tmg=1,m;

A*,ﬂ' = {ai,ﬂ'(j)}i:L...,n;j:l,...,m
are called row 7-permutation andcolumn 7-permutation of A, respedively.

It is well known that any permutation of the se {1,2,...,n} reailts from at most
n interchanges i.e., elementary permutations in which only two entries have been
interchanged. An interchange matrix is the identity matrix with two of its rows in-
terchanged. Denote by X;; such matrices with 7 and j being the numbers of the
interchanged rows. Note that in order to interchange rows : and j of amatrix A, we
only neal to premultiply it by the matrix X;;. Let 7 = {i1,i2,...,4,} be a arbi-
trary permutation. This permutation is the product of a sejuence of n conseaitive
interchangeso (i, ji), k = 1, ..., n. Then the rows of amatrix can be permuted by
interchanging rows iy, ji1, then rows s, jo of the reaulting matrix, etc., andfinally by
interchanging i,,, j,, of thereaulting matrix. Ead of theseoperations can be atieved
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by a premultiplication by X;, ;,. The sane obsevation can be made regarding the
columns of amarix: In order to interchange columnsi and j of a matrix, postmulti-
ply it by X;;. The following propasition follows from theseobsevations.

Proposition 3.2 Let = be a permutation resulting from the product of the inter-
changeso(ig, jk), k = 1,...,n. Then,

A7r,* = Pﬂ'A7 A*,ﬂ' = AQW?
where
P, = X;, .X; X

anl,jnfl ct il,jl? (31)
Qr = Xiyj1 Xisjgo - Xinjn- (3.2

Products of interchange matrices ae cdled permutation matrices Clearly, a permu-
tation matrix is nothing but the identity matrix with its rows (or columns) permuted.

Obseave that X2 = I, i.e., the guuare of an interchange matrix is the identity, or
equivalently, the mverseof an interchange matrix is equal to |tself aproperty which
is intuitively clear. It is eay to seethat the matrices(3.1) and (3.2) sdisfy

PﬂQﬂ- = Xin,anin—Ljn—l .. 'Xihjl X Xil,leig,jQ .. 'Xin,jn = I,

which shows that the two matrices@, and P, are norsingular and that they are the
inverseof one ancther. In ather words, permuting the rows and the columns of ama
trix, using the same permutation, acually performsa smilarity transformation. An-
other important conseguence aisesbecaisethe products involved in the definitions
(3.1) and (3.2) of P, and @, occur in reverseorder. Since eab of the dementary

mérices X;, j;, is symmdric, the matrix Q) is the transposeof P;.. Therefore,

Qr=Pl =Pt

Since the inverse of the matrix P, is its own transpose permutation matrices ae
unitary.

Ancther way of deriving the aowe relationships is to expressthe permutation
matrices P, and P! in terms of the identity matrix, whose ©lumns or rows ae
permuted. It can eadly be se@ (SeeExercise3) that

PT{':Iﬂ',*7 Pg:]—*ﬂr'
Itis then passble to verify diredly that
Apw=I A =PrA, A=Al .= AP,

It is important to interpret permutation operations for the linea systemsto be
solved. When the rows of a matrix are permuted, the order in which the equations
are written is changed. On the other hand, when the columns ae permuted, the
unknowns aein effed relabeled, or reordered.
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Example 3.1. Consider, for example, the linea system Ax = b where

aill 0 ais 0
0 a2 a2 axn

az1 azx azz 0
0 a49 0 aq4

A=

and7 = {1, 3,2,4}, then the (column-) permuted linea system is

a1l a3 0 0 X1 bl
0 a3 azx ax z3 | | b2
a1 azz azgz 0 T2 b3
0 0 a4 aas Ta by

Notethat only the unknovns have been permuted, not the equations, andin particular,
the right-hand side hasnot changed. O

In the &ove example, only the columns of A have been permuted. Such ore-
sided permutations ae not as @mman astwo-sided permutations in sparse matrix
techniques In redity, this is often related to the fad that the diagoral elements in
linea systemsplay adistinct and important role. For instance, diagorel elements are
typicaly largein PDE applications andit may be desrable to preseave this important
property in the permuted matrix. In order to do so, it is typical to apply the sane
permutation to both the wlumns and the rows of A. Such operations ae cdled
symnetric permutations, and if denoted by A -, then the reault of such symmeiric
permutations sdisfiesthe relation

Ay, = P, APL.

The interpretation of the symmeric permutation is quite smple. The reaulting ma
trix corregponds to renaming, or relabeling, or reordering the unknavns and then
reordering the eguations in the same manner.

Example 3.2. For the previous example, if the rows ae permuted with the samne
permutation asthe mlumns, the linea system obtained is

a1l al1s 0 0 I bl
a1 azz azgz 0O z3 | | b3
0 a3 azx axn T2 bo
0 0 a49 aq4 Ty b4

Obsave that the diagoral elements are now diagoral elements from the original ma
trix, placed in a different order onthe main diagorel. O
3.3.2 Relations with the Adjacency Graph

From the point of view of graphtheory, anather important interpretation of a symme-
ric permutation is that it is equivalent to relabeling the veticesof the graphwithout
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altering the edges Indeed, let (4, j) be an edgein the adjacency graph o the origina
matrix A and let A’ be the permuted matrix. Then aj; = ar(;) (;) and as aresult
(i,7) is an edge in the ajacency graph o the permuted matrix A’, if and only if
(m(i),7(7)) is an edge in the graph o the original matrix A. In essece, it is asif
we gmply relabel ead noce with the “old” label 7(7) with the “new” label i. This is
pictured in the following diagram:

i j — new labels

(i) () — old labels

Thus, the graph o the permuted marix hasnat changed; rather, the labeling of the
verticeshas In contrad, nonrsymmetric permutations do nd preseve the graph. In
fad, they can transform an indireded graphinto adireded ore. Symmetric permuta-
tions change the order in which the nodes ae considered in a given agorithm (such
asGaussgan elimination) and this may have atremendouws impad onthe performance
of the dgorithm.

©)

G)
©
EEEEEEEER

Figure 3.4: Pattern of a9 x 9 arrow matrix and its adjacency graph.

Example 3.3. Consider the matrix illustrated in Figure|3.4/together with its adja-
cency graph. Such matrices ae ometimes cdled “arrow” maricesbecaiseof their
shape, but it would probably be more acarate to term them “star” matricesbecaise
of the dructure of their graphs. If the equations ae reordered using the permutation
9,8,...,1, thematrix and graph shown in Figure(3.5 are ohtained.

Althoughthe difference between the two graphs may seem dight, the marices
have a ompletdy different structure, which may have a s$gnificant impad on the
algorithms. As an example, if Gausdan elimination is used onthe reordered matrix,
nofill-in will occur, i.e., the L and U parts of the LU fadorization will have the sane
structure asthe lower and upper parts of A, regpedively.
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Figure 3.5: Adjacency graph and matrix obtained from abowe figure dter permuting
the nodesin reverseorder.

On the other hand, Gaussan elimination onthe original matrix reaults in disas
trous fill-ins. Spedficdly, the L and U parts of the LU fadorization are now dense
marices dter the first step of Gausgan elimination. With dired sparsematrix tech-
niques it is important to find permutations of the matrix that will have the dfed of
reducing fill-ins during the Gaussan elimination process O

To conclude this sedion, it shoud be mentioned that two-sided norsymmeric
permutations may also arise in pradice. However, they are more comma in the
context of dired methods.

3.3.3 Common Reorderings

The type of reordering, or permutations, used in applications depends on whether a
dired or an iterative method is being considered. The following is a sanple of such
reorderings which are more us&ul for iterative methods.

Level-set orderings. This classof orderings contains anumber of techniquesthat
are baseal ontraversing the graph bylevd sds. A level sd is defined reaursively as
the sd of al unmaked neighbars of all the nodesof a previous level sd. Initially, a
level set consistsof one hodke, athoughstrategies with several starting noces ae dso
important and will be considered later. As oonas alevel sd is traversed, its nodes
aremarked and numbered. They can, for example, be numbered in the order in which
they are traversed. In addition, the order in which ead level itself is traversed gives
rise to different orderings. For instance the nodesof a cetain level can be visited
in the natural order in which they are listed. The neighbas of ead of thesenodes
are then inspeded. Each time, a neighbar of a visited vertex that is not numbered is
encourtered, it is added to the list and labeled asthe next element of the next level
sd. This simple strategy is cdled Breadth First Search (BFS) traversd in graph
theory. The ordering will depend onthe way in which the nodes aetraversed in eat
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level sd. In BFSthe dements of alevel sd are dways traverseal in the natural order
in which they arelisted. In the Cuthill- McKeeordering the nodes aljacent a avisited
noce ae dways traversed from lowed to highed degree

ALGORITHM 3.1 BFSG,v)

Initialize S = {v}, seen = 1, w(seen) = v; Mark v;
While seen < n Do
Snew = Q):
For eadh nockv in S do
For eadh utmarked w in adj(v) do
Addw to Syew;
Mark w;
(+ + seen) = w;
EndDo
S = Spew
EndDo
Endwhile

N =
ROSOONDUAWNR

=
N

In the &bowe dgorithm, the natation w(+ + seen) = w in Line 8, uses a tyle bor-
rowed from the C/C++ language. It states that seen shoud be first incremented by
one, and then 7(seen) is assgned w. Two important modifi caions will be made to
this algorithm to obtain the Cuthill Mc Keeordering. Thefirst concernsthe séection
of the first node to begin the traversd. The seond, mentioned abowe, is the orde in
which the neared neighbars of agiven noce ae traversed.

ALGORITHM 3.2 Cuthill- McKee( G)

0. Find an intial noce v for the traversal
1 Initialize S = {v}, seen = 1, m(seen) = v; Mark v;
2. While seen < n Do
3. Snew = @;
4. For each nocev Do:
5. 7(+ + seen) = v;
6. For eadh utmarked w in adj(v), going from lowest to highest degree Do:
7. Addw to Syew;
8. Mark w;
9. EndDo
10. S = Shew
11 EndDo
12 Enawhile

The 7 array obtained from the procedure lists the nodesin the order in which
they are visited and can, in apradica implementation, be used to store the level sds
in succes®n. A pointer is neaded to indicate where eat sd starts.
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The man property of level sds isthat, at the exception of the first and the last
levels, they are ae graph separators. A graph separator is a sé of vertices the
removal of which separates the graph in two disjoint comporents. In fad if there
arellevelsand V; = S1US, ... 81, Vo = S;11U ... S, then the nodesof V; are
V5 are nat couped. This is eay to prove by contradiction. A mgor conseguence of
this property is that the matrix reaulting from the Cuthill- McKee (or BFS) ordering
is block-tridiagorel, with the i-th block being of size | S;|.

| order to explain the concept of level sds, the previous two algorithms were
descibed with the explicit useof level seés. A more omman, and somewhat simpler,
implementation relies on queues The queue implementation is asfollows.

ALGORITHM 3.3 Cuthill- McKee(G) — Queue implementation

Find an intial noce v for the traversal
Initialize @ = {v}, Mark v;
While |Q| < n Do
head + + ;
For eadh utmarked w in adj(h), going from lowest to highest degreeDo:
Appendw to Q;
Mark w;
EndDo
EndwWhile

O NGO ANWNRO

The final array @ will give the dedred permutation 7. Clearly, this implementation
can aso be gplied to BFS. As an example, consider the finite element mesh problem
illustrated in Figure|2.10| of Chapter 2, and assimethat v = 3 is the initial node of
thetraversd. The dateof the Q array after ead step along with the head vertex head
and its adjacency list are shown in the following table. Note that the ajacency lists
in the third column are listed by increasng degrees

Q head | adj(head)
3 3 7,10, 8
3,7,10,8 7 1,9
3,7,10,8,1,9 10 511
3,7,10,8,1,9,5, 11 8 2
3,7,10,8,1,9,5,11, 2 1 -
3,7,10,8,1,9,5,11, 2 9 -
3,7,10,8,1,9,5,11, 2 5 14,12
3,7,10,8,1,9,5,11,2,14,12 11 13
3,7,10,8,1,9,5,11,2,14,12, 13 2 -
3,7,10,8,1,9,5,11,2,14,12, 13 14 6, 15
3,7,10,8,1,9,5, 11, 2,14,12, 13,6, 15 12 4
3,7,10,8,1,9,5,11,2,14,12, 13,6,15,4

An implementation using explicit levels, would find the ses S; = {3}, Sy =
{7,8,10}, S3 = {1,9,5,11,2}, Sy = {14,12,13}, and S5 = {6,15,4}. The
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new labeling of the graph along with the mrregpondng matrix pattern are shown in
Figure/3.6, The partitionning of the matrix pattern correponds to the levels.

In 1971 George[142 obseved that reversng the Cuthill- McKeeordering yields
a better scheme for sparse Gausdan elimination. The smplest way to understand
this is to look at the two graphs produced by theseorderings. The reaults of the
standard and reversed Cuthill- McKee orderings on the sanple finite element mesh
problem see ealier are shown in Figures3.6.and 37, when theinitial nodeisi; = 3
(relative to the labeling of the original ordering of Figure2.10). The caseof the
figure, correponds to a variant of CMK in which the traversds in Line 6, is dore
in arandam order instead of acwrding to the degree A large part of the gructure
of the two matrices onsistsof little “arrow” submatrices similar to the ones sea in
Example(3.3l In the caseof the regular CMK ordering, these arows point upward,
asin Figure(3.4, a cnsejuence of the level se labeling. Theseblocks ae dgmilar
the ¢ar maricesof Figure3.4. As areault, Gaussan elimination will essatially fill
in the xyuare blocks which they span. As wasindicated in Example (3.3, a remedy
is to reorder the nodesbadkward, asis dore globally in the reverse Cuthill- McKee
strategy. For the reverse CMK ordering, the arows ae pointing dovnward, asin
Figure[3.5, and Gaussan elimination yields much lessfill-in.

Figure3.6: Graphandmatrix patternfor example pf Figure2.10/after Cuthill- McKee
ordering.

Example 3.4. The doice of the initial node in the CMK and RCMK orderings
may be important. Referring to the original ordering of Figure[2.10| the previous
illustration used i; = 3. However, it is clearly a poa choice if matriceswith smal
bandwidth or profile are dedred. If i1 = 1 is sdected instead, then the reverse
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Figure 3.7: ReverseCuthill- McKeeordering.

Cuthill- McKee dgorithm producesthe matrix in Figure[3.8, which is more siitable
for banded or skyline solvers. O

Independent set orderings. The matricesthat arise in the model finite element
problems see in Figures(2.7, [2.10} and[32 are dl charaderized by an upper-left
block that is diagordl, i.e., they have the gructure

A= (? g) 3.3

in which D is diagoral and C, £, and I’ are arse marices The upper-diagordal
block corregponds to unknavns from the previous levels of refinement and its pres
enceis due to the ordering of the eguations in use As new vertices ae aeaed in
the refined grid, they are given new numbers and the initial numbering of the vertices
is unchanged. Sincethe old conreded vertices ae “cut” by new ones they are no
longer related by equations. Sets such asthese ae cdled independent sds. Indepen-
dent sds are epedally usdul in parallel computing, for implementing bah direa
and iterative methods.

Referring to the aljacency graph G = (V, E) of the matrix, and dencting by
(z,y) the edge from vertex z to vertex y, an independent se S is a subsd of the
vertex se V' such that

ifx €8, then {(z,y) e £ or (y,z) €e E} -y ¢&S.

To explain this in words: Elements of S are nat alowed to be mnreded to
other elements of S either by incoming or outgoing edges An independent sd is



88

CHAPTER 3. SFARSE MATRICES

I
—d
[Tl

i [
L S
[ I

|
IL

T
L
[}
]
L
|
|
]
mu_im
i EE EE

Figure 3.8: ReverseCuthill- McKee sarting with 7; = 1.

maximal if it canna be augmented by elements in its complement to form a larger
independent sd. Note that a maximal independent sd is by no means the largeg
possble independent sd that can be found In fad, finding the independent se of
maximum cardinal is N P-hard [183. In the following, the term independent se&
always refers to maximal independent set.

There ae anumber of simple and inexpensive heuristics for finding large maxi-
mad independent ses. A grealy heuristic traversesthe nodesin a given order, and if
anock is not dready marked, it sdects the node as anew member of S. Then this
noce is marked along with its neaeg neighbas. Here, a neares neighba of anode
x means any nock linked to = by an incoming or an ougoing edge.

ALGORITHM 3.4 Gredaly Algorithm for 1SO

Set S = 0.
Forj=1,2,...,n Do:
If nocke j is not marked then
S=8u{j}
Mark 7 and all its nearest neighbars
Endif
EndDo

NOOANWNR

In the aowe dgorithm, the nodes ae traversed in the natural order 1,2, ..., n,
but they can also betraversed in any permutation {i1,...,4,} of {1,2,...,n}. Since
the sze of the reduced system is n — |S], it is rea®nable to try to maximize the
size of S in order to obtain a andl reduced system. It is posdble to give arough
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ideaof the dze of S. Asaume that the maximum degree of ead node does not
exceal v. Whenever the adowve dgorithm accets a node as anew member of S, it
patentially puts al its neaed neighbars, i.e., at most ¥ nodes in the complement of
S. Therefore, if s is the dze of S, the dze of its complement, n — s, is such that
n —s < vs, andas areallt,

- n
s .
“1+v

This lower boundcan beimproved dlightly by replacing v with the maximum degree
vg of all the veticesthat constitute S. This reallts in the inequality

$2 1+vg’
which suggedsthat it may be agoodideato first visit the nodeswith smdler degrees
Infad, this observation leads to a general heuristic regarding agood ader of traver-
sd. The dgorithm can be viewed asfollows. Each time anock is visited, remove it
and its neaed neighbars from the graph, and then visit a node from the remaning
graph. Continuein the sane manner until al nodes ae exhausted. Every node that is
visited is amember of S andits neares neighbars ae membasof S. Asreallt, if v;
is the degreeof the node visited at step 4, adjusted for all the edge deletions reaulting
from the previous visitation steps, then the number n; of nodesthat are left at step 4
sdisfiesthe relation
nNg =n;—1 —V; — 1.

The process dds anew element to the sé S at ead step and stops when n; = 0.
In order to maximize |.S|, the number of stepsin the procedure must be maximized.
The difficulty in the analysis arisesfrom the fad that the degrees ae updated at eat
step ¢ becauseof the remaoval of the edges aseciated with the removed noces If the
processs to be lengthened, arule of thumb would be to visit the nodesthat have the
smadlest degreesfirst.

ALGORITHM 3.5 Increasing Degree Traversal for ISO

Set S = (). Find an ordering i+, . . . , i, of the nodes by increasing degree
Forj=1,2,...n,Do:
If nocei; is not marked then
S =8SuU{i}
Mark i; and all its neaest neighbas
Endlf
EndDo

NOOANWNR

A refinement to the ebove dgorithm would be to update the degreesof al nodes
involved in aremoval, and dyramically sdect the one with the andlest degree aghe
next noce to be visited. This can be implemented efficiently using a min-heg data
structure. A different heuristic is to attempt to maximize the number of elementsin S
by aform of locd optimization which determinesthe order of traversd dynamically.
In the following, removing a vertex from a graph means deleting the vertex and all
edgesincident to/from this vertex.
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Example 3.5. The dgorithms descibed in this sedion were tested onthe same
example used before, namdy, the finite element mesh problem of Figure2.10. Here,
al strategies useal yield the initial independent sd in the matrix itself, which corre-
spondsto the nodesof all the previouslevels of refinement. This may well be optimal
in this casei.e., alarger independent s& may not exist. O

Multicolor orderings. Graph coloring is a familiar problem in computer saence
which refers to the processof labeling (coloring) the nodesof a graphin such away
that no two adjacent nodes have the sane label (color). The goa of graph color-
ing is to obtain a wmlored graph which usesthe gndlest passble number of colors.
However, optimality in the context of numerica linea agebrais a seondary issue
and simple heuristics do provide adequate colorings. Basc methods for obtaining a
multicoloring of an arbitrary grid are quite simple. They rely on geedy techniques
a gmple version of which is asfollows.

ALGORITHM 3.6 Gready Multicoloring Algorithm

1 Fori=1,...,n Do: set Color(i) = 0.

2. Fori=1,2,...,n Do:

3 Set Color(i) = min {k > 0| k # Color(j),¥ j € Adj(i))}
4 EndDo

Line 3 assgns the gndlest allowable color number to node i. Allowable means a
paositive number that is different from the oolors of the neighbas of nodei. The
procedure is illustrated in Figure[3.9) The node being colored in the figure is indi-
caed by an arrow. It will be asggned color number 3, the gndlest paositive integer
different from 1, 2, 4, 5.

In the eowve dgorithm, the order 1,2,...,n hasbeen arbitrarily sdected for
traversing the nodes and coloring them. Instead, the nodes ca be traversed in any
order {iy, i, ..., in}. If agraphis bipartite, i.e., if it can be mlored with two
colors, then the dgorithm will find the optimal two-color (Red-Black) ordering for
Breadth-First traversds. In addition, if a graph is bipartite, it is eay to show that
the dgorithm will find two colors for any traversd which, at a given step, visits an
unmarked nock that is adjacent to at lead one visited noce. In general, the number
of colors needed does nat exceal the maximum degree of ead noce +1. These
properties ae the subject of Exercises11and[10

Example 3.6. Figure[3.10illustrates the dgorithm for the sane example used ea-
lier, i.e., the finite element mesh problem of Figure[2.10, The dased lines s@arate
the different color sesfound Four colors ae foundin this example. O

Once the olors have been found the matrix can be permuted to have ablock
structure in which the diagoral blocks ae diagoral. Alternatively, the oolor sets
S; = [igj), - z’ﬁfj)] and the permutation array in the dgorithmscan be used.
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Figure 3.10: Graphand matrix corregpondng to mesh of Figure2.10/after multicolor
ordering.

3.3.4 Irreducibility

Remember that a path in a graph is a sejuence of verticeswvy, v, ..., vg, Which are
such that (v;,v;+1) isanedgefori = 1,...,k — 1. Also, a graph is sad to be
conreded if there is a path between any pair of two verticesin V. A conreded com-
porent in agraph is a maximal subse of verticeswhich al can be conreded to one
ancther by pathsin the graph. Now consider matriceswhosegraphs may be direded.
A matrix is reducible if its graphis nat conreded, and ir reducible otherwise. When
amatrix is reducible, then it can be permuted by means of symnetric permutations
into ablock upper trianguar matrix of the form

A Aip Agg
Ao Adz

APP
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where eat partition correponds to a cnreded component. It is clear that linea
systemswith the éove matrix can be lved througha sejuence of subsystemswith
the matricesA;;,i =p,p—1,...,1.

3.4 Storage Schemes

In order to take advantage of the large number of zero elements, spedal schemes ae
required to store arse marices The man goal is to represat only the norzero
elements, andto be ale to perform the comman matrix operations. In the following,
N z denotes the total number of norzero elements.

The smplest storage sthemefor sparsemaricesis the s-cdled coordinate for-
ma. The datastructure consistsof three arays. (1) ared array containing all thered
(or complex) valuesof the norzero elements of A in any order; (2) an integer array
containing their row indices and (3) a seondinteger array containing their column
indices All three arays ae of length NV z, the number of norzero elements.

Example 3.7. The matrix

1. 0. 0. 2. 0.
3. 4. 0. 5. 0.
A=1|6. 0. 7. 8 0O
0. 0. 10. 11. 0.
0. 0. 0. 0. 12.

will be represented (for example) by
AA |12 9. 7. 5 1 2 11 3 6 4 8 10|
R |53 32 114232 3 4
X |5 53 41 44112 4 3 m

In the dbove example, the dements are listed in an arbitrary order. In fad, they
areusually listed byrow or columns. If the dementswerelisted byrow, the aray JC
which contains reduncdant information might be replaced by an array which pants
to the beginning of ead row instead. This would involve nonregligible savings in
storage. The new data structure hasthree arays with the following functions:

e Ared array AA containsthe red valuesa,;; stored row by row, from row 1 to
n. Thelength of AAis Nz.

e Aninteger array J A containsthe columnindicesof the dements a;; as sored
in the aray AA. Thelength of JA is Nz.

e Aninteger array I A contains the pointers to the beginning of ead row in the
arrays AA and JA. Thus, the content of 7 A(i) is the position in arrays AA
and J A where the i-th row starts. Thelength of 7A isn + 1 with TA(n + 1)
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containing the number IA(1) + Nz, i.e, the adressin A and JA of the
beginning of afictitious row number n + 1.

Thus, the @bove matrix may be gored asfollows:

AA |1 2 3 4 5 6 7 8 9 101112 |
A |1 412 413 4053 45
A [ 1 3 6 10 12 13

This forma is probably the most popuar for storing general sparse matrices
It is cdled the Compressel Spase Row (CSR) forma. This scheme is preferred
over the mordinate scheme becauseit is often more useful for performing typical
computations. On the other hand, the cordinate scheme is advantageous for its
simplicity and its flexibility. It is often used as an “entry” format in sparse matrix
software padkages

There ae anumber of variations for the Compresse Sparse Row forma. The
most obvious variation is storing the columnsinstead of therows. The corregpondng
schemeis known asthe Compressel Spase Column (CSC) scheme.

Another comman variation exploits the fad that the diagoral elements of many
marices ae dl usually norzero and/or that they are accessmore often than thereg
of the dements. As areallt, they can be sored separately. The Modified Spase Row
(MSR) format hasonly two arrays: ared array AA andaninteger array J A. Thefirst
n positionsin AA contain the diagoral elements of the matrix in order. The unusel
position n + 1 of the aray AA may sometimes cary some informaion concerning
the matrix.

Starting at position n + 2, the norezero entries of AA, excluding its diagorel
elements, are dored by row. For ead element AA(k), the integer JA(k) represeats
its column index on the matrix. Then + 1 first positions of J A contain the pointer
to the beginning of ead row in AA and JA. Thus, for the ebove example, the two
arrays will be asfollows:

AA [ 1 4 71112 * 2. 3 5 6 8 9 10|
A |7 810131414 4 1 4 1 4 5 3

The dar denotes an unwsed locaion. Notice that JA(n) = JA(n + 1) = 14, indi-
caing that the last row is a zeo row, oncethe diagoral element hasbeen removed.

Diagordlly structured matrices ae mariceswhosenoreero elements are locaed
aong a gndl number of diagorels. Thesediagorels can be gored in a redanguar
array DIAG(1:n,1:Nd), where Nd is the number of diagonds. The offses of eah
of the diagorels with regped to the man diagorel must be known. Thesewill be
stored in an array I0FF (1:Nd). Thus, the dement a; ;1.io5(;) Of the original matrix
is located in position (4, j) of the aray DIAG, i.e.,

DIAG(i, J) < @i jtiofi(j)-
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The order in which the diagorels are gored in the mlumns of DIAG is generaly
unimportant, thoughif several more operations ae performed with the main diago-
nal, storing it in the first column may be dightly advantageous. Note also that all the
diagorals except the man diagoral have fewer than n elements, so there ae positions
in DIAG that will not be used.

Example 3.8. For example, the following matrix which hasthreediagorals

1. 0. 2. 0. O
3. 4. 0. 5. 0.
A=10. 6. 7. 0. 8.
0. 0. 9. 10. O.
0. 0. 0. 11. 12

will be represanted by the two arrays

* 1. 2
3. 4 5
DIAG=| 6. 7. 8 I0FF = :
9. 10 *
11 12 *

O

A more general scheme which is popuar on vedor machinesis the s-cdled
Ellpadk-Itpadk format. The assmption in this schemeis that there ae & most Nd
norzero elements per row, where Nd is smadl. Then two redanguar arrays of dimen-
sionn x Nd ead are required (one red and ore integer). The first, COEF, is similar
to DIAG and contains the norzero elements of A. The norzero elements of ead row
of the matrix can be gored in arow of the aray COEF(1:n,1:Nd), completing the
row by zeros asnecessgy. Together with COEF, an integer array JCOEF(1:n,1:Nd)
must be gored which contains the column positions of ead entry in COEF.

Example 3.9. Thus, for the marix of the previous example, the Ellpadk-Itpadk
storage shemeis

1. 2 0. 1 3 1
3. 4 5 1 2 4
COEF=| 6. 7. 8. JCOEF=|2 3 5].
9. 10. O. 3 4 4
11 12 O. 4 5 5

A certain columnnumber must be chosen for ead of the zeo elements that must
be added to pad the shorter rows of A, i.e., rows 1, 4, and 5. In this example, those
integers ae sdected to be equal to the row numbers, as ca be sea in the JCOEF
array. This is somewhat arbitrary, andin fad, any integer between 1 and n would be
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accetable. However, there may be goodrea®ns for not inseting the same integers
too often, e.g. a constant number, for performance mnsiderations. O

3.5 Basic Sparse Matrix Operations

The matrix-by-vedor product is an important operation which is required in maost of
theiterative solution algorithmsfor solving sparselinea systems This sedion shows
how these ca be implemented for a andl subsé of the dorage shemes considered
ealier.

The following FORTRAN 90 segment shows the man loop d the matrix-by-
vedor operation for matrices sored in the Compresse Sparse Row stored format.

DO I=1, N

K1 = IA(D)

K2 TA(I+1)-1

Y(I) = DOTPRODUCT (A(K1:K2) ,X(JA(K1:K2)))
ENDDO

Notice that ead iteration of the loop computes a different component of the
realting vedor. This is advantageous becaise eah of these omponents can be
computed independently. If the matrix is stored by columns, then the following code
could be used instead:

DO J=1, N
K1 = IA(J)
K2 = TA(J+1)-1
Y(JA(KL:K2)) = Y(JA(K1:K2))+X(J)*A(K1:K2)
ENDDO

In ead iteration of the loop, amultiple of the j-th columnis added to the reault,
which is assimed to have been initially sd to zero. Notice now that the outer loop
is no longer paradlelizable. An aternative to improve parallelization is to try to split
the vedor operation in ead inner loop. The inner loop hasfew operations, in gen-
eral, so this is unlikely to be a ®undapproach. This comparison demonstrates that
data structuresmay have to change to improve performance when deding with high
performance mmputers.

Now consider the matrix-by-vedor product in diagorel storage.

DO J=1, NDIAG
JOFF = IOFF(J)
DO I=1, N
Y(I) = Y(I) +DIAG(I,J)*X(JOFF+I)
ENDDO
ENDDO



96 CHAPTER 3. SFARSE MATRICES

Here, eat of the diagorels is multiplied by the vedor = and the reault added to
the vedor y. It is again assimed that the vedor y hasbeen filled with zeros & the
start of the loop. From the point of view of parallelization and/or vedorization, the
above aodeis probably the better to use On the other hand, it is nat general enough

Solving a lower or upper triangdar system is another important “kernel” in
sparse matrix computations. The following segment of code shows a $mple row-
tine for solving a unit lower trianguar system Lz = y for the CSR storage forma.

X(1) = Y@
DOI =2, N
K1 = IAL(I)
K2 = IAL(I+1)-1
X(I)=Y(I)-DOTPRODUCT (AL (K1:K2),X(JAL(K1:K2)))
ENDDO

At ead step, theinner product of the aurrent solution x with the i-th row is computed
and subtraded from y(i). This givesthe value of x(i). The dotproduct function
computes the dot product of two arbitrary vedors u(k1:k2) and v(k1:k2). The
vedor AL (K1:K2) isthei-th row of thematrix L in sparseforma andX (JAL (K1:K2))
is the vedor of the components of X gathered into a hort vedor which is consistent
with the columnindicesof the dementsin the row AL (K1:X2).

3.6 Sparse Direct Solution Methods

Most dired methods for sparselinea systems perform an LU fadorization of the
original marix and try to reduce st by minimizing fill-ins, i.e., norzero elements
introduced during the dimination processin positions which were initially zeros.
The data structures enployed are rather complicated. The ealy codesrelied heavily
on linked lists which are cnwenient for inseting new norzero elements. Linked-
list data structureswere dropped in favor of other more dynamic schemes that leave
someinitial elbow room in ead row for the insations, and then adjust the dructure
asmorefill-ins aeintroduced.

A typica sparsedired solution solver for pasitive definite marices @nsists of
four phases First, preordering is applied to reduce fill-in. Two popuar methods
are used: minimum degreeordering and neged-dissedion ordering. Sewmnd, a ym-
balic fadorization is performed. This means that the fadorization is processd only
symbolically, i.e., without numerical values Third, the numerical fadorization, in
which the adual fadors L and U are formed, is processd. Finally, the forward and
badkward trianguar sweeps ae exeauted for ead different right-hand side. Ina code
where numerical pivoting is necessey, the symbolic phase cana be searated from
the numerical fadorization.
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3.6.1 Minimum degree ordering

The minimum degree (M D) algorithm is perhaps the maost popuar strategy for min-
imizeing fill-in in sparse Gaussan elimination, spedficdly for SFD matrices At a
given step of Gaussan elimination, this strategy sdects the node with the gndlest
degree asthe next pivot row. This will tend to reduce fill-in. To be exad, it will
minimize (locdly) an upger boundfor the number of fill-ins that will be introduced
at the corrrepondng step of Gausdan Elimination.

In contrag with the Cuthill McKeeordering, minimum degreeordering doesnaot
have, nor doesit attempt to have, abanded structure. While the dgorithmis excdlent
for sparsedired solvers, it hasbeen obseved that it doesnot perform asthe RCM
ordering when used in conjunction with precondtioning (Chapter|(10).

The Multiple Minimum Degree dgorithm is a variation due to Liu
which exploits independent ses of pivots at ead step. Degreesof nodes aljacent
to any vertex in the independent se are updated only after all verticesin the se are
processd.

3.6.2 Nested Dissection ordering

Neded dissedion is used primarily to reducefill-in in sparsedired solversfor Sym-
metric Positive Definite matrices The technique is eadly descibed with the help
of reaursivity and by exploiting the concept of ‘ separators'. A se S of verticesin a
graphis cdled a sqarator if the removal of S reailts in the graph being split in two
disjoint subgaphs. For example, eat of theintermediate levelsin the BFSalgorithm
isin fad a separator. The neded dissedion algorithm can be succnctly descibed by
the following algorithm

ALGORITHM 3.7 ND(G, nmin)

If |V] < nmin
label nodes of V
Else
Find a separator S for V
L abel the nodes of S
Split V' into G, Gg by removing S
ND(G,, nmin)
ND(G g, nmin)
End

CONDTA WN R

The labeling of the nodesin Lines2 and 5 usually proceeds in sequence, so for
example, in Line 5, the nodesof S are labeled in a catain order, starting from the
last labeled noce 0 far in the procedure. The man step of the ND procedure is to
separate the graphin threeparts, two of which have no couping between ead cother.
The third se has ougings with verticesfrom both of the first ses and s referred to
as a spator. The key ideais to separate the graph in this way and then reped the
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processreaursively in ead subgaph. The nodesof the searator are numbered last.
Anillustration is shown in[3.11

]

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3.11: Neded dissedion ordering and corregpondng reordered matrix

3.7 Test Problems

For comparison puposesit is important to use a omman se of test matricesthat
represent awide pedrum of applications. There ae two distinct ways of providing
such data sds. The first approacd is to collect sparse matricesin a well- spedfied
standard forma from various goplications. This approach is used in the Harwell-
Boeing collection of test matrices The seondapproad is to generate thesematrices
with afew sample programs such asthoseprovided in the SFARSKIT library [245.
The coming chapters will use examples from thesetwo sources In particular, five
test problemswill be enphaszed for their varying degreesof difficulty.

The SFARSKIT padage can generate marices aising from the discretization of
the two- or three-dimensional Partial Differential Equations

L0 (0u) 0 (o) 0 ( ou
Or \ Oz dy \ 9y 0z \ 0z

0(du) 0(eu) 0O(fu)
ox dy * 0z tguo=h
on redanguar regions with general mixed-type boundry condtions. In the test
problems, the regions ae the square 2 = (0,1)2, or the aube Q@ = (0, 1)3; the
Dirichlet condtion u = 0 is always used onthe boundiry. Only the discretized ma
trix is of importance, sincethe right-hand side will be aeaed artificially. Therefore,
the right-hand side, £, is nat relevant.
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a(xv y) =
b(x,y) =
103

e Ll e
N [ et

Figure 3.12: Physical domain and coefficients for Problem 2.

Problem 1: F2DA. |In the first test problem which will be labeled F2DA, the
domain is two-dimensional, with

a(z,y) = b(z,y) = 1.0

and

dz,y) =y +y), elr,y)=v@-y), flz,y)=gy =00, (34

where the constant ~y is equal to 10. If the number of points in ead diredion is 34,
then there ae n, = n, = 32 interior paints in ead diredion and a matrix of size
n=ng Xn, = 322 = 1024 is obtained. In this test example, aswell asthe other
onesdescibed below, the right-hand side is generated as

b= Ae,

in which e = (1,1,...,1)T. The initial guessis aways taken to be avedor of
pseudo-randam values

Problem 2: F2DB. The seondtest problem is similar to the previous one but
involvesdiscontinuows aoefficient functions @ and b. Here, n, = n, = 32 andthe
functions d, e, f, g are dso defined by (3.4). However, the functions a and b now
both take the value 1,000 inside the subsquare of width § centered at (3, 3), and ore
elseawherein the domain, i.e.,

103 if <o y<3
— — 4 ’ 4
a(z,y) = b(x,y) = { 1 otherwise

The doman and coefficients for this problem are shown is Figure(3.12)
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Problem 3: F3D. Thethird test problem is three-dimensional with n, = n, =
n, = 16 internal mesh pants in ead diredion leading to a problem of size n =
4096. In this case we take

a(z,y,z) =b(z,y,2) = c(z,y,2) =1

d(z,y,z) =~ve™, e(x,y,z)=~ye ",

and
f(z,y,2) = g(x,y, 2) = 0.0.

The constant + is taken to be equal to 10.0 asbefore.

The Harwell-Boeing collection is a large data se& consisting of test marices
which have been contributed by reseachers and enginea's from many different dis-
ciplines Thesehave often been used for test purposesin the literature [108]. The
collection provides adata structure which constitutes an excdlent medium for ex-
changing matrices The matrices ae gored asASCII files with a very spedfic for-
mat consisting of a four- or five-line header. Then, the data containing the matrix
is stored in CSC format together with any right-hand sides initial guessesor exad
solutions when available. The SFARSKIT library also providesroutinesfor reading
and generating matricesin this formd.

Only one matrix from the allection was séected for testing the dgorithms de-
saibed in the aming chapters. The matricesin the last two test examples ae bath
irregularly structured.

Problem 4: ORS The mdrix sdected from the Harwell-Boeing collection is
ORSIRR1. This matrix arises from a reseavoir engineaing problem. Its size is
n = 1030 and it has atotal of Nz =6,858 norzero elements. The original prob-
lem is basal ona 21 x 21 x 5 irregular grid. In this case ad the next one, the
marices ae preprocessd by scding their rows and columns.

Problem 5: FID This test matrix is extraded from the well known fluid flow
simulation package FIDAP [12(. It is actually the test example number 36 from this
padkage and fedures atwo-dimensional Chemical Vapor Deposition in a Horizontal
Reador. The marix has a &e of n = 3079 and has Nz = 53843 norzero elements.
It has a gmmaéric pattern and few diagorally dominant rows or columns. The rows
and columns ae prescéed in the saneway asin the previous example. Figure3.13
shows the patterns of the maricesORS and FID.

PROBLEMS

P-3.1 Consider the mesh of adiscretized PDE. In which situationsisthe graph representing
this mesh the same & the ajacency graph o the matrix? Give examples from bath Finite
Difference and Finite Element discretizations.
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Figure 3.13: Patterns of the matricesORS (left) and FID (right).

P-3.2 Let A and B be two sparse (square) matrices of the same dimension. How can the

graph o C = A + B be dharaderized with resped to the graphs of A and B?
P-3.3 Consider the matrix defined as

Pr=1I..

Show diredly (withou using Propasiti on/ 32 or interchange matrices) that the foll owing three

relations hold

P-3.4 Consider the two matrices

O O O O

0

(=

0

o O X O

0

O O O O

0

Ar.

L

APT

> X O O O

0

™

XX O O O X O

I A
PT
= A, L

)

S O X O X X

where ax* represents an arbitrary norezero element.

a. Show the ajacency graphs of the matrices A, B, AB, and BA. (Assume that there
are no numericd cancdlations in computing the products AB and BA). Since there
are zeo diagoral elements, represent explicitly the g/cles correspondng to the (4, 4)

edges when they are present.

O X X X OO

*x O O O X O

O X ©O O OO

O O O O

X O O O OO

b. Consider the matrix C' = AB. Give an interpretation o an edge in the graph o C'in
terms of edgesin the graph o A and B. Verify this answer using the above matrices.

c. Consider the particular casein which B = A. Give an interpretation o an edge in the
graph o C' in terms of paths of length two in the graph o A. The paths must take into
acourt the gycles correspondng to noreero diagoral elements of A.
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d. Now consider the case where B = A2. Give an interpretation o an edge in the graph
of C' = A3 interms of paths of length threein the graph o A. Generalizethe result to
arbitrary powers of A.

P-3.5 Consider two matrices A and B of dimensionn x n, whose diagoral elements are dl
norzeros. Let Fx dencte the set of edgesin the adjacency graph o amatrix X (i.e., the set
of pairs (4, j) such X;; # 0), then show that

Fip D EAUER.

Give extreme examples when |E | = n? while E4 U Ep is of order n. What pradicd
impli cations does this have on ways to store products of sparse matrices (Isit better so store
the product AB or the pairs A, B separately? Consider both the computational cost for
performing matrix-vedor products and the cost of memory)

P-3.6 Consider a6 x 6 matrix which has the pattern

* Kk *
R S *
A= * ok
*x K
* *x kK
* * K

a. Show the ajacency graph o A.

b. Consider the permutation 7 = {1, 3,4,2,5,6}. Show the aljacency graph and rew
pattern for the matrix obtained from a symmetric permutation o A based onthe per-
mutation array .

P-3.7 Youare given an 8 matrix which has the following pettern:

r X T
r Tr T r X
r T X x
r Tr T
r T T
r X r Tr T
x r T X
€T r T

a. Show the adjacency graph o A ;

b. Find the Cuthill Mc Keeordering for the matrix (bre& ties by giving priority to the
nocke with lowest index). Show the graph o the matrix permuted acwrding to the
Cuthill -Mc Keeordering.

¢. What isthe Reverse Cuthill Mc Keeordering for this case? Show the matrix reordered
acording to the reverse Cuthill Mc Keeordering.

d. Findamulticoloring d the graph using the greedy multicolor algorithm. What is the
minimum number of colors required for multi coloring the graph?

e. Consider the variation o the Cuthill Mc-Keeordering in which the first level consists
L severa verticesinstead on oy one vertex. Find the Cuthill Mc Keeordering with
this variant with the starting level L, = {1, 8}.
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P-3.8 Consider amatrix which has the pattern

* *x kK
* R S
* * * K

a. Show the ajacency graph d A. (Placethe 8 verticesona drcle.)

b. Consider the permutation 7 = {1,3,5,7,2,4,6,8}. Show the aljacency graph and
new pattern for the matrix obtained from a symmetric permutation d A based onthe
permutation array .

c. Show the aljaceicy graph and new pattern for the matrix obtained from a reverse
Cuthill-McKeeordering o A starting with the node 1. (Assume the vertices adjacent
toagiven vertex are dwayslisted inincreasing arder in the data structure that describes
the graph.)

d. Findamulticolor ordering for A (give the vertex labels color 1, followed by those for
color 2, etc.).

P-3.9 Given afive-paint finite diff erence graph, show that the greedy algorithm will always
finda coloring o the graph with two colors.

P-3.10 Prove that the total number of colors found bythe greedy multi coloring algorithm
does not excedl vy, + 1, Where v,,,,.. i1Sthe maximum degreeof al the vertices of agraph
(not courting the gycles (i, i) asciated with diagoral elements).

P-3.11 Consider a graph that is bipartite, i.e., 2-colorable. Assume that the vertices of the
graphare olored byavariant of Algorithm (3.6), in which the nodes aretraversedin a cetain
order iy, io, ..., 0p.

a. Isit truethat for any permutationiy, . . . , i, the number of colorsfoundwill be two?

b. Consider now a permutation satisfying the following property: for eat j at least one
of the nodes iy, 4z, ..., i;_1 is adjacet to i;. Show that the dgorithm will find a
2-coloring o the graph.

c. Amongthefollowingtraversalsindicaewhich ores stisfy the property of the previous
question: (1) Breadth-First Search, (2) randam traversal, (3) traversal defined by i; =
any noce ajacet toi;_;.

P-3.12 Given amatrix that isirreducible and with a symmetric pattern, show that its gruc-
tural inverse is dense. Structural inverse means the pattern of the inverse, regardlessof the
values, or otherwise stated, is the union o all patterns of the inverses for al possble val-
ues. [Hint: Use Cayley Hamilton's theorem and awell known result on pavers of adjacency
matrices mentioned at the end of Sedion[32.1]]

P-3.13 The most econamicd storage scheme in terms of memory usage is the following
variation onthe cordinate format: Store dl norzero values a;; inared array AA[l : Nz
andthe correspondng“linea array address’ (i—1)«n+j inaninteger array JA[1 : Nz]. The
order in which these correspondng entries are stored is unimportant aslongasthey are both
in the same pasitionin their respedive arays. What are the advantages and d sadvantages of
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this data structure? Write ashort routine for performing a matrix-by-vedor product in this
format.

P-3.14 Write aFORTRAN-90 a C code segment to perform the matrix-by-vedor product
for matrices gored in Ell pack-Itpadk format.

P-3.15 Write asmall subroutine to perform the following operations on a sparse matrix in
coordinate format, diagoral format, and CSR format:

a. Court the number of norzero elementsin the main diagorsl;
b. Extrad the diagoral whose off set is k;

¢. Addanorzero element in pasition (4, j) of the matrix (this position may initially con
tain a zeo or anorzero element);

d. Addagiven diagoral to the matrix. What is the most convenient storage scheme for
ead of these operations?

P-3.16 Linked listsisanother popuar scheme often used for storing sparse matrices. These
allow to link together & dataitems (e.g., elements of a given row) in alarge linea array. A
starting pasitionis given in the aray which contains the first element of the set. Then, alink
to the next element in the aray is provided from aLINK array.

a. Show how to implement this heme. A linked list isto be used for ead row.
b. What are the main advantages and dsadvantages of linked li sts?
¢. Write an algorithm to perform a matrix-by-vecor product in this format.

NOTES AND REFERENCES. Two goodreferences on sparse matrix computations are the book by
George and Liu and the more recent volume by Duff, Erisman, and Reid [107]. These ae geaed
toward dired solution methods and the first spedalizes in symmetric pasitive definite problems. Also
of interest are and andthe ealy survey by Duff [106].

Sparse matrix techniques have traditionaly been associated with dired solution methods. This
has changed in the last decale because of the increased need to solve threedimensional problems. The
SRARSKIT library, a padkage for sparse matrix computations is available from the author at:
http://www.cs.umn.edu/ saad/software .

Anocther available software padage which emphasizes object-oriented design with the goal of hiding
complex data structures from usersis PETSc [24].

The ideaof the greedy multicoloring algorithm is known in Finite Element techniques (to color
elements); seg e.g., Benantar and Flaherty [31]. Wu presents the greedy algorithm for multicol-
oring vertices and uses it for SOR type iterations, see dso [24§). The dfed of multicoloring has been
extensively studied by Adams and Poole and Ortega [22§. Interesting results regarding multi-
coloring in the context of finite elements based on quad-treestructures have been oktained by Benantar
and Flaherty who show, in particular, that with this structure amaximum of six colorsis required.
|



