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Exercise 1 (LTL Operators): (2 points)

Let ' and  be LTL formulae. Consider the following new operators:

a) “At next” 'AX :

A1A2 . . . |= 'AX () for all i � 0 where AiAi+1 . . . |=  ,

for which there exists no 0  j < i where AjAj+1 . . . |=  ,

AiAi+1 . . . |= ' holds

b) “While” 'WH :

A1A2 . . . |= 'WH () for all i � 0 where AjAj+1 . . . |=  for all 0  j < i ,

AkAk+1 . . . |= ' for all 0  k < i

c) “Before” 'B :

A1A2 . . . |= 'B () for all i � 0 where AiAi+1 . . . |=  ,

there exists some 0  j < i where AjAj+1 . . . |= '

Show that these operators are LTL-definable by providing equivalent LTL formulae. You may use both the until
and weak until operator.

Exercise 2 (LTL to Büchi): (3 points)

Let ' = (a ^�a)U(a ^ ¬� a) be an LTL–formula over AP = {a}.
1. Compute all elementary sets with respect to '.

2. Construct the GNBA G' according to the algorithm from the lecture such that L!(G') = Words(').

3. Give an !-regular expression E such that L!(G') = L!(E).

Exercise 3 (CTL Equivalences): (3 points)

Prove or disprove the following implications:

(a) Let �1 = 8⌃a _ 8⌃b and �2 = 8⌃(a _ b).
Prove or disprove the following implications: �1 =) �2 and �2 =) �1.

(b) Now consider  1 = 9(aU9(bUc)) and  2 = 9(9(aUb)Uc).
Again, prove or disprove  1 =)  2 and  2 =)  1.

Exercise 4 (CTL Normal Forms): (2 points)

Transform the CTL-formula � = ¬8⌃
�
8 (8⇤b)U (8� a)

�
into an equivalent CTL-formula in

(a) existential normal form and

(b) positive normal form.
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Exercise 1 (LTL Operators): (2 points)

Let ' and  be LTL formulae. Consider the following new operators:

a) “At next” 'AX :

A1A2 . . . |= 'AX () for all i � 0 where AiAi+1 . . . |=  ,

for which there exists no 0  j < i where AjAj+1 . . . |=  ,

AiAi+1 . . . |= ' holds

b) “While” 'WH :

A1A2 . . . |= 'WH () for all i � 0 where AjAj+1 . . . |=  for all 0  j < i ,

AkAk+1 . . . |= ' for all 0  k < i

c) “Before” 'B :

A1A2 . . . |= 'B () for all i � 0 where AiAi+1 . . . |=  ,

there exists some 0  j < i where AjAj+1 . . . |= '

Show that these operators are LTL-definable by providing equivalent LTL formulae. You may use both the until
and weak until operator.

Exercise 2 (LTL to Büchi): (3 points)

Let ' = (a ^�a)U(a ^ ¬� a) be an LTL–formula over AP = {a}.
1. Compute all elementary sets with respect to '.

2. Construct the GNBA G' according to the algorithm from the lecture such that L!(G') = Words(').

3. Give an !-regular expression E such that L!(G') = L!(E).

Exercise 3 (CTL Equivalences): (3 points)

Prove or disprove the following implications:

(a) Let �1 = 8⌃a _ 8⌃b and �2 = 8⌃(a _ b).
Prove or disprove the following implications: �1 =) �2 and �2 =) �1.

(b) Now consider  1 = 9(aU9(bUc)) and  2 = 9(9(aUb)Uc).
Again, prove or disprove  1 =)  2 and  2 =)  1.

Exercise 4 (CTL Normal Forms): (2 points)

Transform the CTL-formula � = ¬8⌃
�
8 (8⇤b)U (8� a)

�
into an equivalent CTL-formula in

(a) existential normal form and

(b) positive normal form.
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Exercise 1 (CTL Model Checking): (4 points)

Consider the following CTL-formulas

�1 = 9⌃8⇤c and �2 = 8(aU8⌃c)

and the transition system outlined on the right. Decide whether TS |= �i

for i = 1, 2 using the CTL model checking algorithm from the lecture.
Do not forget to translate to existential normal form and compute the
satisfaction sets for subformulas.

s0 {a}

s1 {a, b}

s3

{b, c}
s4

{c}
s2

{c}

Exercise 2 (CTL): (2 points)

Consider the following CTL formulas and the transition system TS outlined on the right:

�1 = 8(aUb) _ 9� (8⇤b)
�2 = 8⇤8(aUb)

�3 = (a ^ b)! 9⇤9� 8(bWa)

�4 = (8⇤9⌃�3)
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Exercise 1 (4 points)

Consider the following CTL formulas and the transition system TS outlined on the right:

�1 = �(aUb) � ��(��b)

�2 = ���(aUb)

�3 = (a � b) � �����(bWa)

�4 = (�����3)

s0

�
s4

{b}
s1

{a}
s2

{a, b}
s3

{b}

Give the satisfaction sets Sat(�i) and decide whether TS |= �i holds (1 � i � 4).

Exercise 2 (2 points)

Transform the CTL-formula � = ¬��
�
� (��b)U (��a)

�
into an equivalent CTL-formula in

(a) existential normal form and

(b) positive normal form.

Exercise 3 (4 points)

Consider the following CTL-formulas

�1 = ����c and �2 = �(aU��c)

and the transition system outlined on the right. Decide whether
TS |= �i for i = 1, 2 using the CTL model checking algorithm from
the lecture. Sketch its main steps!

s0 {a}

s1 {a, b}

s3

{b, c}
s4

{c}
s2

{c}

Give the satisfaction sets Sat(�i) and decide whether TS |= �i holds (1  i  4).

Exercise 3 (CTL and LTL expressiveness): (4 points)

We consider the incomparable expressiveness of CTL and LTL.

(a) Using a theorem from the lecture, prove that there does not exist an equivalent LTL-formula for the CTL-
formula �1 = 8⌃(a ^ 9� a).

(b) Now prove directly (i.e. without the above theorem), that there does not exist an equivalent LTL-formula
for the CTL-formula �2 = 8⌃9� 8⌃¬a.
Hint: Argument by contraposition, think about trace inclusion vs. CTL-equivalence!
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