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Consistency?

Va,o,n
(a,0) — n & Alalloc =n
P(a) £ Vo. (a,0) — Ald]o Va € Aexp. P(a)?
structural induction!
Vo € lde. P(x) Vn € Z. P(n)

\V/CLO, ai. P(CLQ) /N\ P(al) — P(CLQ op CL1)
Va. P(a)
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Base cases

Vx € |de. P(x) take x € Ide

we need to prove P(z) £ Vo. (z,0) — Afz]o = o(x)

taken a generic o we conclude by rule

<$70-> — O-(ZE)
Vn € Z. P(n) take n € Z

we need to prove P(n) = Vo. (n,0) — A[n]o =n

taken a generic o we conclude by rule
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Inductive case

Yag,a1. Plag) A P(ay1) = P(ag opay) Take generic ag, a;

we assume P(a;) = Vo. (a;,0) — Afa;]o

we need to prove P(ao op al) 2 Vo. <ao opai, 0> — Aﬂ@o Oop @1:

= Alaglo op Alaq]

take a generic o

(agopai,o) — n

Nn=ng opni (@0,0) — Ng, (a1,0) —> N
by inductive hypotheses, n; = Ala;|o

and thus n = ng opni = Alag|o op Ala1|o
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Denotational semantics
of commands?
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Recursive definitions

for divergence

Cle]’L= L C[-]:Com—->M —MU{L}
Clda=cl]  C[]:Com —-MU{L} - MU{L}
o Clskip]lo £ o
Clz :=alo = ofAla]o/z]
Clco;ci]o = Clei](Cleo]o)
C[if b then ¢, else ¢1]o = { g:?l):g gtfeﬂrbv]\]/(i;e
A if —B|b]o

o o)
Clwhile b do c|o { C[while b do c[{C[c]o) otherwise

not well-founded recursion!

how do we know one solution exists? how do we know it is unique?
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The general problem

f:D—D

a fixed point of f is d € D such that d = f(d)
This is the set of all fixed points

et [y ={deD|d=f(d)}CD

three questions:
Does a solution exists?
e under which hypotheses F'; # &7
Is there a "best" solution?

o if F'y #+ &, can we select a preferred element fix(f) € F¢?

Can we compute the "best" solution?
e and can we compute fiz(f)?


















Example

{n|n=f(n
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f(n) = n%5 {0,1,2,3,4}

fln)= ) i {6, 28,496, ...} perfect numbers
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D = p(N) Fy
f(S) = Sn{1} {o,{1}}
Ff(S)2N\S %
£(S) 2 SuU{1} {(T|1eT}

F(S)2{n|3ImeS n<m)
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D = p(N) Fy
f(5) = Sn{1} {@,{1}}
f(S)=N\S 2
f(8) = Su{1} {T|1eT)

F(S)=2{n|3ImeS,n<m} {0,k |keN}u{g N}

Ul



D = p(N) Fy fiz(f)
f(S)=Sn{1} {@,{1}} %
f(S)=N\S 2

f(5) = Su{1} {T|1eT} {1}

F(SY2{n|3ImeSn<m} {0,kkeNU{a,N} o



Ingredients

a partial order (to compare elements)
order preserving functions

iterative approximations

a base case

a limit solution

limit preserving functions
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7 - a binary relation

(P,C) — —LCCPxP
reflexive Vp € P.

antisymmetric Vp,g € P. pL g A ¢
transitive Vp,g,re P. pq N ¢

p

b = P=¢(q

r = p

L r

p L q means that p and g are comparable
and that p is less than (or equal to) g

pLdq means p

Cg N p#q
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Partially ordered set
=« (Poset or just PO)

/ — a binary relation
(P,C) T2 CCcPxP

reflexive Vp € P. jn

antisymmetric Vp,q € P. pLEqg AN gqEp = p=gq

transitive Vp,gqre P. pCqg N qCr = pLCr

p L q means that p and g are comparable
T and that p is less than (or equal to) g

P pCq means pC g A p#gq
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Vp,qe P. pLCq V qLCp

a PO where any two elements are comparable

P

/

/' ® Hasse diagram notation

o (omit: reflexive arcs,
/ transitive arcs)
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Flat orders

Vp,ge P. pLqg & p=qV p=_1

each element is comparable only to itself
and with a distinguished (smaller) element _L



flat Vp, q < P.

Flat orders

pLqg & p=qV p=_1

each element is comparable only to itself
and with a distinguished (smaller) element _L

T

®
A




Exercise

PO?

Total?

Discrete?

Flat?



Exercise

PO?

<

Total?

Discrete?

Flat?



Exercise

PO? Total?

9 ©

T
3
l
|
T
0

Discrete?

Flat?



(N, <)

Exercise

PO? Total?

9 ©

T
3
l
|
T
0

Discrete?

Q

Flat?



Exercise

PO? Total?

9 ©

T
3
l
|
T
0

Discrete?

Q

Flat?

Q



Exercise
(p(S5), C) PO? Total? Discrete? Flat?

example: S = {a,b, c}
{a,b,c}
/////,T‘\\\\\
{a,b} {a,c} {b, c}

> >

1} 10} ¢}

S



Exercise

(p(S), C) PO? Total? Discrete? Flat?

<

example: S = {a,b, c}
{a,b,c}
{a,0p  {a,c;  {b,c}

Pavay

{a} {b} {c}

N



Exercise

(p(S), C) PO? Total? Discrete? Flat?

<

example: S = {a,b,c}

{a,b,c}
/ T\
(a.b) fact  {b.c} e £ o1bel

> ] ’

{a} {b} {c}

N



Exercise

(p(S), C) PO? Total? Discrete? Flat?

<

example: S = {a,b,c}

{a,b,c}
N z
{a,b} {a,c} {b, c} {a,b} . {b, c}
ey g
{a} {b} {c} {a} {b}

N 2



Exercise

(p(S), C) PO? Total? Discrete? Flat?

& |5<2

example: S = {a,b,c}

{a,b,c}
N z
{a,b} {a,c} {b, c} {a,b} . {b, c}
ey g
{a} {b} {c} {a} {b}

N 2



Exercise

(0(5), C) PO? Total? Discrete? Flat?
& I5<2
example: S = {a,b, c} (D) = (D)
{a,b,c}
/ T\ ’
{a b} {a,c} {b c} {a,b} . {b, c}
@ (o @ £

N "é



Exercise

(p(S),C) PO? Total? Discrete? Flat?
& |5<2
example: S = {a, b, c} (D) = {D)
(a.b,c) o({a)) = {2, {a}}
/ T\ .
{a b} {a,c} {b c} {a,b} . {b, c}
@ 0 {0 @ Z

N 2



Exercise

(p(5), C) PO? Total? Discrete? Flat?
® Sl<2 S=0
example: S = {a,b,c} (D) = {D)
(bl w({a}) = (@, {a}}
/ T\ .
{a, b}><{a c}><{b N {a,b} . {b, c}
@ W o @ =

N 2



Exercise

(p(5), C) PO? Total? Discrete? Flat?
® IS5/<2 S=o |[5<2
example: S = {a,b,c} (D) = {D)
(bl w({a}) = (@, {a}}
/ T\ .
{a, b}><{a c}><{b N {a,b} . {b, c}
@ W o) @ =

N 2



Exercise

PO?

Total?

20

Discrete?

Flat?



Exercise

PO?

<

Total?

20

Discrete?

Flat?



Exercise

PO? Total?

9 O

Discrete?

Flat?



Exercise

PO?

<

Total?

Q

Discrete?

<

Flat?



Exercise

PO?

<

Total?

Q

Discrete?

<

Flat?

Q



Exercise

PO?

<

Total?

Q

Discrete?

<

Flat?

Q



Exercise

(NU{L}, {(L,n) | n € N}¥)
PO? Total? Discrete? Flat?

21



Exercise

(NU{L} {(L,n) | n e N}¥)
PO? Total? Discrete? Flat?

@

21



Exercise

(NU{L} {(L,n) | n e N}¥)
PO? Total? Discrete? Flat?

9 O

21



Exercise

(NU{L} {(L,n) | n e N}¥)
PO? Total? Discrete? Flat?

9 O Q

21



Exercise

(NU{L} {(L,n) | n e N}¥)
PO? Total? Discrete? Flat?

9 @O Q @

21



Exercise

(NU{L} {(L,n) | n e N}¥)
PO? Total? Discrete? Flat?

9 @O Q @




Exercise

(NU{oo}, <) PO? Total? Discrete? Flat?

22



Exercise

(NU{oo}, <) PO? Total? Discrete? Flat?

<

22



Exercise

(NU{oo}, <) PO? Total? Discrete? Flat?

9 ©

22



Exercise

(NU{oo}, <) PO? Total? Discrete? Flat?

9 ©

Q

22



Exercise

(NU{oo}, <) PO? Total? Discrete? Flat?

9 © Q X




Exercise

(NU{oo}, <) PO? Total? Discrete? Flat?

< Q Q X

OO

T
3
;/
I/
|
0’




Exercise

PO? Total? Discrete?

23

Flat?



Exercise

PO? Total? Discrete?

Q

23

Flat?



Exercise

PO? Total? Discrete?

Q O Q

23

Flat?

Q



Exercise

PO? Total? Discrete?

Q O Q
@

23

Flat?

Q



Exercise

PO? Total? Discrete?

Q O Q
9 ©

23

Flat?

Q



Exercise

PO? Total? Discrete?

Q O Q
9 © Q

23

Flat?

Q



Exercise

PO? Total? Discrete?

Q O Q
9 © Q

23

Flat?

Q
Q



Exercise

PO? Total? Discrete?

Q O Q
9 © Q

<

23

Flat?

Q
Q



Exercise

PO? Total? Discrete?

Q

Q

Q
9 © Q
9 ©

23

Flat?

Q
Q



Exercise

PO? Total? Discrete?

Q

Q

Q
9 © Q
9 ©

Q

23

Flat?

Q
Q



Exercise

PO? Total? Discrete?

Q

Q

Q
9 © Q
9 ©

Q

Flat?

Q
Q

Q



Exercise

PO? Total? Discrete?

Q
@ Q

Q

Q

<

QO 0 & O

Flat?

Q
Q

Q



Exercise

PO? Total? Discrete? Flat?

Q

Q Q

QO 0 & O

@ Q Q
< Q Q
Q Q X



Exercise

PO? Total? Discrete?

Q

Q

Q@ 0 O

Q
@ Q
@ Q
Q Q
Q

Flat?

Q

Q
Q
Q



Exercise

PO? Total? Discrete?

Q

Q

Q
@ Q
@ Q
Q Q
Q Q

Flat?

Q

Q
Q
Q
Q



Subset of a PO




Subset of a PO

et Co=CpNn(Q xQ)




Subset of a PO

et Co=CpNn(Q xQ)




Subset of a PO

let ;Qé_Pm(QXQ)

TH. (®Q,Cq) isa PO




Subset of a PO

(P,Cp) PO QCP
et Co=Cpn(Q x Q)

TH. (Q,Co) isa PO
TH. if (P,Cp) is total, then (Q,C¢) is total
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a way to compare element } PO

r Ly x isa(less precise) approximation of y

r and y are consistent,
but ¥ IS more accurate than z

roLrzi L2 - Ly

T T(n+1)’[h approximation
third approximation

second approximation

first approximation
does any sequence of approximations tend to some limit?
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< 2n < - has no lub

(empty set of upper bounds)
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Example

0<2<4<---<2n<--- has no lub
(empty set of upper bounds)

0<1<3<3<L5<---<5<K--- has lub 5

(which upper bounds?)
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(P,C) PO P is complete if each chain has a limit (lub)

TH. Any finite chain has a limit
(the last element in the sequence)
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Complete partial order

(P,C) PO P is complete if each chain has a limit (lub)

TH. Any finite chain has a limit
(the last element in the sequence)

If P has only finite chains it is complete

If P is finite it is complete

Any discrete order is complete

Any flat order is complete
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Example

(N, <) is not complete
(it iIs enough to exhibit a chain with no limit)
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Example

(N, <) is not complete
(it iIs enough to exhibit a chain with no limit)

0<2<4<...<2n <.
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Example

(N, <) is not complete
(it iIs enough to exhibit a chain with no limit)

has no lub

0<2<4<...<2n<
(empty set of u.b.)
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Exercise

(NU {00}, <) complete?
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Exercise

(NU {00}, <) complete?

00 any infinite chain has limit oo

>\\ (set of u.b. {co} )

W —
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Exercise

(NU {00}, <) complete? &

00 any infinite chain has limit oo

>\\ (set of u.b. {oo} )

WD —
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Exercise

complete?
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Exercise

complete?

| | Si={)Si={x|3keNaxec S}

1€N €N
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Exercise

complete? &

| | Si={)Si={x|3keNaxec S}

1€N €N
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Exercise

(NU {001,002}, <) complete?
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Exercise

(NU {001,002}, <) complete?

any infinite chain has no limit
(set of u.b. {001,002} )

Y
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Exercise

(NU {001,002}, <) complete? €3

any infinite chain has no limit
(set of u.b. {001,002} )

v



(difficult) exercise

Let D be a CPO
let {d;};cn be a chain in D

let {k;},;en be an infinite chain in (N, <)

1. Prove that {dy, }jen is a chain in D

2. Prove or disprove that LI dr,; = Ll d;
7€N €N
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Partial functions
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Comparing functions

given two functions f, g: A — B, when can we say f = g?



Comparing functions

given two functions f, g¢: A — B, when can we say f = 27
Va e A .f(a) = g(a)
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Comparing functions

given two functions f, 2: A — B, whencanwe say f = ¢?
Va e A .f(a) = g(a)

If we see functions as relations
{(@@,fla))laeA} C AXB

we can use set equality

57



Example

f(n) =n!

-~ -~ -~ -~
N7 N7 NN

— — AN O

S — N

~ L N :

(k, k),
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Example

f(n) =n!

[ 2N o~ PR
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f(n) =n!

~
|

C NN
- WY = O S

S N = =
N—r N N N 3

(k, k),

Example
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Example

-~ -~ -~ -~

S — N O

f(n)=nn+1)/2

[ N [ 2N [ N [ N
S /N7 NN

f(n) =n!

S —

~_ — — .

SO~ ™

~ L N :

(vak)a

(k, k),
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Partial functions

letf: A — B, orequivalenty f: A > BU{ L }



Partial functions

letf: A — B, orequivalenty f: A > BU{ L }

the function f can be undefined on some inputs
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Partial functions

letf: A — B, orequivalenty f: A > BU{ L }

the function f can be undefined on some inputs

we can still see partial functions as relations
{@afla)|aeA fla)y#L1} C AXB

omit pairs where f(a) is undefined
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Partial functions

D=(A—B)=Pf(A,B)={f:A— B} partial functions



Partial functions

D=(A—B)=Pf(A,B)={f:A— B} partial functions

fE g iff(a)is defined, g(a)is defined and g(a) = f(a)
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Partial functions

D=(A—B)=Pf(A,B)={f:A— B} partial functions

fC g iff(a)isdefined, g(a)is defined and g(a) = f(a)
but g(a)can be defined when f(a) is not

if we see partial functions as relations

Wz, f(z)) | f(z) # L} € AxB

fEg meansessentially fCg
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Example

Pf(N, N)

f(n) :{ n/2 if n even

1 otherwise



Example

Pf(N, N)

f(n) :{ n/2 if n even

1 otherwise

f=1 (
(2,1),
(
(

- O N O
w N = O
— — — —

(2%, k),
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Example

{ n/2 if n even

1 otherwise
f
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Example

Pf(N, N)
- [ n/2 ifn even
g(n) = <\ 2-n otherwise




Example

Pf(N, N)

f n/2 if n even

g(n) = <\ 2.1 otherwise

g = { (070)7 (17 2)7
(2,1),(3,6),
(4,2), (5,10),
(6,3), (7,14),

(2K, k), (1 + 2k, 2 + 4k),
}
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Example

Pf(N, N)

( n/2 if n even

2-mn otherwise
(0,0), (1,2),
(2,1),(3,6), _
(4,2), (5,10), JEg?
(6,3), (7,14), gC f?

(2k, k), (1 + 2k, 2 + 4k),
}

63

F(n) = <: 2

F=1{ (0.0,
2,1)
(4,2)
(6,3).
(2%, k),

if n even
otherwise



Example

Pf(N, N)

}

63

) e, foy =1 "?
—

,1),(3,6), _ 2,1),
(4,2), (5,10), fEg? @ (4,2),
(6,3),(7,14), gL f? (6,3),
(2k, k), (1+ 2%, 2 + 4k), (5

if n even
otherwise



P£(N,N)
o) =1 5% ohoreie =1
9 = { (070)7 (17 2)7

(2,1),(3,6),

(4, 2), (5, 10),

(6,3),(7,14),

(2%, k). (1+ 2%k, 2 + 4k), (2%, k),

Example

63

if n even
otherwise



which function(s) are we approximating?
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Pf(N, N)
{(0,0) ;£ {(0,0), C {(0,0), =
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,0)}C {(0,0), £ {(0,0), C{(0,0), C
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,3) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,0)}E {(0,0), € {(0,0), £ {(0,0), C{(0,0), C
(1,1}  (1,1) (1,1), (1,1),
(2,2) } (2,2), (2,2),
(3,3) } (3,3),
(4,4) }

which function(s) are we approximating?
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Pf(N, N)
{(0,1)}E{(0,1), C{(0,1), C
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,1)}C {(0,1), £{(0,1), E{(0,1), C
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,6) }

which function(s) are we approximating?
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Example

Pf(N, N)
{(0,1)}C {(0,1), E{(0,1), C{(0,1), £{(0,1), C
(1,1) } (1,1), (1,1), (1,1),
(2,2) } (2,2), (2,2),
(3,6) } (3,6),
(4,24) )

which function(s) are we approximating?
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Example

_{(01) C {(0,1), £

(0,1), £ {(0,1), C
(1,1), (1,1), (1,1),
(4,24)}  (3,6), (2,2),
(4,24)}  (3,6),

(4,24) }

which function(s) are we approximating?
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Pf(N, N)
{(LDHIELA,T), S{A,1), £S{(1,1), C
(2,4) } (2,4), (2,4),
(3,81)} (3,81),
(4,256) }

which function(s) are we approximating?
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Example

(2,28) }

which function(s) are we approximating?

C 1(1,6), £ 1(1,6),

(2,28),
(3,496) }

73

C {

(1,
(
(
(

6),
228),

3,496),
4,8128) }



Example

Pf(N, N)
{(42)}C{(42), E{(42), E{(42), £{42), C
(6,3) } (6,3), (6,3), (6,3),
(8,4) } (8,4), (8,4),
(9,3) } (9,3),
(10,5) }

which function(s) are we approximating?
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Functional property

Pf(A,B) ={f:A— B} partial functions



Functional property
Pf(A,B) ={f:A— B} partial functions

Pf(A,B) = {f C Ax B |[Va € A¥by,by € B.(a,b1) € f A(a,b2) € f = by = by}
functional property
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f(a) L =3b€ B. (a,b) € f function f is defined on a
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Functional property
Pf(A,B) ={f:A— B} partial functions

Pf(A,B) = {f C Ax B |[Va € A¥by,by € B.(a,b1) € f A(a,b2) € f = by = by}
functional property

f(a) L =3b€ B. (a,b) € f function f is defined on a

fEg&e (Vac A fla)l = (g9(a) I Af(a) =g(a)))

(Pf(A, B),C) is a PO with bottom
what is bottom?
IS It complete?
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Functional property
Pf(A,B) ={f:A— B} partial functions

Pf(A,B) = {f C Ax B |[Va € A¥by,by € B.(a,b1) € f A(a,b2) € f = by = by}
functional property

f(a) L =3b€ B. (a,b) € f function f is defined on a

fEg&e (Vac A fla)l = (g9(a) I Af(a) =g(a)))

(Pf(A, B),C) is a PO with bottom
what is bottom?
IS It complete?

the empty relation
(the function always undefined)

75



Is Pf complete?

(Pf(A,B),C)




Is Pf complete?

(Pf(A, B),C)
complete?
Given a chain {f; }ien




Is Pf complete?

(Pf(A,B),C)
complete?

Given a chain {f; }ien let us consider U fi CAx DB
iEN
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Is Pf complete?

(Pf(A,B),C)
complete?
Given a chain {fi}ien let us consider | ) fi € Ax B
ieN
we want to prove that | | fi € Pf(4, B)
1N

i.e. that / = U /i satisfies the functional property
1€N
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Is Pf complete?

(Pf(A,B),C)
complete?

Given a chain {fi}ien let us consider | ) fi € Ax B
iEN
we want to prove that | | fi € Pf(4, B)
1N
i.e. that / = U /i satisfies the functional property
1eN

we know that each f;is functional
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Is Pf complete?

(Pf(A,B),C)
complete?

Given a chain { f;}ien let us consider U fiCAxB
ieN
we want to prove that | | fi € Pf(4, B)
1eN
i.e. that / = U /i satisfies the functional property
1€N

we know that each f;is functional
Vi € N.Va € A.Vbl,bg - B.(CL, bl) - fz N\ (CL,bQ) - f@ = b1 = by
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Is Pf complete?

(Pf(A,B),C)

complete?

Given a chain {fi}ien let us consider | ) fi € Ax B
ieN

we want to prove that | | fi € Pf(4, B)

1eN
i.e. that / = U /i satisfies the functional property
1€N
we know that each f;is functional

Vi € N.Va € A.Vbl,bg - B.(CL, bl) - fz N\ (CL,bQ) - f@ = b1 = by
we need to prove J is functional
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Is Pf complete?

(Pf(A,B),C)
complete?
Given a chain {fi}ien let us consider | ) fi € Ax B
ieN
we want to prove that | | fi € Pf(4, B)
1N

i.e. that / = U /i satisfies the functional property
1€N

we know that each f; is functional

Vi € NVa € AVby,by € B.(a,b1) € f; N\ (a,bs) € f; = b1 = b
we need to prove f is functional

Va € AVby,by € B.(a,b1) € f AN (a,bs) € f = by = bo
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bg - B.(CL, bl) - f A\ (a,bg) - f = by = bg
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b) € f
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(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}

(a,bg) cf= U f; < dh € N.(a,bz) c fn

1€N
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b2) € f
we need to prove by = b

(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}

(a,bg) cf= U f; < dh € N.(a,bz) c fn

1€N

Clearly fx C fin

(aabl) < fm
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b2) € f
we need to prove by = b

(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}
(a,bg) cf= U f; < dh € N.(a,bz) c fn

1€N
Clearly fiC fw  fuC f

(aabl) < fm
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Pf is complete

we need to prove J is functional

Va € ANbi,by € B.(a,b1) € f A(a,by) € f = b = by

Take a € A,b1,bs € B such that (a,b1) € f A (a,b) € f

we need to prove by = b
(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

1N

(a,bg) cf= U f; < dh € N.(a,bz) c fn
1€N

Clearly fo C fm  fuC f

(a,b1) € fm, (a,b2) € fm

78
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b2) € f
we need to prove by = b

(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}
(a,bg) cf= U f; < dh € N.(a,bz) c fn

iEN
Clearly fr C fm fn C fm fm is functional

(a,b1) € fm, (a,b2) € fm
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Pf is complete

we need to prove J is functional
Va € A.\V/bl,bz - B.(CL, bl) - f A\ (CL,bQ) - f = by = bg

Take a € A,b1,bs € B such that (a,b1) € f A (a,b2) € f
we need to prove by = b

(a,b1) € f = | ) fi © 3k € N.(a,b1) € fi

iEN m = max{k, h}
(a,bg) cf= U f; < dh € N.(a,bz) c fn

iEN
Clearly fr C fm fn C fm fm is functional

(a,b1) € fm (a,b2) € fm = b1 = b2
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Pf(N, N)

"o oo
C {(0,1),(1,1)}73 i
SR (OSINCHINEE S
C {(0.1).(L1),(2.2).(3,6)}
C{(0.1). (1), (2.2), (3.6), (4, 24
cCoo...

U fi is (maybe) the factorial function
iEN
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Pf(N, N) fo@ g {(Oj_)}fl
c {(0,1),(1,1)} 2 )
C {(0,1),(1,1),(2,2)}73 /
C {(0,1),(1,1),(2,2),(3,6)}’* £,
C {(0,1),(1,1),(2,2),(3,6), (4,24)}

U fi is (maybe) the factorial function
iEN

note: the limit of partial functions can be a total function
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Tf(A,B) = (A — B) total functions



Total functions

Tf(A,B) = (A — B) total functions
Pf(A, B) — Tf(A, BJ_)
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Total functions

Tf(A,B) = (A — B) total functions
Pf(A,B)=THABL) B, 2 puw(l)

Cp, = flat order

fCgeVace A fla) Ty, gla)

PO? immediate to check
bottom? fi(a) =1L forany a € A
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Total functions

Tf(A,B) = (A — B) total functions
Pf(A,B)=THABL) B, 2 puw(l)

Cp, = flat order

fCgeVace A fla) Ty, gla)
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