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Notation

f: X—=Y
ACX
f|A2A%Y

Va € A. flala) = f(a)



Predecessors

ac A

a| 2 {z e A|lz=<a)
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Recursive definitions

Al] : Aexp = M — Z

Alla]o denotes the value associated to a in o

Aln]o = n
Alz]le = o()
Alagopai]o = Alag|o op Alaq]o
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Recursive definitions

N ::=0 | s(N)

NJ-] : Nexp — N

NTO] £ 0
NIS(NT 2 1+ N s(s(N))]

The function is defined recursively:
how do we know one and exactly one value is associated
to each expression? (false)
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Well founded recursion

A, < w.t.
F2{F,:(la] = B) = Blaca
Va € A.Vh € |a| - B. F,(h) € B

TH. There exists a unique function f : A — B such that

Va € A. f(a) — Fa(f| Laj)
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Example

N, <

F=A{F,:(|n]| = N) = N},en

Fy:(®—N) =N Foi1:({n} = N) =N
Fyh=1 Fpii h=(n+1)-h(n)
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N, < m € N

Fm 2 (™. (In| = N) — N}oen

F":(0—=N)—>N F'y:({n} —N) =N
F"h=0 F™, h=m+ h(n)






Example

N, < m € N

Fm 2 (™. (In| = N) — N}oen

F":(0—=N)—>N F'y:({n} —N) =N
F"h=0 F™, h=m+ h(n)
Fr(0) =0
ff"(n+1)=m+ f™(n)

™ (n) =m -

12



Ackermann function

a computable function that is total but not primitive recursive



Ackermann function

a computable function that is total but not primitive recursive

m € N



Ackermann function

a computable function that is total but not primitive recursive

m € N ack,, : N XN — N



Ackermann function

a computable function that is total but not primitive recursive

m € N ack,, : N XN — N

ack,,(0,0) = m
acky,(0,n+1) £ ackm(0,n)+1
ack,,(1,0) = 0
ackm(k+1,n+1) =  ackmy(k, ackm(k+1,n))
acky, (k+2,0) = 1



Ackermann function

a computable function that is total but not primitive recursive

m € N ack,, : N XN — N

ack,,(0,0) = m
acky,(0,n+1) £ ackm(0,n)+1
ack,,(1,0) = 0
ackm(k+1,n+1) =  ackmy(k, ackm(k+1,n))
acky, (k+2,0) = 1

N x N, < lexicographic precedence relation



Ackermann function

a computable function that is total but not primitive recursive

m € N ack,, : N XN — N

ack,,(0,0) = m
acky,(0,n+1) £ ackm(0,n)+1
ack,,(1,0) = 0
ackm(k+1,n+1) =  ackmy(k, ackm(k+1,n))
acky, (k+2,0) = 1

N x N, < lexicographic precedence relation
(k,n) < (k+1,n")



Ackermann function

a computable function that is total but not primitive recursive

m € N ack,, : N XN — N

ack,,(0,0) = m
acky,(0,n+1) £ ackm(0,n)+1
ack,,(1,0) = 0
ackm(k+1,n+1) =  ackmy(k, ackm(k+1,n))
acky, (k+2,0) = 1

N x N, < lexicographic precedence relation
(k,n) < (k+1,n")
(k,n) < (k,n+1)
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Ackermann function

(k,n) < (k+1,n")
(k,n) < (k,n+1)
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Ackermann function

(k,n) < (k+1,n")
(k,n) < (k,n+1)

any element (k+1,n) has infinitely many predecessors

(2.0) > it can be the first element of infinitely many
A descending chains (of unbounded length, but finite)

(1,0} »1,1) > ...
A A

(0,0) )(O,NO,Z) > ..
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Ackermann function

(k,n) < (k+1,n") L
(k,n) ~ (k,n—l— 1) < 1S w.f.

Take a non-empty set () C N x N
can we find m minimal in ()7
min {k | (k,n) € Q} (non-empty because () # &)
min {n | (k,n) € Q} (non-empty by def of k)

clearly (E, n) € ) is minimal

A
k=
~ A
T, —
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Ackermann function

ack., (0,0)
acky, (0, + 1)

m
ack,,(0,n) + 1

4
A

n increments of base case m

ack,, (0,n) = m+n
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A

(
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0
ackpy, (k, ack,(k+1,n))

acky, (0, ack,,(1,n))

ack,, (0,n) = m+n

ack,(1,0)
acky(k+1,n+ 1)

A
A
A

acky,(1,n+ 1)

>

acky,(1,n + 1) m ~+ ack.,(1,n)

add m for n times to the base case (

acky(1,n) = m - n
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|
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ackpy,(k+ 1,0+
ackp, (k + 2,0

ackp, (3,

1)
)
0)
acky,(3,n + 1)

acky,(3,n + 1)

> [l > >

>

ack, (k, ack,(k+1,n))
1

1

acky, (2, ack,,(3,n))
acky,(2,n) = m"

o ackm (3,n)

n times exponentiation



Ackermann function

ackmy(k+1,n+1)
acky, (k+2,0)
0)
1)

ackp, (3,
ackp,(3,n +

acky,(3,n + 1)

> [|>

1> [l

>

ack, (k, ack,(k+1,n))
1

1

acky, (2, ack,,(3,n))
acky,(2,n) = m"
mackm(S,n)

n times exponentiation



Ackermann function

it grows faster than any primitive recursive function

acks(0,3) = 3+3=6

acks(1,3) = 3.3=9

acks(2,3) = 33 =27

acks(3,3) = 3% =327 ~7.6.10"
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Arithmetic expressions

Aexp, < a; < agop aj

A[] : Aexp - M — Z

Aln]e = n

Alz]le £ o(z)
A

Alag|o op Ala+]o

.AIICL() op CL1:O'
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Boolean expressions

Bexp, <

b; < bg bop by
b < —b

B[] : Bexp > M — Z

Bv]
Bﬂao cmp CL1:

B(—-b]

Bﬂbo bOp bl

Q Q Q Q

> {l> [|> ||

U

Alao]

—B|b]

o cmp Alai]o

o

Blbo]lo bop Blb,]o
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almost...
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Recursive definitions

for divergence

Cl-]: Com —>M — MU{L}

C[skip]le £ o
Cﬂgj r— CL:O’ é O'[A[GJ]]O'/ZE]
Cleoseile = Cle](Cleo]o) amost...
: s | Cleglo  if Blb]o

Clif b then ¢y else ci|lc = { Cley]o otherwise
. A o if —IB[[b]]O'
Clwhile b do cjo = { C[while b do c](C[c]o) otherwise

almost...

not well-founded recursion!

how do we know one solution exists? how do we know it is unique?
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