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Operational equivalence



Program equivalence

Symbolic manipulation of programs is possible
If we can guarantee that their semantics is preserved

Useful to study program transformations
(interpreters, compilers, code optimisation, refactoring...)

but... when are two commands equivalent?
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any initial memory

s ///S
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much better:

it is an equivalence relation
and also a congruence
(but we will see this later)
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Euclid proved that 2P71(2P — 1) is an even perfect number
whenever 2P — 1 Is prime

Euler proved that any even perfect number has the form
2P—1(2P — 1) with 2P — 1 prime

Prime numbers of the form 2P — 1 are now called Mersenne primes

Even perfect numbers and Mersenne primes are thus in 1-to-1 correspondence

For 2P — 1 to be prime It Is necessary that p Is prime

If pis prime, 2P — 1 is not necessarily prime

As of 2026, there are only 52 Mersenne primes (last one in 2024)

It is not known if there are infinitely many Mersenne primes
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For the

Fh"
f .IS PRII\_A__E
|

curious minds

prime number p

Mersenne prime 2P — 1

even perfect number 2P~ (2P — 1)

2 3 §

3 7 28

5 31 in binary form: 4906

7 127 p ones followed 8128

13 8.191 by p — 1 zeros 33.550.336

17 131.071 8.989.809.050
82.589.933 24.862.048 digits! 49.724.095 digits!

136.2779.841 41.024.320 digits! 82.048.640 digits!

20

GIMPS on October 12, 2024



https://en.wikipedia.org/wiki/Great_Internet_Mersenne_Prime_Search

A tricky problem

w; = while true do skip

A
pL= &:i=2 W1 ~o P1
s = 1;
while = # s do (
T =T+ 2;
s = 1;
1= 2;

while 2 x ¢ < x do (
if %7 =0 then s := s+
else skip;
1 =1+ 1
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A tricky problem

w; = while true do skip
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A
p1= x:=2 W1 ~o P1
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while = # s do ( X
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8121; 333:6”0]01
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A tricky problem

w; = while true do skip

f?

A
pL= &:i=2 W1 ~o P1
s = 1;
while z # s do ( X
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:E::6N0p1
s = 1;
1= 2; Q
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P1

A tricky problem

< while true do skip
é L .= 2, W1 ZJO D1
s = 1;
while = # s do ( o
r =T+ 2;

I¢
s = 1; z:=0~o p1
1= 2; Q
while 2 x ¢ < x do (

if %71 =0 then s := s+ 1
else skip;

1 =1+ 1

21



A tricky problem

w; = while true do skip

7

A
pL= &:i=2 W1 ~o P1
s = 1;
while = # s do ( X
T =T+ 2; °—6?
g :— 1: L= 0 ~o P1

1= 2; Q
while 2 x ¢ < x do (
if %7 =0 then s := s+
else skip;

| 0;

7

v o P1

O;
4,0

N——"
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A variant

w; = while true do skip

A w1 ~o P2
P2 — S = 1;
while x #£ s do (
T =T+ 2;
s = 1;
1= 2;

while 2 x ¢ < x do (
if %71 =0 then s := s+
else skip:;
1 =1+ 1

22



A variant

w; = while true do skip

A wlf;’op2
P2 — S = 1;
while x #£ s do (
T =T+ 2;
s = 1;
1= 2;

while 2 x ¢ < x do (
if %71 =0 then s := s+
else skip:;
1 =1+ 1
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A variant

w; = while true do skip

pr = s:=1;
while x #£ s do (
T =T+ 2;
s = 1;
1= 2;

while 2 x ¢ < x do (
if %71 =0 then s := s+
else skip:;
1 =1+ 1
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A variant

w; = while true do skip

f?

A W1 ~o P2
p2 = s:=1; (%
while x #£ s do ( s
T =T+ 2; P

T = 0;
$:=0; ~g P2
s:=1; . ’
1= 2; L= Q
while 2 x ¢ < x do (

if %71 =0 then s := s+
else skip:;

1 =1+ 1
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A
P2 =

A last instance

s = 1;

while x # s do (
T =+ 2;
s :=1;
1= 2;

while 2 x i < x do (
if %7 =0 then s :=s+1

1: =1+ 1

else skip;

f?

P2 f;’o P3

23

ps = s:=1;
while x # s do (
r:=x+ 1;
s = 1;
1= 2;
while 2 x i < x do (
if %1 =0 then s:=s+1
else skip;
=1+ 1
)
)



A last instance

o
P2 ~o P3
p2 = s:=1; ps = 5:=1;
while = # s do ( while x # s do (
T =+ 2; T :=x+ 1;
s :=1; s :=1;
1= 2; 1= 2;
while 2 x ¢ <z do ( while 2 x ¢ < z do (
if ©%i =0 then s:=s+1 if %7 =0 then s := s+
else skip; else skip;
1: =14+ 1 1:=1+4+1
) )
) )
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