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Assume P(n) =37 Fy = Fp40—1

We want to prove P(n + 1) = Z;:rll Fy = Fipyiy42 — 1
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ZFz' = by + ZFz =t +bpo—1=F3—1=Fpi42—1
i=1 i=1



Determinacy by structural induction



Termination

A result can always be returned



Determinacy

Any two results are the same



Termination vs

determinacy
termination? determinacy?
X+Yy
x
rand()

t+sgri(x)



Termination vs

determinacy
termination? determinacy?
X+Yy Q
rand()

t+sgri(x)



Termination vs

determinacy
termination? determinacy?
X+Yy Q Q
rand()

t+sgri(x)



Termination vs

determinacy
termination? determinacy?
X+Yy Q Q

X (X
rand()

t+sgri(x)



Termination vs

determinacy
termination? determinacy?
X+Yy Q Q

x” Q Q
rand()

t+sgri(x)



Termination vs

determinacy
termination? determinacy?
X+Yy Q Q

X Q @

rand()

t+sgri(x)



Termination vs

determinacy
termination? determinacy?
X+Yy Q Q

X! X v,
rand() (X

t+sgri(x)



Termination vs

determinacy
termination”? determinacy?
X+ y v &
X (X, v,
rand() o %
t+sgri(x) Q



Termination vs

determinacy
termination?  determinacy?
x+y v, v,
x” Q Q
rand() v X
t+sgri(x) Q Q



Determinacy of
arithmetic expressions

rclde ope€{+,x,—}

a =2z | n|aopa nec7 Mé{a\azlde%Z}

<CL0,0‘>HTLO <a1,a>%n1

(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1



Determinacy of
arithmetic expressions

rclde ope€{+,x,—}

a =2z | n|aopa nec7 Mé{a\azlde%Z}

<CL0,0‘> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

P(a) £Vo € M. Vm,m' € Z. {a,0) — m A (a,0) — m' = m =m’



Determinacy of
arithmetic expressions

rclde ope€{+,x,—}

a =2z | n|aopa nec7 Mé{a\azlde%Z}

<CL0,0‘> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

P(a) £Vo € M. Vm,m' € Z. {a,0) — m A (a,0) — m' = m =m’
Va. P(a) ?

| 4



Structural induction
principle
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Different types of
expressions

e=x|nlet+e|lee|leke

(x+ 1D <(y—-1) & (x < 42)
(x+D=<y)—1)&x) <42
x+ (I <(y—>0 &« =<42))))



Many sorted sighatures

a:=x|nl|la+a arithmetic
expressions

b::=a<a|b&b Boolean expressions

Sorts: identifiers x
numerals n
arithmetic expressions a
Boolean expressions b

Operators:

- + - takes two arithmetic expressions and returns an arithmetic expression
- < - takes two arithmetic expressions and returns a Boolean expression
- & - takes two Boolean expressions and returns a Boolean expression
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S={s,..} a set of sorts
Y = {Xs1...8m,5 s1,....sn,5€S @ many sorted signature

f€Xs, 5.5 fi(sy X - X58p)—S
I denotes the set of all terms of sort s

It IS the least set such that:
o ifcc ., thence Iy

o if f < Zsl.msn,s and Vi. t; € TE,Sz’v then f(tla 7tn) = TZ,S

Ty, = {Tx s}ses denotes the set of all well-sorted terms
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a
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r | n| aopa
v | acmpa | =b | bbopbd

a
b ::

<CL0,0’> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1
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(v,0) — v (—b,0) — —w  {ag cmp a1,0) —> ng cmp Ny
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Semantics of expressions

r | n| aopa
v | acmpa | =b | bbopbd

a
b ::

<CL0,0’> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

(b,o) — v  {ag,0) — ng (a1,0) — N
(v,0) — v (2b,o0) — —v  {ag cmp a1, 0) — Ny cMP Ny

<b0,0’> — Vo <b1,0’> — U1
(bg bop by, 0) — vy bop 4

25



Subterms

t; < f(t1,...,tn)

sometimes, an additional requirement:
sort-preserving relation

f < Z31...5n,s N S; =8

26



One sorted = Unsorted

a special case:

S = {*} a singleton set of sorts

Z* *, ok — Zn

n



Termination of Boolean expressions
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Termination of expressions

r | n| aopa
v | acmpa | -b | bbopb

a
b ::

<CL0,0’> — N <a1,0> — N1
(x,0) — o(x) (n,o0) —n  {(agop ai,o) — ng 0p N1

(b,o) — v  {ag,0) — ng (a1,0) — N
(v,0) — v (2b,o0) — —v  {ag cmp a1, 0) — Ny cMP Ny

<b0,0’> — Vo <b1,0’> — U1
(bg bop by, 0) — vy bop 4

P(b) £Vo e M. Jv € B. (b,0) — v Vb, P(b) ?

29
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Vv € B. P(v)
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Vv € B. P(v)  Take a genericv € B
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Vv € B. P(v)  Take a genericv € B

We want to prove P(v) = Vo. Ju. (v,0) — u
the only

%variable

Take a generic ¢ € M and consider the goal (v,0) — u

By rule we have (v,0) — u ™\ ju=y]

(v,0) —> v
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Base case

Vv € B. P(v)  Take a genericv € B

We want to prove P(v) = Vo. Ju. (v,0) — u
the only

%variable

Take a generic ¢ € M and consider the goal (v,0) — u

By rule we have (v,0) — u ™\ ju=y]

(v,0) —> v

And we are done (taking u = v)

30



A surprising base case

Vao,al. P(CLO cmp CLl)
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A surprising base case

Yag,a1. P(ag cmp aq) Take generic ag, aq

We want to prove P(ag cmp a1) = Vo. Jv. (ag cmp a1, 0) — v
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Yag,a1. P(ag cmp aq) Take generic ag, a1
We want to prove P(ag cmp a1) = Vo. Jv. (ag cmp a1, 0) — v

Consider the goal (ag cmp aq,0) — v
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A surprising base case

Yag,a1. P(ag cmp aq) Take generic ag, a1
We want to prove P(ag cmp a1) = Vo. Jv. (ag cmp a1, 0) — v

Consider the goal (ag cmp aq,0) — v

<CL0,0'>HTL() <CL1,0'>—>TL1

we have
(ag cmp a1,0) — ng cmp nq

By rule
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we have
(ag cmp a1,0) — ng cmp nq

By rule

<CL() cmp azg, U> — U \[v:no cmp n | <a07 O> — T, <CL1, O> — N

By termination of arithmetic expressions, such ng,n; exist
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A surprising base case

Yag,a1. P(ag cmp aq) Take generic ag, a1
We want to prove P(ag cmp a1) = Vo. Jv. (ag cmp a1, 0) — v

Consider the goal (ag cmp aq,0) — v

<CL0,0'>HTL() <CL1,0'>—>TL1

we have
(ag cmp a1,0) — ng cmp nq

By rule

<CL() cmp azg, U> — U \[v:no cmp n | <a07 O> — T, <CL1, O> — N

By termination of arithmetic expressions, such ng,n; exist

And we are done (taking v = ng cmp nq)

31



Proof obligations

try to complete on your own
the missing inductive cases of the proof

Vb, P(b) = P(-b)

\V/b(),bl. (P(b()) A P(bl)) - P(b() bOp bl)

32



Commands
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a=x | n|a+tal - - bu=v | a<al -
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c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c
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Commands

ax=x | n|at+al - b:=v | a<a | -

c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c

S = {Aexp, Bexp, Com}

Ve Aep = Ide UZ S AexpAexp Aexp = L X5 —

Pz Besae =B e D ACD Bexp {< <, >,>,=,#}
D DA BexD = {—} P B iBee Be = A, V]
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a=x | n|a+tal - - br=v | a<a | -

c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c

S = {Aexp, Bexp, Com}

A A
Ze,Aexp = lde U Z ZAeprexp Aexp — {_" X _}
A
Ze,Bexp =B 2Aeprexp,Bexp {< < >7 =y — #}
A
ZBexp,Bexp — { '} ZBexpBexp,Bexp : {/\7 \/}

Ze,Com é {Skip}
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a=x | n|a+tal - -

b:=v|a<a| -

c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c

S = {Aexp, Bexp, Com}

Ze,Aexp é lde U Z
A
Ze,Bexp = B
A
ZBexp,Bexp — { '}

Ze,Com é {Skip}

ZAeprexp Aexp é {_I_ X _}
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Y pexp.Com = {:= | = € lde}

34



Commands

a=x | n|a+tal - -

b:=v|a<a| -

c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c

S = {Aexp, Bexp, Com}

Pe Ao = ldeU Z
Pie B =B

2B, Be = {—}
Se,com = {skip}

ZComCom,Com é {3 }

ZAeprexp Aexp é {_I_ X _}

ZAeprexp,Bexp {< < >7_7 #}
ZBexpBexp,Bexp : {/\7 \/}
Y pexp.Com = {:= | = € lde}
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Commands

a=z | n|at+al -

b:=v |a<a | -

c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c

S = {Aexp, Bexp, Com}

Pe Ao 2 1deUZ
Y Bexp = B

2B, Be = {—}
Se.com = {skip}

ZComCom,Com é {3 }

ZAeprexp Aexp é {_I_ X _}

2Aeprexp,Bexp {< < >7_7 #}
ZBexpBexp,Bexp : {/\7 \/}
Y pexp.Com = {:= | = € lde}

ZBexpComCom,Com é { lf}
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Commands

a=x | n|a+tal - -

b:=v|a<a| -

c :=skip | z:=a | c;c | if bthen c else ¢ | while b do c

S = {Aexp, Bexp, Com}

Pe Ao = ldeU Z
Pie B =B

2B, Be = {—}
Se,com = {skip}

ZComCom,Com é {3 }

ZAeprexp Aexp é {_I_ X _}

2Aeprexp,Bexp {< < >7_7 #}
ZBexpBexp,Bexp : {/\7 \/}
Y pexp.Com = {:= | = € lde}

ZBexpComCom,Com é { lf}

2BexpCom,Com é {Whlle }

34



Big-step operational
semantics of commands

(a,0) —> n (the evaluation of a in o returns the integer n)

(b,0) —> v (the evaluation of b in o returns the Boolean v)

(c,0) —> o’ (the evaluation of ¢ in o returns the memory ¢)

35



Memories

M = {o:lde — Z | o has finite support }
{x € lde | o(x) # 0} is finite

r .
A (47 IfCC:QZZ‘

(n1/3717---7nk/37k)(37) <\ 0 otherwise

36



Memories

M = {o:lde — Z | o has finite support }
{x € lde | o(x) # 0} is finite

(n1/x1,...,n/zK) : |de — Z

(”1/3717-"7nk/x’f)(x) - { 0 otherwise
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Memories

M = {o:lde — Z | o has finite support }
{x € lde | o(x) # 0} is finite

(n1/x1,...,n/2K) : |de = Z

S

all different

(”1/3717“'7nk/x’f)(x) - { 0 otherwise
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Memories

M = {o:lde — Z | o has finite support }
{x € lde | o(x) # 0} is finite

(n1/x1,...,n/zK) : |de — Z

S

all different

(1 /21, oo, /2 () é{ ni =1

0 otherwise

oo = () is the typical initial memory

36



Memory updates

A n if x = y
oln/yl(z) = { o(x) otherwise



Memory updates

A n if x = y
oln/yl(z) = { o(x) otherwise

o[m/yl[n/y] = on/y]



Memory updates

A n if x = y
oln/yl(z) = { o(x) otherwise
n, — Oon ]
olm/yln/y| = ol /yn .

olm/ylin/y)(z) & {

olm/y|(x) = o(x) otherwise
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Memory updates

A n = y
oln/yl(z) = { o(x) otherwise
Vo,m,n,y. olm/yln/y] = oln/yl .

olm/ylin/y)(z) & {

olm/y|(x) = o(x) otherwise
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Memory updates
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n ifrx =y

olm/ylln/y](z) = { olm/yl(z) = o(x) otherwise

oln/yllm/z| = alm/z|[n/y
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oln/yl(x) = { :(x) gtﬁer:wiyse

Vo, m,n,y. alm/y|n/y] = on/y]

n ifrx =y

olm/ylln/y](z) = { olm/yl(z) = o(x) otherwise

y# 2z = oln/yllm/z] = alm/z|[n/y]
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Memory updates

oln/yl(x) = { :(x) gtﬁer:wiyse

Vo, m,n,y. alm/y|n/y] = on/y]

n ifrx =y

olm/ylln/y](z) = { olm/yl(z) = o(x) otherwise

Vo,m,n,y,z. y#Fz = on/yllm/z] = alm/z|[n/y]
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Memory updates

oln/yl(x) = { :(x) gtﬁer:wiyse

Vo, m,n,y. alm/y|n/y] = on/y]

n ifrx =y

olm/ylln/y](z) = { olm/yl(z) = o(x) otherwise

Vo,m,n,y,z. y#Fz = on/yllm/z] = alm/z|[n/y]

we write o|n/y, m/z] in such cases
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Memory updates

oln/yl(x) = { :(x) gtﬁer:wiyse

Vo, m,n,y. alm/y|n/y] = on/y]

n ifrx =y

olm/ylln/y](z) = { olm/yl(z) = o(x) otherwise

Vo,m,n,y,z. y#Fz = on/yllm/z] = alm/z|[n/y]

we write o|n/y, m/z] in such cases

(n1/x1,...,ng/xK) = oglni/x1, ..., g/ Tk

37



Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢



Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢

(skip,0) — 0o



Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢

(a,0) — n
(skip,0) — 0 (x:=a,0) — o|n/x|

38



Semantics of commands
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Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
(skip,0) — 0 (x:=a,0) — o|n/x| (co;c1,0) — o’

(b,o) —ff (c1,0) — o’
(if b then ¢y else ¢1,0) — o’
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Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
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(b,o) —ff (c1,0) — o’ (b,0) — tt (cp,0) — o’

(if b then ¢y else ¢;,0) — o/ (if b then ¢j else ¢1,0) — o’
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Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
(skip,0) — 0 (x:=a,0) — o|n/x| (co;c1,0) — o’
(b,o) —ff (c1,0) — o’ (b,0) — tt (cp,0) — o’

(if b then ¢y else ¢;,0) — o/ (if b then ¢j else ¢1,0) — o’

(b,o) — ff

(while b do ¢,0) — o
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Semantics of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
(skip,0) — 0 (x:=a,0) — o|n/x| (co;c1,0) — o’
(b,o) —ff (c1,0) — o’ (b,0) — tt (cp,0) — o’

(if b then ¢y else ¢;,0) — o/ (if b then ¢j else ¢1,0) — o’

(b,0) —> ff (b,o) — tt (c,0) — ¢" (while b do ¢,0”") — o’

(while b do ¢,0) — o (while b do ¢,0) — o’

38



Multiple rules for the
same construct!

(b,o) — ff  (c1,0) — o’ (b,o0) — tt (cg,0) — o’
(if b then ¢ else ¢1,0) — ¢/ (if b then ¢j else ¢;,0) — o’

(ap,0) — ng (a1,0) — ny

(x,0) — o(x) (n,o) —n  {(agopai, o) —> ng op Ny

(byo) — v (ag,0) — ng (ai,0) — ng
(v,0) — v (=b,o) — —v  {ag cmp ay,0) — ng cmp Ny

<bo,0’> — Vo <bl,0'> — U1
<b0 bop bl,O'> — Vg bOp (%]
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Multiple rules for the
same construct!

(b,o) — ff  (c1,0) — o’ (b,o0) — tt (cg,0) — o’
(if b then ¢ else ¢1,0) — ¢/ (if b then ¢j else ¢;,0) — o’

(b,0) — (b,o) — tt (c,0) — ¢” (while b do ¢,0”) — ¢’

(while b do ¢,0) — o (while b do ¢,0) — o’

(a,0) —n (co,0) — 0" {c1,0") — o’

<CLQ,O’>—>HQ <CL1,0’>—>7®1

kip, o) — = a,0) — e, 0) — o
(z,0) — o(x) (n,0) —n  {agopai,o) — ng opny skip,0) — o (z:=a,0) — oln/z] (coser,0) —> 0

(byo) — v (ag,0) — ng (ai,0) — ng
(v,0) — v (=b,o) — —v  {ag cmp ay,0) — ng cmp Ny

<bo,0’> — Vo <bl,0'> — U1
<b0 bop bl,O'> — Vg bOp (%]
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Recursive definition!

one premise is as complex

A as the conclusion

(b,o0) — tt (c,0) — " (while bdo ¢,0”) — 0
(while b do ¢, 0) — o’

<CL0,0'> — N <CL1,0'> — Ny <a,0>—>n <0070>—>U” <Cla0//>_>0'/
<ZE O-> — U(x) <7’L O'> — s n <CLO Op aq O'> — no OP nq <Skip70> — 0 <$ = a70> — O'[’I?,/CU] <CO;01>0'> — o’
(b,o) — v {ag,0) — ng {ai,0) — ny (o) — & (c1,0) — 0’ (b,o) — tt {co,0) — 0’

<v7 (7> N <—|b, 0‘> — —w  {ag cmp a1,0) —> ng cmp N4 (if b then ¢y else ¢;,0) — o/ (if b then ¢ else ¢1,0) — o’
(bo,0) —vo  (b1,0) — v1 (b, o) — fF
(bg bop by, 0) — vg bop v1 (while b do ¢,0) — o
40
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Compute Tk without div

t:=0;

1 = 1;

while 1 < k do (
t:=1+1;

=144+ 1)
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Compute Tk without div
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Compute Tk without div

co{ t:=0;

ci{ i:=1; 0

-~ while i < k do (
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Compute Tk without div
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ci{ i:=1; 0

-~ while i < k do (
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Compute Tk without div

co{ t:=0;

ci{ i:=1; 0

-~ while i < k do (

w t =14 1; } e
ic=i+1)  }c3




Compute Tk without div

co{ t:=0;

ci{ i:=1; 0

-~ while i < k do (

w ti=t+i; pe2
i=i+1) Yes|©




Compute Tk without div

co{ t:=0;

ct{ i:=1; 0

-~ while i < k do (

w ! tZ:t——i; }CQ\
i—it1) ez |°©

let’s find o such that {(cg;c1);w, (2/k)) — o
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Compute Tk without div

co{ t:=0;

ct{ i:=1; 0
while i < k do (

w t:zt——i; }CQ\
i=i+1) }c3

initial memory

let’s find o such that {(cg;c1);w, (2/k)) — o

C

( <CQ;61, (2/k)> — o’

let’s find o/, o such that < ,
(w,0') — 0

\

42



Let's derive

co{ t:=0;
. c1{ i:=1; b
J / . / ilei < k
let’s find o’ such that (cg;cq, (2/k)) — o w{ while F <F do ( o)
i:=1+1) €3

o= (2/n)

P

C

43



Let's derive

co{ t:=0;
. c1{ i:=1; b
J / . / ilei < k
let’s find o’ such that (cg;cq, (2/k)) — o w{ while F <F do ( o)
i:=1+1) €3

(coser, (2/k)) — o o2 (2/n)

P

C

43



Let's derivec

o
= o

let’s find ¢’ such that (co;c1, (2/k)) — o
<C(); C1, (2/]€)> — O'/
N {(t:=0,12/k)) — o1,{(i:=1,01) — o

43



Let's derive

> ¢ -
let’s find ¢’ such that (cg;cq1, (2/k)) — o ; i;hﬂi’trgt%@( }
wl z;:) }
(co;c1, (2/k)) — o o £ (2/n)

N {(t:=0,12/k)) — o1,{(i:=1,01) — o
)\01:(2/k)[n1/t] <O, (2/k)> — n1, <Z . — 1, (2/k,n1/t)> — O',
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Let's derive

> ¢ -
let’s find ¢’ such that (cg;cq1, (2/k)) — o ; i;hﬂi’trgt%@( }
wl z;:) }
(co;c1, (2/k)) — o o £ (2/n)

N {(t:=0,12/k)) — o1,{(i:=1,01) — o
)\01:(2/k)[n1/t] <O, (2/k)> — n1, <Z . — 1, (2/k,n1/t)> — O',
Nony=o (1 :=1,(2/k,0/t)) — o

43



Let's derivec

0 { tiO,
let’s find ¢’ such that (cg;cq1, (2/k)) — o ; thé’tfﬁ‘ffw }
wl ziz—|—7i) }
<CO§Cla(2/k)> — 0’ o2 (2/n)
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Termination of commands?

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
(skip,0) — 0 (x:=a,0) — o|n/x| (co;c1,0) — o’
(b,o) —ff (c1,0) — o’ (b,0) — tt (cp,0) — o’

(if b then ¢y else ¢;,0) — o/ (if b then ¢j else ¢1,0) — o’

(b,0) —> ff (b,o) — tt (c,0) — ¢" (while b do ¢,0”") — o’

(while b do ¢,0) — o (while b do ¢,0) — o’

P(c) £Vo € M. 30’ € M. (¢,0) —» o Ve. P(c) ?
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take w = while tt do skip
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no way to complete the derivation!

—P(w) we have found a counterexample to termination
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sometimes divergence is very difficult to detect
(well... it is undecidable)
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e VoS5 (bo) — tt
e VoS Vo' e M. (c,0) —d" =" €85

then we can conclude Vo € S. (w, o) -/~

note that if (c,0) —, then (c,0) — ¢’ = ¢’ € S trivially holds
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In fact

(x :=x -

take a generic o

l,o) —od' =05 @

l,0) — o' = o =olo(x) + 1/2]

o(x) >0=ocolo(z)+1/z](x) =0c(x)+1>0
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Revisiting the example

take w = while t >0do z =z + 1

if o(z) <0: (w,0) — 0

et S £ {o|o(x) >0}
e VoeS. (r>00) —tt @

e Vo€ S5.Vo'. (x :=x+

In fact

(x :=x -

take a generic o

l,o) —od' =05 @

l,0) — o' = o =olo(x) + 1/2]

o(x) >0=ocolo(z)+1/z](x) =0c(x)+1>0

therefore, if o(x) > 0, then (w, o)~
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Exercise
takewéwhilex#Odox::x—Z

find the set of all and only memories ¢ such that (w, o)/~

e VoSl (x#0,0) — tt

e Voe S Vo' . (v =x—-2,0) — 0" =" €85
(x:=2—2,0) — 0 = o =oclo(x) —2/x]
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Exercise
takewéwhilex#Odox::x—Z
find the set of all and only memories ¢ such that (w, o)/~

S1 £ {o | o(z) < 0}

e VoSl (x#0,0) — tt

e Voe S Vo' . (v =x—-2,0) — 0" =" €85
(x:=2—2,0) — 0 = o =oclo(x) —2/x]
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Exercise
takewéwhilex#Odox::x—Z
find the set of all and only memories ¢ such that (w, o)/~

S1 £ {o|o(x) <0} So £ {0 |3k €Z. o(z) =2k + 1}

e VoSl (x#0,0) — tt

e Voe S Vo' . (v =x—-2,0) — 0" =" €85
(x:=2—2,0) — 0 = o =oclo(x) —2/x]
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Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)



Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)

Vo.o(x) <1= (w,0) — 0



Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)

Vo.o(zx) <1= (w,0) —0c @



Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)

Vo.o(x) <1= (w,0) —0c @

open conjecture: Vg, Jo’. (w, ) — o’



Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)

Vo.o(x) <1= (w,0) —0c @

open conjecture: Vo. do’. (w,0) — o' = —(do. (w,o) )



Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)

Vo.o(x) <1= (w,0) —0c @

open conjecture: Vo. do’. (w,0) — o' = —(do. (w,o) )

more precisely: Vo. o(x) > 1= (w,0) — o|l/x]



Collatz's conjecture:
half or triple plus one

w = while z > 1 do ( if 2%2 =0 then z := z/2
else z: =3 xx)+1)

Vo.o(zx) <1= (w,0) —0c @

open conjecture: Vo, Jdo’. (w,0) — o' = —(Jo. (w,0) )

more precisely: Vo. o(x) > 1= (w,0) — o|l/x]

Experimental evidence:

as of 2025, the conjecture has been verified for all values up to 271,
Barina, David. "Improved verification limit for the convergence of the
Collatz conjecture”. The Journal of Supercomputing 81 (2025).
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Determinacy?
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Determinacy of commands?

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
(skip,0) — 0 (x:=a,0) — o|n/x| (co;c1,0) — o’
(b,o) —ff (c1,0) — o’ (b,0) — tt (cp,0) — o’

(if b then ¢y else ¢;,0) — o/ (if b then ¢j else ¢1,0) — o’

(b,0) —> ff (b,o) — tt (c,0) — ¢" (while b do ¢,0”") — o’

(while b do ¢,0) — o (while b do ¢,0) — o’

P(c) £ Vo,01,09. (¢,0) — 01 Ac,0) — 09 = 01 =09 Ve. P(c) 7
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Structural induction
principle

Ve € Com. P(c)



Structural induction
principle

Vx,a. P(x := a)

Ve € Com. P(c)



Structural induction
principle

Va,a. P(x := a) P(skip)

Ve € Com. P(c)



Structural induction
principle

Va,a. P(x := a) P(skip)
\V/CO, C1. P(C()) N\ P(Cl) - P(CO ; Cl)

Ve € Com. P(c)



Structural induction
principle

Va,a. P(x := a) P(skip)
/\P(Cl) = P(CO;Cl)
A P(c1) = P(if b then cj else ¢q)

Ve € Com. P(c)
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Structural induction
principle

( = P(
Vb, co,c1. P(cg) A P(c1) = P(if b then cj else c;)
= P(while b do c)

Ve € Com. P(c)
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Base case

Vr,a. P(x = a)



Base case

vz, a. P(x = a) Take generic x € lde,a € Aexp
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Base case

vz, a. P(x = a) Take generic x € lde,a € Aexp
We want to prove

P(x :=a) £Vo,01,09. (x :=a,0) — 01 ANz :=a,0) — 09 = 01 = 09

57



Base case

vz, a. P(x = a) Take generic x € lde,a € Aexp

We want to prove

P(x :=a) £Vo,01,09. (x :=a,0) — 01 ANz :=a,0) — 09 = 01 = 09

Take generic 0,01,09 s.t. (v :=a,0) — 01 and (z :=a,0) — 09

57



Base case

vz, a. P(x = a) Take generic x € lde,a € Aexp

We want to prove

P(x :=a) £Vo,01,09. (x :=a,0) — 01 ANz :=a,0) — 09 = 01 = 09
Take generic 0,01,09 s.t. (v :=a,0) — 01 and (z :=a,0) — 09

We want to prove 01 = 02

57



Base case

Vz,a. P(x := a) Take generic z € Ide, a € Aexp

We want to prove

P(x :=a) £Vo,01,09. (x :=a,0) — 01 ANz :=a,0) — 09 = 01 = 09
Take generic 0,01,09 s.t. (v :=a,0) — 01 and (z :=a,0) — 09

We want to prove o1 = o9

Consider the goal (x :=a,0) — 01
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Base case

Vz,a. P(x := a) Take generic z € Ide, a € Aexp

We want to prove
P(x :=a) £Vo,01,09. (x :=a,0) — 01 ANz :=a,0) — 09 = 01 = 09
Take generic 0,01,09 s.t. (v :=a,0) — 01 and (z :=a,0) — 09
We want to prove o1 = o9
Consider the goal (z :=a,0) — 01

(a,0) — n
(x :=a,0) — o|n/x]

Only the rule is applicable, hence 01 = o|n/x]

with (a,0) — n
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Base case

Take generic x € lde,a € Aex
Vr,a. P(x = a) 5 ’ P

We want to prove
P(x :=a) £Vo,01,09. (x :=a,0) — 01 ANz :=a,0) — 09 = 01 = 09
Take generic 0,01,09 s.t. (v :=a,0) — 01 and (z :=a,0) — 09

We want to prove o1 = o9

Consider the goal (x :=a,0) — 01

Only the rule ::<Z’Z§ ::[n/x] is applicable, hence o1 = o[n/z]
| with (a,0) — n
Similarly, since (x :=a,0) — 09 it must be g9 = olm/x]

with (a,0) — m
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Base case

Vz,a. P(x := a) Take generic z € Ide, a € Aexp

We want to prove
A
P(x :=a) =Vo,01,03. (x :=a,0) — 01 AN {x :=a,0) — 09 = 01 = 03
Take generic 0,01,09 s.t. (v :=a,0) — 01 and (z :=a,0) — 09
We want to prove o1 = o9

Consider the goal (x :=a,0) — 01

Only the rule ::<Z’Z§ ::[n/x] is applicable, hence o1 = o[n/z]
| with (a,0) — n
Similarly, since (x :=a,0) — 09 it must be g9 = olm/x]

with (a,0) — m
by determinacy of Aexp we have n = m and thus o; = o9
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Inductive case

\V/CO,Cl. P(CQ) /\ P(Cl) - P(CO;Cl)



Inductive case

\V/CO, Cq. P(CQ) /\ P(Cl) —> P(C() - Cl) Take generic Co, C1
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Inductive case

\V/CQ, Cq. P(CQ) /\ P(Cl) —> P(CO - Cl) Take generic Co, C1

We assume (inductive hypotheses)

P(¢;) £Vo,01,09. (¢i,0) — 01 A c;,0) — 09 = 01 = 0
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Inductive case

\V/CQ, Cq. P(CQ) /\ P(Cl) —> P(CO - Cl) Take generic Co, C1

We assume (inductive hypotheses)

P(¢;) £Vo,01,09. (¢i,0) — 01 A c;,0) — 09 = 01 = 0

We want to prove
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Inductive case

\V/CQ, Cq. P(CQ) /\ P(Cl) —> P(CO - Cl) Take generic Co, C1

We assume (inductive hypotheses)

P(¢;) £Vo,01,09. (¢i,0) — 01 A c;,0) — 09 = 01 = 0
We want to prove

P(co;c1) =Vo,01,09. (co;c1,0) — 01 A{cg;c1,0) — 09 = 01 = 09

58



Inductive case

\V/CQ, Cq. P(CQ) /\ P(Cl) —> P(CO - Cl) Take generic Co, C1

We assume (inductive hypotheses)

P(¢;) £Vo,01,09. (¢i,0) — 01 A c;,0) — 09 = 01 = 0

We want to prove

P(co;c1) =Vo,01,09. (co;c1,0) — 01 A{cg;c1,0) — 09 = 01 = 09

Take generic 0,01, 09 such that (cg;c1,0) — o1 and {(cg;c1,0) — 09

58



Inductive case

\V/CQ, Cq. P(CQ) /\ P(Cl) —> P(CO - Cl) Take generic Co, C1

We assume (inductive hypotheses)

A
P(c;) =Vo,01,02. (ci,0) —> 01 AN{¢;,0) — 09 = 01 = 09
We want to prove

A
P(co;c1) =Vo,01,02. {co;c1,0) — 01 N{co;c1,0) — 02 = 01 = 02
Take generic 0,01, 09 such that (cg;c1,0) — o1 and {(cg;c1,0) — 09

We want to prove o1 = 09

58



Inductive case (cont.)



Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01



Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

(co,0) — d" (c1,0") — o’

Is applicable
(co;c1,0) — o’ PP

Only the rule
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

(co,0) — d" (c1,0") — o’

(co;c1,0) — o’

Only the rule is applicable

/ - /! /! /
hence o1 = o with <C(),O'> — 0 and <61701> — 07
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

(co,0) — d" (c1,0") — o’

Is applicable
(co;c1,0) — o’ PP

Only the rule

/ - /! /! /
hence o1 = o with <C(),O'> — 0 and <61701> — 07

Similarly, since <CO;61,0'> — 09
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

(co,0) — d" (c1,0") — o’

(co;c1,0) — o’

Only the rule is applicable

hence o1 = ¢ with (cg,0) — o7 and {(cq,07) — 0}
Similarly, since <CO;61,0'> — 09

it must be oy = o, with (cg,0) — o3 and (c1,05) — o5
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

(co,0) — d" (c1,0") — o’

(co;c1,0) — o’

Only the rule is applicable

hence o1 = ¢ with (cg,0) — o7 and {(cq,07) — 0}
Similarly, since <CO;61,0'> — 09

it must be oy = o, with (cg,0) — o3 and (c1,05) — o5

By inductive hypothesis P(cg), we have oy = o/
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

(co,0) — d" (c1,0") — o’
(co;c1,0) — o’

Only the rule is applicable

hence o1 = ¢ with (cg,0) — o7 and {(cq,07) — 0}
Similarly, since <CO;61,0'> — 09

it must be oy = o, with (cg,0) — o3 and (c1,05) — o5

By inductive hypothesis P(cg), we have oy = o/

and thus (c1,0)) — o} and {(¢q,05) — 0}
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

co,0) — o’ ey, 0" — o
<07> <17

Is applicable
(co;c1,0) — o’ PP

Only the rule

hence o1 = ¢ with (cg,0) — o7 and {(cq,07) — 0}
Similarly, since (cg;c1,0) — 09

it must be oy = o, with (cg,0) — o3 and (c1,05) — o5
By inductive hypothesis P(cy), we have o} = o

and thus (c1,0)) — o} and {(¢q,05) — 0}

By inductive hypothesis P(c1), we then have o] = 75
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Inductive case (cont.)

Consider the goal {(cy;c1,0) — 01

co,0) — o’ ey, 0" — o
<07> <17

(co;c1,0) — o’

Only the rule is applicable

hence o1 = ¢ with (cg,0) — o7 and {(cq,07) — 0}
Similarly, since (cg;c1,0) — 09

it must be oy = o, with (cg,0) — o3 and (c1,05) — o5
By inductive hypothesis P(cy), we have o} = o

and thus (c1,0)) — o} and {(¢q,05) — 0}

By inductive hypothesis P(c1), we then have o] = 75

and thus we conclude o1 = ¢} = o}, = o

59



Inductive case

Vb, c. P(c) = P(while b do c)



Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)

P(c) £Vo,01,09. (¢,0) — 01 A {¢,0) — 09 = 01 = 09
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)

P(c) £Vo,01,09. (¢,0) — 01 A {¢,0) — 09 = 01 = 09

We want to prove
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)

P(c) £Vo,01,09. (¢,0) — 01 A {¢,0) — 09 = 01 = 09

We want to prove

P(while b do ¢) = Vo, 01,04. (while b do ¢,0) — o1 A (while b do ¢,0) — 09 = 1 = 0
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)

P(c) £Vo,01,09. (¢,0) — 01 A {¢,0) — 09 = 01 = 09

We want to prove

P(while b do ¢) = Vo, 01,04. (while b do ¢,0) — o1 A (while b do ¢,0) — 09 = 1 = 0

Take o, 01,09 such that (while b do ¢,0) — o1 and (while b do ¢,0) — 0>
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)

P(c) £Vo,01,09. (¢,0) — 01 A {¢,0) — 09 = 01 = 09

We want to prove

P(while b do ¢) = Vo, 01,04. (while b do ¢,0) — o1 A (while b do ¢,0) — 09 = 1 = 0

Take o, 01,09 such that (while b do ¢,0) — o1 and (while b do ¢,0) — 0>

We want to prove o1 = o9

60



Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)

P(c) £Vo,01,09. (¢,0) — 01 A {¢,0) — 09 = 01 = 09

We want to prove

P(while b do ¢) = Vo, 01,04. (while b do ¢,0) — o1 A (while b do ¢,0) — 09 = 1 = 0

Take o, 01,09 such that (while b do ¢,0) — o1 and (while b do ¢,0) — 0>

We want to prove o1 = o9

By determinacy of boolean expressions, there are two cases
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)
A
P(c) =Vo,01,02. (c,0) — 01 N {(c,0) —> 09 = 01 = 02
We want to prove
P(while b do ¢) £ Vo, 01, 05. (while b do ¢,0) — o1 A (while b do ¢,0) — g5 = 01 = 0
Take o, 01,09 such that (while b do ¢,0) — o1 and (while b do ¢,0) — 0>

We want to prove o1 = o9

By determinacy of boolean expressions, there are two cases
(b,0) —
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Inductive case

Vb, c. P(c) = P(while b do c) Take generic b, ¢

We assume (inductive hypothesis)
A
P(c) =Vo,01,02. (c,0) — 01 N {(c,0) —> 09 = 01 = 02
We want to prove
P(while b do ¢) £ Vo, 01, 05. (while b do ¢,0) — o1 A (while b do ¢,0) — g5 = 01 = 0
Take o, 01,09 such that (while b do ¢,0) — o1 and (while b do ¢,0) — 0>

We want to prove o1 = o9

By determinacy of boolean expressions, there are two cases
(b,0) — ff (b, o) —> tt

60



Inductive case (ctd)

if (b,0) —> ff



Inductive case (ctd)

if (b,0) —> ff

Consider the goal (while b do ¢,0) — 04



Inductive case (ctd)

if (b,0) —> ff

Consider the goal (while b do ¢,0) — 04

(b,0) — ff

Is applicable
(while b do ¢,0) — o PP

Only the rule
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Inductive case (ctd)

if (b,0) — ff

Consider the goal (while b do ¢,0) — 04

(b,o) —>
(while b do ¢,0) — o

Only the rule is applicable hence 01 = o
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Inductive case (ctd)

if (b,0) — ff

Consider the goal (while b do ¢,0) — 04

(b,o) —>
(while b do ¢,0) — o

Only the rule is applicable hence 01 = o

Similarly, since (while b do ¢,0) — 09
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Inductive case (ctd)

if (b, o) — fF

Consider the goal (while b do ¢,0) — 04

(b,0) — ff
(while b do ¢,0) — o

Only the rule is applicable hence 01 = o

Similarly, since (while b do ¢,0) — 05 it must be 05 =0
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Inductive case (ctd)

if (b, o) — fF

Consider the goal (while b do ¢,0) — 04

(b,0) — ff
(while b do ¢,0) — o

Only the rule is applicable hence 01 = o

Similarly, since (while b do ¢,0) — 05 it must be 05 =0

and thus we conclude 1 = 0 = o5
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Inductive case (ctd)

if (b,0) — tt



Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04



Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

Only the rule Is applicable
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Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

Only the rule Is applicable

hence 01 = o7 with (¢,0) — o7 and (while b do ¢, o}) — o]
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Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

Only the rule Is applicable
hence 01 = o7 with (¢,0) — o7 and (while b do ¢, o}) — o]

Similarly, since (while b do ¢,0) — 09
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Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

Only the rule Is applicable

hence 01 = o7 with (¢,0) — o7 and (while b do ¢, o}) — o]
Similarly, since (while b do ¢,0) — 09

it must be o9 = o, with {(¢,0) — o5 and (while b do ¢, o) — o5
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Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

Only the rule Is applicable

hence 01 = o7 with (¢,0) — o7 and (while b do ¢, o}) — o]
Similarly, since (while b do ¢,0) — 09
it must be o9 = o, with {(¢,0) — o5 and (while b do ¢, o) — o5

By inductive hypothesis P(c), we have of = o]
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Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

is applicable

Only the rule

hence 01 = o7 with (¢,0) — o7 and (while b do ¢, o}) — o]
Similarly, since (while b do ¢,0) — 09

it must be o9 = g with {(c,0) — o5 and (while b do ¢, ) — o)
By inductive hypothesis P(c), we have of = o]

thus (while b do ¢, 05) — o7 and (while b do ¢, 7)) — 0}
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Inductive case (ctd)

if (b,0) — tt

Consider the goal (while b do ¢,0) — 04

(b,o) — tt (c,0) — ¢” (while b do ¢,0"”) — o’
(while b do c,0) — o’

Only the rule Is applicable

hence 01 = o7 with (¢,0) — o7 and (while b do ¢, o}) — o]
Similarly, since (while b do ¢,0) — 09

it must be oo = 04 with (¢,0) — ¢ and (while b do ¢, 05) — 0}
By inductive hypothesis P(c), we have of = o]

thus (while b do ¢, 05) — o7 and (while b do ¢, 7)) — 0}
but there is no inductive hypothesis P(while b do c) !
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Recursive definition!

one premlse IS as much

A complex as the conclusion

(b,0) — tt (c,0) — Whllebdoca>Ha

/

(while b do c,o0) — o’
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Recursive definition!

one premlse IS as much

A complex as the conclusion

(b,0) — tt (c,0) — Whllebdoca>Ha

/

(while b do c,o0) — o’

to close the proof of determinacy
we need a more convenient induction principle:
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Recursive definition!

one premlse IS as much

A complex as the conclusion

(b,0) — tt (c,0) — Whllebdoca>Ha

/

(while b do c,o0) — o’

to close the proof of determinacy
we need a more convenient induction principle:

Rule induction

63



