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Some solutions



1st exercise

Conjectures vs theorems

a natural number p is prime
if it cannot be written as the product of two smaller numbers

n [s n prime? 2" — 1 [s 2" — 1 prime?
2 yes 3 yes

3 yes 7 yes

4 no: 4 =2-2 15 no: 15 =3-5

d yes 31 yes

6 no: 6 =2-3 63 no: 63 =7-9

7 yes 127 yes

8 no: 8 =2-4 255 no: 255 = 15-17
9 no: 9=3-3 511 no: SIl =7-73
10 no: 10 =2 1023 no: 1023 = 31 - 33



1st exercise

Use any mean to prove or disprove the above conjectures
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n =11 is prime
put 211 — 1 = 2047 = 23 - 89 is not prime

n =a-bnonprime(withl < a,b < n)
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Exercise

Expressions with variables E ::=z | N | E®GE | EQE

How to evaluate expressions suchas (r@4)®y ?

Need some memories M = {0 |c: X — N}

machine states (E, o)

interpretation function &[] : Exp —» (M — N)

Let’s redefine the various semantics and properties
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E:=2 | N| E®E | EQE M= {s]|o:X — N}

(rum) (N,o) — n



Exercise

E:=2 | N| E®GE | EQE M= {o|c:X — N}

(rum) (N,o) — n

(sum) <E(),O'> — N <E0,0’> — N R
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E:=2 | N| E®GE | EQE M= {o|c:X — N}
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Exercise

E:=2 | N| E®GE | EQE M= {o|c:X — N}

(num) (var)

(N,o) — n (x,0) — o(x)

(sum) <E(),O'> — N <E(),O'> — N1 R
<EO@E1,O'> — N

(prod) Eo,0) —no (Bo,0) —m n=ng X n
<E0®E1,O'> — N

8
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Exercise

E:=2 | N| E®GE | EQE M= {o|c:X — N}
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Exercise

E:=2 | N| E®SE | ERQE M= {s]|o:X — N}

El-l : Bxp — (M — N)

E[N]o =n
gﬂEO &, Elﬂ()' — gﬂEoﬂO’ -+ gl[El]]O'
EIIEO X El]]()' = 8|[E0]]0’ X gl[El]]O'



Exercise

E:=2 | N| E®SE | ERQE M= {s]|o:X — N}

El-l : Bxp — (M — N)

EINJo = n
E[Eo @ E1]o = E[Eo]o + E[E1]o
E[Eo @ E1]o = E[Eo]o x E[E1]o
Ela]o = o(z)
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E:=2 | N| E®GE | EQE M= {o|c:X — N}

termination? VE. Vo.
VE. Vo.

n. (E,o0) —n
n. E|Ejo =n

determinacy? (E,o0) — n
VE, o,n, m. A = n=m

(E,0) — m



Exercise

E:=2 | N| E®GE | EQE M= {o|c:X — N}

termination? VE. Vo.
VE. Vo.

n. (E,o0) —n
n. E|Ejo =n

determinacy? (E,o0) — n
VE, o,n, m. A = n=m

(E,0) — m

E|E]Jo =n
\V/E7U7n7m- /\ — 1N =M
E|E]|loc =m

|0



Inference



SOS rule application?

1. a goal

(1®2)®(3®4) —m



SOS rule application?

EQHTLO E1 — N

d n = ng-ni
(prod) Eo 9 E; — 10

2. take a rule

(1®2)®(3®4) —m



SOS rule application?

EOHnO E1 — N

d n=mng- N
et
_ o =12
3. unify E, =34
(if possible) " — 1m

(1®2)®(3®4) —m



SOS rule application?

( d)l@QHno 34 — nq
T0 m = Tg - 1
b 12)® 3d4) —m

4. Instantiate

(1®2)®(3®4) —m



SOS rule application?

394 —n

d g
Prod =N e G d) — m

5. recursively solve subgoals

(1®2)®(3®4) —m



SOS rule application?

(pmd)l@2H 3@4%7”

162)® 3®4) —m

6. combine results

(1®2)®(3®4) —m



SOS rule application?

12 —3 34— 7

(162)® (3@ 4) —[21]

[ . return results

(prod)

(162)® (3®4) —21



Deduction process

DLEMESES
rule name M side condition
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goal



Deduction process

DLEMESES
rule name M side condition
50,

S10M

goal



Signatures

20



Unsorted signature

(%, ar)
a set of function symbols arity function
(also called operators) (number of arguments)
Y=1¢1,9,} ar : 2 — N

each function symbol has an arity

21



Running example

> = {0,succ, plus}
ar(0) =0 constant
ar(succ) =1 unary

ar(plus) =2  binary

22



Equivalently

(X2, ar)

et 3, = ar~!(n)

= {f €S ar(f)=n}
a signature is an arity-indexed family of sets of operators

2 = {En}nEN

23



Running example

%0 =10}
>1 = {succ}
22 — {p'US}

dip, = IO ifn > 2



Terms over a signature

¥ ={¥n}t,en  a signature
X ={z,y,%,...} aninfinite set of variables

Iy x denotes the set of all terms over X, X

Iy x is the least set such that:
o if x € X, then z € TZ,X

o if c € Xy, then c &€ TZ,X

o if fe), and ty,...,t, € Tx x, then f(t1,...,1,) € Ty x

.e. Ty x 2t uo=x | ¢ | f(t1,....tn)

reX cedXy [feX,

25



Vars

Y= 1Yntneny X ={2,9,2,...} tely x

vars(t) set of variables that appears in the term ¢

vars : Ty x — p(X)

n
A
vars(f(ty, ... = U vars(

1=1

26



Closed terms

a term with no variables is called closed
JA\

Ts, = vars (@) = {t € Ts; x | vars(t) = @}

(ObViOUSly TZ g ngx)

27



Running example

%0 =10}
>1 = {succ}
22 — {p'US}

dip, = IO ifn > 2



Exercnse

t e?

vars(t)

let's complete the schema
(ObViOUS|y TE g TZ,X)

plus(plus(z

succ(x

succ(plus(0), x
plus(succ(x),
succ(succ(0), plus(x)

succ(plus(w, z)

,succ(y)), plus(0, succ(x))

29

0
X

succ(0)
)

)
0)
)
)
)

. N
® O
\ T, TE,X)

s 2
O @
\ T TZ,X)

( )
O O
\ T TE,X)

4 )
O O
\ Tx, TE,X)

( )
O O
\ T TE,X)

s 2
O O
\ T, TZ,X)

r N
O O
: T, TZ,X)

4 2
O O
: T, TZ,X)

4 2
O O
: T, TZ,X)

)

17}
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0
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)
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)
)
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. N
® O
\ T, TE,X)
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\ T TZ,X)
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O O
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)
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Substitutions

p: X =1y x asubstitution assigns terms to variables

we only consider substitutions that are identity everywhere,
except for a finite number of cases, written

(

P = [ml\_ b1y ooy Tn = ] ple) = <\ xr otherwise

all different

30



Notation

p: X — 1y x asubstitution assigns terms to variables

overloaded notation for the lifted function p:1x.x — Ix x

() denotes the term obtained by simultaneous application
of the substitution to all variable occurrences in ¢

tp alternative notation

31



Example

t = plus( plus(x,¥y), succ(x) )

A

tp = plus( plus(succ(y),0) , succ(succ(y)) )

32



mgt relation

t is more general than t' if dp. t/ = tp

in which case, we also say ¢’ is an instance of ¢

mgt plus(0, succ(succ(z)))

)

) et plus(y, 0)
plus(y, 0) megt’ plus(0, x)

)

)

mgt plus(0, 0)

33



mgt relation

mgt is transitive and reflexive



mgt relation
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mgt relation

mgt is transitive and reflexive

/ /
t mgtt

if (t1 mgt t2) and (t2 mgt t3), then (¢1 mgt t3)

there are terms t = t’ such that (¢t mgt t’) and (¢’ mgt t)

succ(z)  succ(y)

34



mgt relation

mgt is transitive and reflexive

/ /
t mgtt

if (t1 mgt t2) and (t2 mgt t3), then (¢1 mgt t3)

there are terms t = t’ such that (¢t mgt t’) and (¢’ mgt t)

succ(z)  succ(y)

mgt can be extended to substitutions pointwise
p mgt p’ if 3p”. V. p'(z) = p"(p(x))

34



Unification
(In its simplest form: syntactic, first-order)

35



Unification problem

Given a set of potential equalities

g ={l - 71y eeey U = 'n }

where 1, ....0,,, 71, ...,y € TE,X
can we find a substitution p such that

Vi € [1,n|. p(f;) = p(r;) ?

we call such a p a solution of ¢
sols(G) = {p | Vi € [L,n]. p(;) = p(r:)}

36



Examples

G = {plus(z,0) = plus(0, )}

(?

G = {succ(x) = succ(succ(y))}

s0ls(G) £ {[z = succ(y)], [z = succ(0), y

37



Unification problem

More interestingly, can we solve the following problem?

Given a set of potential equalities

G ={lr =71, ln =10}

where 61, ...,gn, T1y ..oy Ty € TE,X

can we find a most general solution p ?

p € sols(G) and
Vp' € sols(G). p mgt p’



Unification algorithm

ldea: we iteratively reduce the set ¢
by solution-preserving tranformations until
either a solution is found
or we can prove there is no solution

Q---Q1---Qn--°{x1;th---,wk;tk}

A

Solutions may not exist
and even if they exist may not be unique

39



Termination
G =14 — 1y ey b — n b
G and G’ are equivalent if sols(G) = sols(G")
the algorithm terminates successfully when we reach
G = {x; s t1,y .o, Tk = tr} equivalent to G

all different
k

{xq, ...z} N U vars(t;) = @
i=1

any such G’ defines a straightforward solution [z = t1, ...,z = t§]

40



Notation

G=1{l1=7r1,.sln =10}

n

vars(G) = U(UCLTS(&;) U vars(r;))

1=1

7 7
Q,O = {61/0 — 1P, 7€n/0 — Tnp}

41



Unification algorithm

GU{t=t)

becomes

G




Unification algorithm

GU{t=1t) GU{zx =t}

becomes becomes if = € vars(G) \ vars(t)
G Gl = 1] U {x = 1}

42



Unification algorithm

GU{t=1t) GU{z=1t)
becomes becomes if = € vars(G) \ vars(t)
. Gl = 1] U {z = 1}

G .

becomes

GU{z £ f(t,...itm)}

42



Unification algorithm

GU{t=1t) GU{zx =t}
becomes becomes if = € vars(G) \ vars(t)
G Glx =t|U{x =t}

| swap
GU{f(t1,....tm)

becomes becomes
.

QU{ZE;f(tl,,tm)} gu{tl ;ulvatm :um}

7

r} GU{f(t1, omrtm) = f(tny s )}

42



Unification algorithm

GU{t=1t) GU{zx =t}
becomes becomes if = € vars(G) \ vars(t)
G Glz =t|Uiz =t}

| swap
GU{f(t1,....tm)

becomes becomes
? ? ?
GU{x= f(t1,....tm)} GU{t1 =uq, .oyt = Uy }

(?

- 1) GU{f(t1, omrtm) = f(tny s )}

occur-check

fails if x € vars(f(t1,....,tm))

42



Unification algorithm

GU{t=1t) GU{zx =t}
becomes becomes if = € vars(G) \ vars(t)
G Glz =t|Uiz =t}

| swap
GU{f(t1,....tm)

(?

- 1) GU{f(t1, omrtm) = f(tny s )}

becomes becomes
‘P ‘P ‘P
GU{r = f(t1,...,tm)} GU{t1 =up, .oyt = U}
GU{x = f(tr, b)) G U{f(tr, rtm) = g(ua, ..., un)}

fails if © € vars(f(t1,....,tm)) fails if f % gorm #h

42



Example

{plus(succ(z), r) s plus(y,0)}



Example

{plus(succ(z), x) s plus(y,0)}
GU{f(t1,....,tm) - fugy oy )}

, becomes ,
Q U {tl = Ui, ...,tm = um}

43



Example

{plus(succ(z), x) s plus(y,0)}
GU{f(t1,....,tm) - fugy oy )}

, becomes ,
, GU{t1 = U1, .o, bin = U }

{succ(z) =y, x = 0}

43



Example

{plus(succ(z), r) s plus(y,0)}



Example

{plus(succ(x), r) s plus(y,0)}

becomes if x € vars(G) \ vars(t)

Glz =t]U {z = ¢}

43



Example

{plus(succ(x), r) s plus(y,0)}

becomes if x € vars(G) \ vars(t)
Glz=tlu{z =1t}
? ?

{succ(0) =y, z =0}

43



Example

{plus(succ(z), r) s plus(y,0)}

(?

{succ(z) =y, x = 0}

?

{succ(0) =y, x = 0}

43



Example

{plus(succ(x), r) s plus(y,0)}

(?

{succ(z) =y, x = 0}

{succ(0) Sy, = 0} -«
GU{f(tr, . tm) =}

becomes

GU{z s ft1, . tm)}

43



Example

{plus(succ(x), r) s plus(y,0)}

(?

{succ(z) =y, x = 0}

GU{f(t1, o tm) = T}

becomes

GU{z s ft1, . tm)}

43



Example

{plus(succ(z), r) s plus(y,0)}

(?

{succ(z) =y, x = 0}

?

{succ(0) =y, x = 0}



Example

{plus(succ(z), r) s plus(y,0)}

(?

{succ(z) =y, x = 0}

?

{succ(0) =y, x = 0}

(?

{y = succ(0), x = 0}

success!

43



Example

{plus(succ(z), r) s plus(y,0)}

(?

{succ(z) =y, x = 0}

?

{succ(0) =y, x = 0}

(?

{y = succ(0), x = 0}

success! p=|y=succ(0), x

43



Example

{plus(0, z) = succ(y)}



Example

{plus(0,z) = succ(y)} plus # succ



Example

?

{plus(0, x) = succ(y)} plus # succ

?

g U {f(th 7tm) = g(U’l? 7uh)}
fails if f£Agorm=#h

44



Example

?

{plus(0, z) = succ(y)} plus # succ

?

g U {f(tla ceey tm) = g(ulv ocog uh)}

fails if f #qgorm #h

failure!

44



Example

{succ(x) = Yy, succ(y) 9 x}



| Example

{succ(xz) =y, succ(y) = x} gu{f(t1 e 2 0y

becomes

GU{x - f(t1, .oy tm)}

45



| Example

{succ(x) =y, succ(y) = x} Qu{f(t1 i

becomes

GU{w = f(t1, ...tm)}
? ?

{succ(x) =y, x = succ(y)}

45



Example

{succ(x) = Yy, succ(y) 9 x}

{succ(x) = Y, T = succ(y)}



- Example

{succ(x) =y, succ(y) s x}

{succ(x) s Y, X s succ(y)} oo lt};m
becomes if x € vars(G) \ vars(t)

Glo =) U{z =t}

45



- Example

{succ(x) =y, succ(y) s x}

{succ(x) s Y, X s succ(y)} oo lt};m
becomes if x € vars(G) \ vars(t)

Glo =) U{z =t}

? ?

{succ(succ(y)) =y, x = succ(y)}

45



- Example

{succ(x) =y, succ(y) 9 x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, x = succ(y)}

45



- Example

{succ(x) =y, succ(y) s x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, z = succ(y)} D
QU {f(tl,...,tm) = SIZ}

becomes

g U {3; ; f(tl, ,tm)}

45



- Example

{succ(x) =y, succ(y) s x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, z = succ(y)} D
QU {f(tl,...,tm) = SIZ}

becomes

g U {3; ; f(tl, ,tm)}

? ?

{y = succ(succ(y)), x = succ(y)}

45



- Example

{succ(x) =y, succ(y) 9 x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, x = succ(y)}

? ?

{y = succ(succ(y)), x = succ(y)}

45



- Example

{succ(z) =y, succ(y) 9 x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, = succ(y)}

? ?

{y = succ(succ(y)), * = succ(y)} vy € vars(succ(succ(y)))

45



- Example

{succ(z) =y, succ(y) 9 x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, = succ(y)}

? ?

{y = succ(succ(y)), © = succ(y)} vy € vars(succ(succ(y)))

fails if € vars(f(t1,....,tm))
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- Example

{succ(z) =y, succ(y) 9 x}

? ?

{succ(x) =y, x = succ(y)}

? ?

{succ(succ(y)) =y, = succ(y)}

? ?

{y = succ(succ(y)), * = succ(y)} vy € vars(succ(succ(y)))
GU{z = F(t1, o tm))
failure! fails if x € vars(f(t1,....,tm))
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Exercise

{plus(zx, succ(x)) = plus(0,vy), plus(y, z) = plus(z, w)}

it

GU{t =t} GU{z =t}

becomes becomes if x € vars(G) \ vars(t)

G Glo = 1] U fw = 1}
Gz . :

GU{f(trs oo tm) < 2} GU{f(tr, s tm) = (i1, i)}
becomes becomes

GU{z = f(t1, s tm)} GU{t1 = U1, .o, trm = Um )

ccccccc heck
GU{z = f(tr, s tm)} GU{f(tr, wortm) = glur, ooy up) }

fails if x € vars(f(t1,...,t,))  fails if f#gorm #h
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