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From syntax to semantics
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Programming languages
When we define a programming language, we fix its 

1. syntax 

2. types 

3. pragmatics 

4. (semantics)

well-formed programs,  
exclude nonsense

reduce allowed programs, 
exclude common mistakes

how to use constructs and features

the meaning of (well-typed) programs



44

Formal syntax
The syntax of a formal language rigorously defines 

1. the alphabet 

2. the grammatical structure of programs

which symbols can be used

which sequences of symbols are valid, 
which sequences should be discarded

Standard ways for defining syntax are, e.g. 
regular expressions, context-free grammars, BNF notation, 
syntax diagrams,…
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Example

10 CHAPTER 2. LECTURE 2

2.1.1 Syntax and Types
The syntax is concerned with:

• the alphabet of symbols, and

• with the grammatical structure of programs.

The syntax of a formal language tells us which sequences of symbols are valid
statements and which ones make no sense and can be discarded.

Type systems fix good advices about combining well-formed statements.

Formal languages can be fully circumscribed and studied in their entirety.

This is di↵erent from natural language: Although grammarians can advise on the
proper use of words and their arrangement into pleasing and correct sentences:

• ill-formed sentences are quite common, and are not necessarily ignored

• natural languages evolve with practice

• the number of rules is incredibly large

• natural languages are hard to design

Mathematical tools such as regular expressions, context-free grammars, Backus-Naur
Form (BNF), etc., are by now well understood and widely applied.

Such a formalisation can be found in the back of almost every language manual.

Example: a BNF grammar and its corresponding syntax diagram

<numeral> ::= <digit> | <numeral> <digit>

<digit> ::= "0" | "1" | "2" | "3" | "4" | "5" | "6" | "7" | "8" | "9"

numeral: digit:

A BNF grammar and its corresponding syntax diagram
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Type systems
Type systems can be used to  

1. limit the occurrence of errors 

2. allow compiler optimisation 

3. reduce the presence of bugs 

4. discourage programming malpractices

Type systems are often presented as logic rules
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Type systems
Type systems can be used to  

1. limit the occurrence of errors 

2. allow compiler optimisation 

3. reduce the presence of bugs 

4. discourage programming malpractices

Type systems are often presented as logic rules

different type systems  
can be defined 
for the same language!
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Example

… 
bool b := true; 
while (b <= (b && i)) do { 
   i := i-1; 
}
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Benefits of formalisation
Standardisation of the language 

Formal analysis of language properties 

Automatic implementation of compiler’s front-end

programmers write syntactically correct programs 
implementors write correct parsers

ambiguity, expressiveness, 
recognizability, comparability

yacc, Bison, xtext, …
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Exercise
<latexit sha1_base64="WorON1EhAuRvxICR3v34WRMuqBI="></latexit>

Take the alphabet A
M
= { ( , ) }

<latexit sha1_base64="ujheSY5FPPQdTu6Go5zDxr3hv8g="></latexit>

Define the grammar for strings of balanced parentheses

<latexit sha1_base64="9J2s1na37N0W9tQZD12y5pPTOyY="></latexit>

S ::= ?
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Pragmatics

Every language manual also contains 

1. natural language descriptions of the various constructs 

2. sample code fragments and usage patterns 

3. examples of malpractices

We call them pragmatics 

1. how to exploit the various features 

2. how compilers should be designed 

3. which auxiliary tools are available

Programmers should understand the code they type
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Is it enough?
Natural language descriptions should be 

1. as much precise as possible 

2. understandable 

3. unambiguous but not pedantic

Still … 

1. it is difficult (nearly impossible) to cover all cases 

2. many points will remain open to different interpretations 

3. inconsistencies can arise 

4. good practices do not eliminate problems (hide them)
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Some issues
How to prove conformance to some specification? 

How to prove absence of problems? 

How to produce reliable code? 

How to prove vendors’ compliance? 

How to prove correctness of an implementation? 

How to define the correct outcomes of test cases? 

How to early detect ambiguities, anomalies, inconsistencies? 

How to expose weaknesses? 

…
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Best practices

Code reviews

Test-driven 

development
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Still…
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Semantics
The word semantics was introduced in 1900 as 

the study of how words change their meanings (M. Bréal)

Ironically its meaning has now changed to 

the study of the attachment between the sentences of a 
language (written, spoken or formal) and their meanings

In Computer Science, it is concerned with 

the study of the meaning of (well-typed) programs

Formal semantics assigns rigorous non-ambiguous meaning: 
it tells programmers the meaning of the code they type 
(at some level of abstraction)
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Someone will always say
(my) implementation is 
the semantics of the 

language

machine-independent? 
portability? 
how long will it last? 
useful abstraction for other programmers? 
how to reason on it? 
what about competitors? 
…

correct by definition
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Exercise

    switch (option) { 
       case 1: 
            print("Good morning\n"); 
       case 2: 
            print("Good afternoon\n"); 
       case 3: 
            print("Good evening\n"); 
       default: 
            print("Hello\n"); 
    }

What will be printed when option holds value 2?
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Exercise
int main(void) { 
    int x = 0; 
    return (x=1) + (x=2); 
}

Which value is returned by this C function?
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Exercise
int main(void) { 
    int x = 0; 
    return (x=1) + (x=2); 
}

Which value is returned by this C function?

C standard (about 700 pages) says its meaning is undefined 
(because the two assignments to the same variable should 
not appear in the same expression) 
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Exercise
int main(void) { 
    int x = 0; 
    return (x=1) + (x=2); 
}

Which value is returned by this C function?

C standard (about 700 pages) says its meaning is undefined 
(because the two assignments to the same variable should 
not appear in the same expression) 

GCC3: constant function returning 3 
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Exercise
int main(void) { 
    int x = 0; 
    return (x=1) + (x=2); 
}

Which value is returned by this C function?

C standard (about 700 pages) says its meaning is undefined 
(because the two assignments to the same variable should 
not appear in the same expression) 

GCC3: constant function returning 3 

GCC4: constant function returning 4 
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Benefits of formalisation
Standardisation of the reference model of the language 

Formal analysis of language properties 

Automatic implementation of compiler’s back-end

official, machine-independent 
a mental model for programmers 
a benchmark for implementors

subtleties, expressiveness, type safety, 
program compliance, subject reduction

prototypical interpreter for experimentation
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Still…

don’t make me waste my 
time, I want to code

heavy math and logic involved

semantics is harder to formalize than syntax!
different methods
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and then…
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and then…



Semantics
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Roughly, semantics definition methods fall into three groups 

1. Operational 

2. Denotational 

3. Axiomatic

2424

Different approaches

it is of interest how the effect 
of the computation is achieved

only the effect is of interest,  
not how it is obtained

the focus is on valid assertions 
about the computation



Idea: define some kind of abstract machine and describe the 
meaning of a program in terms of the steps or instructions 
that this machine executes to perform the task

2525

Operational semantics
as opposed to a 

physical existing device

the emphasis is 
on states and state 

transformations
<latexit sha1_base64="V0ddgJtG4w5fgYlXYC071RJTqb0="></latexit>s0 ! s1 ! s2 ! · · · ! sn ! r

Rationale:  
explain computations
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Founding fathers
[’70] small-step: semantics of LISP by John McCarthy 
(1960) and of Algol 68 (1975)

[’80] SOS approach: Gordon Plotkin introduced the 
structural (syntax-oriented and inductively defined) 
operational semantics in 1981 (one of the most cited 
technical reports in computer science, published in a journal 
only more than 20 years later).

[’90] big-step: Gilles Kahn introduced the natural semantics 
in 1987, where the result is computed in a single step 

<latexit sha1_base64="mloFhMicVuCvF+MLqEF6M6sttks="></latexit>s0 ! r

G.D. Plotkin / Journal of Logic and Algebraic Programming 60–61 (2004) 17–139 41
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Overview
Nowadays the transition relation is typically defined 
inductively, by axioms and inference rules according to the 
syntax of the program (SOS style).

Advantages:  
immediate translation to Horn clauses in logic programming; 
prototype interpreter (almost) for free; 
strong connections to the syntax of the language; 
rules for different constructs are neatly separated; 
useful to detect underspecified behaviours; 
involved mathematics is usually not much complicated; 
SOS descriptions are easy to read, even for non-specialists; 
could appear in any manual (but usually it won’t)



Idea: the meaning of a program is some mathematical 
object (e.g. a function from input to output) and the steps 
taken to calculate the result are unimportant

2828

Denotational semantics

<latexit sha1_base64="haioS4NxVBSX9JczumLTsy8yiu4="></latexit>

J·K : Programs ! Domains

Rationale: functions are independent of their means of 
computation and hence are simpler than the step-by-step 
sequence of operations of operational semantics
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Founding fathers
[’60/’70]: Christopher Strachey and Dana Scott

Compositionally principle: the semantics takes the form of 
a function that assigns an element of some mathematical 
domain to each individual construct in such a way that 

the meaning of a composite construct 
does not depend on the particular 
form of the constituent constructs, but 
only on their meanings
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Overview

Advantages:  
mathematically elegant; 
useful to detect underspecified behaviours; 
can be used to derive prototype implementations; 
has served as inspiration for many programming languages; 
difficult to apply to concurrent, interactive systems



Idea: describe the constructs in a programming language by 
providing logical axioms that are satisfied by these constructs

3131

Axiomatic semantics

Rationale: prove the correctness of a program with respect 
to a given specification 

<latexit sha1_base64="f8/YElA1XK51nQUMt/YA1SYKzDM="></latexit>

` {P} c {Q}
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Founding fathers
[’60]: Robert W. Floyd (1967) and Tony Hoare (1969)

Hoare logic: a statement is accompanied by a precondition 
(the state before the execution) and a postcondition (after 
the execution)

the meaning of a program is a logical 
proposition that states some property 
of the output whenever some 
properties of the input are met
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Overview

Advantages:  
emphasis on proof correctness from the very start; 
strikingly elegant proof systems; 
draw attention to invariants and termination; 
can be used to prove absence of bugs; 
difficult to apply to concurrent, interactive systems
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This course
We focus on operational and denotational semantics

We will present the fundamental ideas and methods behind 
these approaches and stress their relationship, by proving 
some relevant correspondence theorems.

<latexit sha1_base64="mloFhMicVuCvF+MLqEF6M6sttks="></latexit>s0 ! r
<latexit sha1_base64="haioS4NxVBSX9JczumLTsy8yiu4="></latexit>

J·K : Programs ! Domains



A taste of semantics methods

35
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A simple language
Informal syntax of numerical expressions

<latexit sha1_base64="KVyVgsWSUl1o42Y7U0AHP7ZBeLI="></latexit>

• any numeral N is an expression;

• if E1 and E2 are expressions, then E1 � E2 is an expression;

• if E1 and E2 are expressions, then E1 ⌦ E2 is an expression.

numerals vs numbers

syntax for  
writing  

numbers

<latexit sha1_base64="UrAtVinzxRUtVyYtsU8a1oP7Dq8="></latexit>

5
<latexit sha1_base64="Aonr0G9bvukmbuxxhwTWuMevvWM="></latexit>

5 2 N<latexit sha1_base64="brl4e67Fq3YDOAbmXo3lbqtJmug="></latexit>

1 0 1
<latexit sha1_base64="IBdjmvkrpWHmElCZ0HqgKZ3MDvM="></latexit>

five

mathematical objects, 
concepts

<latexit sha1_base64="WrvQpFvcjJfe5YUqwwJ4egpvk/Q="></latexit>

N <latexit sha1_base64="BaGq7Sg9NyWBlyYCIlqof492Ci8="></latexit>n

<latexit sha1_base64="1XFZrMbYnAEn9VQqVZgaq29k/KU="></latexit>

5
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Formal syntax
<latexit sha1_base64="HTgHeV/eKxj4xXUbuZnLM+7VusM="></latexit>

E ::= N | E� E | E⌦ E
<latexit sha1_base64="3wyPqORs4OqwyDcBCShJ4GjkTTU="></latexit>� 3⌦ 4 not a well-formed numerical expression

<latexit sha1_base64="yjVCliCGQtwcnH5m0IBdIXAIOdU="></latexit>

1� 2⌦ 3

a string

<latexit sha1_base64="YfLyJek6KGcFeNxZJVBIViy+Uok="></latexit>⌦
<latexit sha1_base64="bUMotQqaTeum3pOwBeYcz+SQk3I="></latexit>�

<latexit sha1_base64="ahUleygIi1p02qN2dzHPViw67dg=">AAACU3icbZBNT9tAEIbXLp/ho6E9clk1QuIU2YBaLkiIXjhSiQBqHKHxehJW7K7d3TEoWvlfcG3/VQ/8ll66MTnwNadX78zonXnySklHSfIYxR8WFpeWV1Y7a+sbmx+7W58uXFlbgQNRqtJe5eBQSYMDkqTwqrIIOld4md9+n/Uv79A6WZpzmlY40jAxciwFULB+Zhroxo192lx3e0k/aYu/Felc9Ni8zq63ov2sKEWt0ZBQ4N wwTSoaebAkhcKmk9UOKxC3MMFhkAY0upFvT274Tu2ASl6h5VLx1sTnGx60c1Odh8n2xNe9mfleb1jT+HDkpalqQiNmQSQVtkFOWBlYIC+kRSKYXY5cGi7AAhFayUGIYNYBzotARxrs1BbhKYP3otQaTOGzAsf4q/EtRIvKZ3ktVREUz+4CBivBTEJ2VoZU7o+apukEzOlrqG/FxV4//dpPfhz0jk/mwFfYNvvCdlnKvrFjdsrO2IAJZtgD+83+RH+jf3EcLzyNxtF85zN7UfHGf60KteM=</latexit>

1
<latexit sha1_base64="fUBHknbH+k+UD/Cb38FcasIg69I="></latexit>

2

<latexit sha1_base64="SNKDz82T6t3+jPHjHL9P9TAFnkI="></latexit>

3

<latexit sha1_base64="bUMotQqaTeum3pOwBeYcz+SQk3I="></latexit>�
<latexit sha1_base64="ahUleygIi1p02qN2dzHPViw67dg="></latexit>

1
<latexit sha1_base64="fUBHknbH+k+UD/Cb38FcasIg69I="></latexit>

2

<latexit sha1_base64="YfLyJek6KGcFeNxZJVBIViy+Uok="></latexit>⌦
<latexit sha1_base64="SNKDz82T6t3+jPHjHL9P9TAFnkI="></latexit>

3

two abstract syntax trees

we use brackets
<latexit sha1_base64="9tCqCGxzrdngs9t8Stp2imQp/oQ="></latexit>

1� (2⌦ 3)

or fix operators 
precedence to 
solve ambiguities
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Assign meaning
<latexit sha1_base64="HTgHeV/eKxj4xXUbuZnLM+7VusM="></latexit>

E ::= N | E� E | E⌦ E

this is just syntax!

is N necessarily a number?

is ⊕ necessarily the arithmetic sum?

is ⊗ necessarily the arithmetic product?
maybe we are speaking about 
matrices with addition and multiplication

or sets with union and intersection

or strings with concatenation and least common prefix

or trees with branching and merging
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Informal semantics
Informal semantics of numerical expressions

Three rules are enough to determine the value of any 
well-formed expression, no matter how large

Note that we are not telling the order in which 
arguments are evaluated: is it important?

<latexit sha1_base64="epHomLh4Vn3bpHFeBlCpOrVMeRM="></latexit>

• a numeral N evaluates to its corresponding number n;

• to evaluate an expression of the form E1�E2 we evaluate E1 and E2 and sum
their values;

• to evaluate an expression of the form E1 ⌦ E2 we evaluate E1 and E2 and
multiply their values.
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Pragmatics

We can provide some examples
<latexit sha1_base64="wdejf9l+t3ZwPfMe2PDbQYdM/jo="></latexit>

• 2 evaluates to 2;

• (1� 2)⌦ 3 evaluates to 9;

• (1� 2)⌦ (3� 4) evaluates to 21
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Small-step semantics
Runtime numerical expressions

the state of the abstract machine can mix 
intermediate results with expressions

<latexit sha1_base64="GKKyTcs7RDlc4AqUPxHfksNYxdg="></latexit>

E ::= n | N | E� E | E⌦ E
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Small-step semantics
Runtime numerical expressions

the state of the abstract machine can mix 
intermediate results with expressions

<latexit sha1_base64="Cz6tovnhH/jtLoEWXp0/2N13vMs="></latexit>

E0 ! E1a step

<latexit sha1_base64="GKKyTcs7RDlc4AqUPxHfksNYxdg="></latexit>

E ::= n | N | E� E | E⌦ E
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Small-step semantics
Runtime numerical expressions

the state of the abstract machine can mix 
intermediate results with expressions

<latexit sha1_base64="Cz6tovnhH/jtLoEWXp0/2N13vMs="></latexit>

E0 ! E1a step

an evaluation

<latexit sha1_base64="GKKyTcs7RDlc4AqUPxHfksNYxdg="></latexit>

E ::= n | N | E� E | E⌦ E

<latexit sha1_base64="txFrGl+a5VIWADdSTCjUB7WRx2Q="></latexit>

E0 ! E1 ! E2 ! · · · ! Ek ! n



4141

Small-step semantics
Runtime numerical expressions

the state of the abstract machine can mix 
intermediate results with expressions

<latexit sha1_base64="Cz6tovnhH/jtLoEWXp0/2N13vMs="></latexit>

E0 ! E1a step

an evaluation

also written

<latexit sha1_base64="GKKyTcs7RDlc4AqUPxHfksNYxdg="></latexit>

E ::= n | N | E� E | E⌦ E

<latexit sha1_base64="txFrGl+a5VIWADdSTCjUB7WRx2Q="></latexit>

E0 ! E1 ! E2 ! · · · ! Ek ! n
<latexit sha1_base64="F8x0omGNckPOop+73LLLCLDUbO0="></latexit>

E0 !⇤ n
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Small-step semantics
Runtime numerical expressions

the state of the abstract machine can mix 
intermediate results with expressions

<latexit sha1_base64="Cz6tovnhH/jtLoEWXp0/2N13vMs="></latexit>

E0 ! E1a step

an evaluation

also written

we also expect

<latexit sha1_base64="GKKyTcs7RDlc4AqUPxHfksNYxdg="></latexit>

E ::= n | N | E� E | E⌦ E

<latexit sha1_base64="txFrGl+a5VIWADdSTCjUB7WRx2Q="></latexit>

E0 ! E1 ! E2 ! · · · ! Ek ! n
<latexit sha1_base64="F8x0omGNckPOop+73LLLCLDUbO0="></latexit>

E0 !⇤ n

<latexit sha1_base64="BCA3u7hWC5BEzLmu8hL3CnygnEA="></latexit>

n 6!
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Small-step semantics
Runtime numerical expressions

the state of the abstract machine can mix 
intermediate results with expressions

<latexit sha1_base64="Cz6tovnhH/jtLoEWXp0/2N13vMs="></latexit>

E0 ! E1a step

an evaluation

also written

we also expect

How to define the transition relation?

<latexit sha1_base64="GKKyTcs7RDlc4AqUPxHfksNYxdg="></latexit>

E ::= n | N | E� E | E⌦ E

<latexit sha1_base64="txFrGl+a5VIWADdSTCjUB7WRx2Q="></latexit>

E0 ! E1 ! E2 ! · · · ! Ek ! n
<latexit sha1_base64="F8x0omGNckPOop+73LLLCLDUbO0="></latexit>

E0 !⇤ n

<latexit sha1_base64="BCA3u7hWC5BEzLmu8hL3CnygnEA="></latexit>

n 6!
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Inference rules
Inference rules

If the premises and the side condition are met 
then the conclusion can be drawn

<latexit sha1_base64="6cmQ7tQeJyJm0eVetX5QGs9mAiE="></latexit>

(rule name)
premises

conclusion
side condition

The conclusion is a single judgement
The premises consist of one, none or more judgements
The side condition is a logical predicate
The rule name is just a convenient label
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SOS rules

<latexit sha1_base64="8RkVrOuH2cUIy59CDnizufYP+VA="></latexit>

(prod)

<latexit sha1_base64="2wMTfAl3pR1Wlp4wgbXjptiXoUA="></latexit>

(prodL)

<latexit sha1_base64="qMh8vBnccmVwo+hV/Jei6tdQHGM="></latexit>

(prodR)

to be completed together
<latexit sha1_base64="MvslOGCWKm+xZ6iwRLSN59EgAog="></latexit>

(num)
N ! n

<latexit sha1_base64="NABsp+Agul/o7zbzCaONwFn6Zkk="></latexit>

(sum)
n0 � n1 ! n

<latexit sha1_base64="B2H91jjPxzaj6gQ9x7d/ejNknyk="></latexit>

n = n0 + n1

<latexit sha1_base64="mAEgid72YV25sg0ZKkd58bQ+c/U=">AAACxnicbVFNb9NAFFybj5bwlcCRy4oIUS6RXVDLBakCIfXAoUikrRRH1vP6Oay6uzb70SparcTf5Mg/YeNGok36TuOZeZq346oT3Ngs+5Ok9+4/eLiz+2jw+MnTZ8+HoxenpnWa4ZS1otXnFRgUXOHUcivwvNMIshJ4Vl18Welnl6gNb9UPu+xwLmGheMMZ2EiVQ79XSLA/ufXGyW/hXdFoYAPfk6bxX0OZFbal/7/fllnY0N tOOHPDUuZbK3d4wqAcjrNJ1g/dBvkajMl6TspR8r6oW+YkKssEGDPLs87OPWjLmcAwKJzBDtgFLHAWoQKJZu77lgJ94wzEuzrUlAvak3hzw4M0Zimr6OzP3NRW5F3azNnm49xz1TmLiq2CLBfYBxmmeawfac01Wgury5FyRRlosBY1p8BYJF38H7cCjZWgl7qOj1J4xVopQdW+qLHBX+G6f43CF5Xjoo6IFpexBs1BLWJ20cZU6j+F0Necb5a6DU73J/nBJPv+YXz0eV34LnlFXpM9kpNDckSOyQmZEkb+JjvJMBmlx6lKXXp1bU2T9c5LcmvS3/8AU8PfvA==</latexit>

(sumL)
E0 ! E0

0

E0 � E1 ! E0
0 � E1

<latexit sha1_base64="UUGvjMZIEazbWHrH2i+ETanW2+E=">AAACxnicdVFNbxMxEPUuH23DVwLHXiwiRLlEuwUBF6QKVKnHgkhbKY5Ws97ZYNX2Lv5oFVkr8Tc58k/qbCNB2jKn5/dm/MbPZSuFdVn2O0nv3X/wcGt7Z/Do8ZOnz4aj5ye28YbjlDeyMWclWJRC49QJJ/GsNQiqlHhann9Z6acXaKxo9He3bHGuYKFFLTi4SBXDsMcUuB/CBevVt+4Nqw3wQehJW4fDrsiZa+jf8+si7zb0jD Wt9Jb+f+SOlv6WYjjOJllf9DbI12BM1nVcjJK3rGq4V6gdl2DtLM9aNw9gnOASuwHzFlvg57DAWYQaFNp56FPq6CtvIe7VoqFC0p7EfycCKGuXqoyd/Z43tRV5lzbzrv44D0K33qHmKyMnJPZGlhsR40daCYPOwWpzpEJTDgacQyMocB5JH/9jw9A6BWZpqvgojZe8UQp0FViFNf7srvM3KAMrvZBVRJRdxBiMAL2I3qyJrjR86ro+5vxmqLfByf4kfz/Jvr4bH3xeB75NdslLskdy8oEckCNyTKaEkz/JVjJMRulRqlOfXl63psl65gXZqPTXFWqd38Q=</latexit>

(sumR)
E1 ! E0

1

E0 � E1 ! E0 � E0
1
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Some derivations
<latexit sha1_base64="ejJ1CGb3+Y1gbwM2QqpEEnMeQXY="></latexit>

(sumL)
(1� 2) ! (1� 2)

<latexit sha1_base64="WLXfN8yqdHIuE3ZPHKYq1AnwmHU=">AAAC93icnVHLbhMxFPUMj5bhlZYlG4sIKd1EM20F3VQqZcOCRZFIWymOIo/nJlj12IN9pxBZ/hZ2iAUbPoe/wZkGRFNW3NXxfZ3jc8tGSYd5/jNJb92+c3dj8152/8HDR497W9unzrRWwEgYZex5yR0oqWGEEhWcNxZ4XSo4Ky9eL+tnl2CdNPo9LhqY1Hyu5UwKjjE17X0fsJrjB4m+saZ6G3YyNrNcZJ7RkPmropv5IjDTqN b9fu+GHWZQ1uD+tOyttewvd6HJBgzhM3ZKfalaCP+7LGTTXj8f5l3Qm6BYgT5Zxcl0K9ljlRFtDRqF4s6Ni7zBiecWpVAQMtY6aLi44HMYR6h5FDHxndhAn7eOo6ENWCoV7ZLw94TntXOLuoydncz12jL5r9q4xdnBxEvdtAhaLIlQKuiInLAy3gtoJS0g8qVyoFJTwS1HBCspFyIm23jAa4QOa24Xtoqf0vBJmLrmuvKsghl8DL4z0oLyrGylqiKi7DLaYCXX88jNTGSl/jCEzuZi3dSb4HR3WLwY5u/2+0fHK8M3yVPyjAxIQV6SI/KGnJAREcl2cpC8So7TRfol/Zp+u2pNk9XME3It0h+/AD0L9CM=</latexit>

(prodL)
(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)

<latexit sha1_base64="gRTHsAnWkh6SdYde9ZMtTC9COhw="></latexit>

(num)
1 ! 1
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Some derivations
<latexit sha1_base64="ejJ1CGb3+Y1gbwM2QqpEEnMeQXY="></latexit>

(sumL)
(1� 2) ! (1� 2)

<latexit sha1_base64="WLXfN8yqdHIuE3ZPHKYq1AnwmHU=">AAAC93icnVHLbhMxFPUMj5bhlZYlG4sIKd1EM20F3VQqZcOCRZFIWymOIo/nJlj12IN9pxBZ/hZ2iAUbPoe/wZkGRFNW3NXxfZ3jc8tGSYd5/jNJb92+c3dj8152/8HDR497W9unzrRWwEgYZex5yR0oqWGEEhWcNxZ4XSo4Ky9eL+tnl2CdNPo9LhqY1Hyu5UwKjjE17X0fsJrjB4m+saZ6G3YyNrNcZJ7RkPmropv5IjDTqN b9fu+GHWZQ1uD+tOyttewvd6HJBgzhM3ZKfalaCP+7LGTTXj8f5l3Qm6BYgT5Zxcl0K9ljlRFtDRqF4s6Ni7zBiecWpVAQMtY6aLi44HMYR6h5FDHxndhAn7eOo6ENWCoV7ZLw94TntXOLuoydncz12jL5r9q4xdnBxEvdtAhaLIlQKuiInLAy3gtoJS0g8qVyoFJTwS1HBCspFyIm23jAa4QOa24Xtoqf0vBJmLrmuvKsghl8DL4z0oLyrGylqiKi7DLaYCXX88jNTGSl/jCEzuZi3dSb4HR3WLwY5u/2+0fHK8M3yVPyjAxIQV6SI/KGnJAREcl2cpC8So7TRfol/Zp+u2pNk9XME3It0h+/AD0L9CM=</latexit>

(prodL)
(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)

<latexit sha1_base64="gRTHsAnWkh6SdYde9ZMtTC9COhw="></latexit>

(num)
1 ! 1

<latexit sha1_base64="XkVm+Z5Tvh4m5JSY+gI4ZHW1THA="></latexit>

(num)
2 ! 2

<latexit sha1_base64="nx9o4MyPAS5mhIHaY0DZH6tM+uU="></latexit>

(sumR)
(1� 2) ! (1� 2)

<latexit sha1_base64="efzGbNzE6SEYrMfyEzmedy2WqII="></latexit>

(prodL)
(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
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Some derivations
<latexit sha1_base64="ejJ1CGb3+Y1gbwM2QqpEEnMeQXY="></latexit>

(sumL)
(1� 2) ! (1� 2)

<latexit sha1_base64="WLXfN8yqdHIuE3ZPHKYq1AnwmHU=">AAAC93icnVHLbhMxFPUMj5bhlZYlG4sIKd1EM20F3VQqZcOCRZFIWymOIo/nJlj12IN9pxBZ/hZ2iAUbPoe/wZkGRFNW3NXxfZ3jc8tGSYd5/jNJb92+c3dj8152/8HDR497W9unzrRWwEgYZex5yR0oqWGEEhWcNxZ4XSo4Ky9eL+tnl2CdNPo9LhqY1Hyu5UwKjjE17X0fsJrjB4m+saZ6G3YyNrNcZJ7RkPmropv5IjDTqN b9fu+GHWZQ1uD+tOyttewvd6HJBgzhM3ZKfalaCP+7LGTTXj8f5l3Qm6BYgT5Zxcl0K9ljlRFtDRqF4s6Ni7zBiecWpVAQMtY6aLi44HMYR6h5FDHxndhAn7eOo6ENWCoV7ZLw94TntXOLuoydncz12jL5r9q4xdnBxEvdtAhaLIlQKuiInLAy3gtoJS0g8qVyoFJTwS1HBCspFyIm23jAa4QOa24Xtoqf0vBJmLrmuvKsghl8DL4z0oLyrGylqiKi7DLaYCXX88jNTGSl/jCEzuZi3dSb4HR3WLwY5u/2+0fHK8M3yVPyjAxIQV6SI/KGnJAREcl2cpC8So7TRfol/Zp+u2pNk9XME3It0h+/AD0L9CM=</latexit>

(prodL)
(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)

<latexit sha1_base64="gRTHsAnWkh6SdYde9ZMtTC9COhw="></latexit>

(num)
1 ! 1

<latexit sha1_base64="XkVm+Z5Tvh4m5JSY+gI4ZHW1THA="></latexit>

(num)
2 ! 2

<latexit sha1_base64="nx9o4MyPAS5mhIHaY0DZH6tM+uU="></latexit>

(sumR)
(1� 2) ! (1� 2)

<latexit sha1_base64="efzGbNzE6SEYrMfyEzmedy2WqII="></latexit>

(prodL)
(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)

<latexit sha1_base64="swrweKWq0/J1zU3a/V6qR6gZOCE="></latexit>

(prodL)
(1� 2)⌦ (3� 4) ! 3⌦ (3� 4)

<latexit sha1_base64="626PaIU3QYm1xFeSShh4qHoLVyw="></latexit>

(sum)
(1� 2) ! 3

<latexit sha1_base64="aN4vU2tYGfBWk+pr8wwuQvdeaA4="></latexit>

3 = 1 + 2
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)



4545

A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)



4545

A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="dOW8mKJW1pshwEhLx3WmG36Che0="></latexit>

! 3⌦ (3� 4)
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="dOW8mKJW1pshwEhLx3WmG36Che0="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="od418sNF0dIZfhmHOXpPXUq3bto="></latexit>! 3⌦ 7
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="dOW8mKJW1pshwEhLx3WmG36Che0="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="od418sNF0dIZfhmHOXpPXUq3bto="></latexit>! 3⌦ 7

<latexit sha1_base64="T2lvmXGXEi1TsfGmY7YMs448ugU="></latexit>! 21



4545

A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="dOW8mKJW1pshwEhLx3WmG36Che0="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="od418sNF0dIZfhmHOXpPXUq3bto="></latexit>! 3⌦ 7

<latexit sha1_base64="T2lvmXGXEi1TsfGmY7YMs448ugU="></latexit>! 21
<latexit sha1_base64="Wz+0Y7Lk/wPVQoWxFBjdsHdFGvY="></latexit>

6!
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="dOW8mKJW1pshwEhLx3WmG36Che0="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="od418sNF0dIZfhmHOXpPXUq3bto="></latexit>! 3⌦ 7

<latexit sha1_base64="T2lvmXGXEi1TsfGmY7YMs448ugU="></latexit>! 21
<latexit sha1_base64="Wz+0Y7Lk/wPVQoWxFBjdsHdFGvY="></latexit>

6!

<latexit sha1_base64="LvllvVfjtoUQZCd7Xh1cWXMpFyw="></latexit>

(1� 2)⌦ (3� 4) !⇤ 21
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Another computation

<latexit sha1_base64="od418sNF0dIZfhmHOXpPXUq3bto="></latexit>! 3⌦ 7
<latexit sha1_base64="T2lvmXGXEi1TsfGmY7YMs448ugU="></latexit>! 21

<latexit sha1_base64="Wz+0Y7Lk/wPVQoWxFBjdsHdFGvY="></latexit>

6!

<latexit sha1_base64="LvllvVfjtoUQZCd7Xh1cWXMpFyw="></latexit>

(1� 2)⌦ (3� 4) !⇤ 21

<latexit sha1_base64="lskz/dpViSynwqcni6KU6EQLHDk="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="AAOdMo1RqHpxbLXJw4uBEQ8iky4="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="76FmsekA55ZJVxDJXSQODC/+p1I="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="J8iAFoUefOGKWNX1GLE6sWKMGRM="></latexit>

! (1� 2)⌦ 7
<latexit sha1_base64="nPZ2vuKq3EkdQZ/cwURHEXo0F6s="></latexit>

! (1� 2)⌦ 7
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Confluence?
We have seen that there are many different 
evaluation sequences (non-determinism)

Are we guaranteed they all lead to the same outcome?

We can change the inference rules to impose  
some specific evaluation strategy (determinism)

For example, we can impose a left-to-right 
evaluation of arguments by changing rules 
(sumR) and (prodR)
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Evaluation strategies

<latexit sha1_base64="8RkVrOuH2cUIy59CDnizufYP+VA="></latexit>

(prod)

<latexit sha1_base64="2wMTfAl3pR1Wlp4wgbXjptiXoUA="></latexit>

(prodL)

<latexit sha1_base64="qMh8vBnccmVwo+hV/Jei6tdQHGM="></latexit>

(prodR)

to be completed together
<latexit sha1_base64="MvslOGCWKm+xZ6iwRLSN59EgAog="></latexit>

(num)
N ! n

<latexit sha1_base64="NABsp+Agul/o7zbzCaONwFn6Zkk="></latexit>

(sum)
n0 � n1 ! n

<latexit sha1_base64="B2H91jjPxzaj6gQ9x7d/ejNknyk="></latexit>

n = n0 + n1

<latexit sha1_base64="mAEgid72YV25sg0ZKkd58bQ+c/U=">AAACxnicbVFNb9NAFFybj5bwlcCRy4oIUS6RXVDLBakCIfXAoUikrRRH1vP6Oay6uzb70SparcTf5Mg/YeNGok36TuOZeZq346oT3Ngs+5Ok9+4/eLiz+2jw+MnTZ8+HoxenpnWa4ZS1otXnFRgUXOHUcivwvNMIshJ4Vl18Welnl6gNb9UPu+xwLmGheMMZ2EiVQ79XSLA/ufXGyW/hXdFoYAPfk6bxX0OZFbal/7/fllnY0N tOOHPDUuZbK3d4wqAcjrNJ1g/dBvkajMl6TspR8r6oW+YkKssEGDPLs87OPWjLmcAwKJzBDtgFLHAWoQKJZu77lgJ94wzEuzrUlAvak3hzw4M0Zimr6OzP3NRW5F3azNnm49xz1TmLiq2CLBfYBxmmeawfac01Wgury5FyRRlosBY1p8BYJF38H7cCjZWgl7qOj1J4xVopQdW+qLHBX+G6f43CF5Xjoo6IFpexBs1BLWJ20cZU6j+F0Necb5a6DU73J/nBJPv+YXz0eV34LnlFXpM9kpNDckSOyQmZEkb+JjvJMBmlx6lKXXp1bU2T9c5LcmvS3/8AU8PfvA==</latexit>

(sumL)
E0 ! E0

0

E0 � E1 ! E0
0 � E1

<latexit sha1_base64="pVIyxxGLx7HyyCiGYx8UzGxRPD8=">AAAC2HicjVFNb9QwEHXCR8vytYUT4mJ1hSiXVQIIuCBVICSOBbFtxWYVOc5ka9V2UntcWFmWuCEOXPh3/A7+AN50JWiXA3N6eW/Gb/Km6qSwmGU/k/TS5StXNzavDa7fuHnr9nDrzr5tneEw4a1szWHFLEihYYICJRx2BpiqJBxUx6+X+sEpGCta/QEXHcwUm2vRCM4wUuXw+06hGB4J9Nap9+FR0RjGB74nbePfhDIvsKV/vh +WeYg6wmfs3X0lHQSvyywUbSedpWuz/9Xbv1sOR9k464uug3wFRmRVe+VW8qSoW+4UaOSSWTvNsw5nnhkUXEIYFM5Cx/gxm8M0Qs0U2Jnvtwn0gbMsLtiBoULSnoS/JzxT1i5UFTv7PS9qS/Jf2tRh82Lmhe4cguZLIxQSeiPLjYgHAVoLA4hsuTlQoSlnhiGCEZRxHkkXL3TO0KJiZmHq+FMaPvFWKaZrX9TQwEk4u5gB6YvKCVlHRIvTGIMRTM+jd9FGV+pfhtDHnF8MdR3sPx7nz8bZu6ej3VerwDfJfbJNdkhOnpNd8pbskQnh5FdyL9lORunH9Ev6Nf121pomq5m75FylP34DvizozA==</latexit>

(sumR)
E1 ! E0

1

n0 � E1 ! n0 � E0
1
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A computation
<latexit sha1_base64="+cp/zTrHN9BGnlzeuDxtnKO3uj0="></latexit>

(1� 2)⌦ (3� 4) ! (1� 2)⌦ (3� 4)
<latexit sha1_base64="ZAe9F5BYdQgquOaCs0mFqNABv44="></latexit>

! (1� 2)⌦ (3� 4)
<latexit sha1_base64="E5ZRSXZ7SOiqRpp4XP1XgEjmsSw="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="tBYj8LAHfMp6VtzKY47sXAX8bBg="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="dOW8mKJW1pshwEhLx3WmG36Che0="></latexit>

! 3⌦ (3� 4)
<latexit sha1_base64="od418sNF0dIZfhmHOXpPXUq3bto="></latexit>! 3⌦ 7

<latexit sha1_base64="T2lvmXGXEi1TsfGmY7YMs448ugU="></latexit>! 21
<latexit sha1_base64="Wz+0Y7Lk/wPVQoWxFBjdsHdFGvY="></latexit>

6!

<latexit sha1_base64="LvllvVfjtoUQZCd7Xh1cWXMpFyw="></latexit>

(1� 2)⌦ (3� 4) !⇤ 21

it is the only possible 
computation
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Big-step semantics
a step

represents a whole 
computation!

How to define the transition relation?

<latexit sha1_base64="bSvHIWfDSYCz/W/iWrYX5CZY3Bk="></latexit>

E0 �! n

Usually simpler than small-step rules

Can correspond to an efficient interpreter
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SOS rules

to be completed together

<latexit sha1_base64="B2H91jjPxzaj6gQ9x7d/ejNknyk="></latexit>

n = n0 + n1

<latexit sha1_base64="UnxC8O7Ndh0uWD19IfZoEQx1e0Y="></latexit>

(prod)

<latexit sha1_base64="MSgbgdBHR0LwfcZAw7DjGOdWtLA="></latexit>

(num)
N �! n

<latexit sha1_base64="0GnzFnb5fhxW7q74yriLqZmbkvI=">AAADEHiclVFNbxMxEPUuXyV8pXDkYhEhFSFVuwUBF6QKhMSxlUhbkY2iWe8ktWp7t/a4JbL2T/BruCEOXPgH/BucTQ5tygHm9PRmnp/nTdko6SjLfifptes3bt7auN27c/fe/Qf9zYcHrvZW4FDUqrZHJThU0uCQJCk8aiyCLhUelifvF/3DM7RO1uYTzRsca5gZOZUCKFKT/s+tQgMdSwrO6/ZZMbUgeqHj3DR8aCdZoWozs3 J2TGBtfc4Lwi/UGYdSeWyDmWRtrzj1UPELuvwfdHnbrnnVjfLuP5+Jj0z6g2w764pfBfkKDNiq9iabyYuiqoXXaEgocG6UZw2NA1iSQmHcxztsQJzADEcRGtDoxqHzbflT74Bq3qDlUvGOxIuKANq5uS7jZLfJem9B/q038jR9Mw7SNJ7QiIURSYWdkRNWxkMir6RFIlj8HLk0XIAFIrSSgxCR9PGylwwdabBzW8WlDJ6LWmswVSgqnOJpu4zfogpF6aWqIuLFWYzBSjCz6F3U0ZWHt+0y5nw91KvgYGc7f7Wd7b8c7L5bBb7BHrMnbIvl7DXbZR/ZHhsykTxP9pPPySj9mn5Lv6c/lqNpstI8Ypcq/fUHD5UB1A==</latexit>

(sum)
E0 �! n0 E1 �! n1

E0 � E1 �! n
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A derivation

<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21
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A derivation
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21
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A derivation
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num) <latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation
<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation

cannot express non-terminating computations

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21



5252

A derivation

cannot express non-terminating computations

(derivations are possible only for terminating programs)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21

<latexit sha1_base64="Tf4HxgiWCQiRejQ1DNrGZ6F1RDc="></latexit>

(prod)

<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUnNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0Dx7dt4Q=</latexit>

(sum)

<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0=">AAACV3icbZBNb9NAEIbXprQh5aOBI5dVo0rlEtmAoBekil44Fom0leJQjdeTsOru2uzOFkUr/w+u8K/6a8ra5NCvOb16Z0bvzFM2SjrKsqskfbTxeHNr8GS4/fTZ8xc7o5cnrvZW4FTUqrZnJThU0uCUJCk8ayyCLhWelhdHXf/0Eq2TtflGqwbnGpZGLqQAitb3/UID/ZAUjNftm/OdcTbJ+uL3Rb4WY7au4/NR8q6oauE1Gh IKnJvlWUPzAJakUNgOC++wAXEBS5xFaUCjm4f+7JbveQdU8wYtl4r3Jt7cCKCdW+kyTnZXuru9znyoN/O0OJgHaRpPaEQXRFJhH+SElZEH8kpaJILucuTScAEWiNBKDkJE00dAtwIdabArW8WnDP4StdZgqlBUuMCfbeg5WlShKL1UVVS8uIwYrASzjNlFHVN5+NS27TBizu9CvS9O3k7yD5Ps6/vx4ec18AF7zXbZPsvZR3bIvrBjNmWCWfab/WF/k6vkOt1MB/9H02S984rdqnT0DxVLt38=</latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="6JM23oXc9bhdktiB+Zs5evZ5XR0="></latexit>

(num)
<latexit sha1_base64="8C9zfz4otrOlZcwB+c8Z9dt82SA="></latexit>

(sum)

<latexit sha1_base64="h/ZEP3y0b70Ey+o3KUA1iOmMmeQ="></latexit>

1 �! 1
<latexit sha1_base64="gW8nEFeulfzfnR73kli+/DCyKeQ="></latexit>

2 �! 2
<latexit sha1_base64="RbTdSKp9dlzjT+nowi6/uyDF4k4="></latexit>

3 �! 3
<latexit sha1_base64="FLiPWQjfCZUhiI1fC6KPJMab7eg="></latexit>

4 �! 4
<latexit sha1_base64="j93IOxPSnR2zo5y+atnhtIf8waA="></latexit>

(1� 2) �! 3
<latexit sha1_base64="G4DSSd4o8Aa2lmiLPn5EUcBgrFI="></latexit>

(3� 4) �! 7
<latexit sha1_base64="VWj4BxUN58gpCWNH4d4U3OwT8AE="></latexit>

(1� 2)⌦ (3� 4) �! 21
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Denotational semantics
domain + interpretation function

<latexit sha1_base64="1NKuMdrDMWRNpMrMt7y/gVH72r0="></latexit>

EJ·K : Exp ! N<latexit sha1_base64="mDow1IGWNJd5+tLL37TZW+MXSps="></latexit>N

different syntactic categories may 
require different domains!

<latexit sha1_base64="b/9tSKv5BIT+1wEeGIdJlpRff1g="></latexit>

EJ
z}|{
E K| {z }

a term 
(a piece of syntax)

its denotation 
(a semantic object)

the choice of the domain has 
immediate consequences: 
anyone knows already that 
expressions are deterministic 
and normalising

every expression has 
at most one answer

every expression 
has an answer



5454

Structural induction
<latexit sha1_base64="XkRWBTSlOYf4bX7H+o4PiXEjh/c="></latexit>

EJNK = n
<latexit sha1_base64="lVtmgi7L8lXtxrRl2hlnzK4w/jQ="></latexit>

EJE0 � E1K = EJE0K + EJE1K
<latexit sha1_base64="JBZPPP+vG+baBRx7wR661T3CBjc="></latexit>

EJE0 ⌦ E1K = EJE0K · EJE1K

the meaning of a composite construct 
does not depend on the particular 
form of the constituent constructs, but 
only on their meanings

compositionality principle



5555

An evaluation

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K



5555

An evaluation

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K
<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K



5555

An evaluation

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K
<latexit sha1_base64="1yJRtwL/67FL2uQyRXuHpLyJDtA="></latexit>

= (EJ1K + EJ2K) · (EJ3K + EJ4K)

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K



5555

An evaluation

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K
<latexit sha1_base64="1yJRtwL/67FL2uQyRXuHpLyJDtA="></latexit>

= (EJ1K + EJ2K) · (EJ3K + EJ4K)
<latexit sha1_base64="93Vy5C3HZ8JYD12li+3/1SVJQ5Y="></latexit>

= (1 + 2) · (3 + 4)

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K



5555

An evaluation

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K
<latexit sha1_base64="1yJRtwL/67FL2uQyRXuHpLyJDtA="></latexit>

= (EJ1K + EJ2K) · (EJ3K + EJ4K)
<latexit sha1_base64="93Vy5C3HZ8JYD12li+3/1SVJQ5Y="></latexit>

= (1 + 2) · (3 + 4)
<latexit sha1_base64="cVCAYiilJCfC/Tr6QsMjgD3Hick="></latexit>

= 21

<latexit sha1_base64="hBZ8Ob45HZeLVJe14KuBG283uVU="></latexit>

EJ(1� 2)⌦ (3� 4)K = EJ1� 2K · EJ3� 4K



5656

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n
<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

can every (valid) expression be 
evaluated to a number?



5757

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n

<latexit sha1_base64="nK78sgUaPmOnbkk2Wt6G8suK+Do="></latexit>

8E. 9n. E !⇤ n

normalisation / termination?
<latexit sha1_base64="RUpudRVz78qIRalVuMj4HtlWgGg="></latexit>

8E. 9n. E �! n

obviousmust be provedmust be proved

<latexit sha1_base64="jE+VL0GJHuRMi9TYGLgB5jindo0="></latexit>

8E. 9n. EJEK = n

<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n



5757

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n

<latexit sha1_base64="nK78sgUaPmOnbkk2Wt6G8suK+Do="></latexit>

8E. 9n. E !⇤ n

normalisation / termination?
<latexit sha1_base64="RUpudRVz78qIRalVuMj4HtlWgGg="></latexit>

8E. 9n. E �! n

obviousmust be provedmust be proved

<latexit sha1_base64="jE+VL0GJHuRMi9TYGLgB5jindo0="></latexit>

8E. 9n. EJEK = n

<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

can every (valid) expression be 
evaluated to a number?



5858

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n
<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

is the result of the 
evaluation  

(if any) unique?



5959

Comparison
determinacy?

obvious

must be proved

must be proved

<latexit sha1_base64="zmdqv84DWOreC+z8SmN9Pxw1ueo=">AAADMXichVFNbxMxEPUuXyV8pXDkYhEhFYSiDSDgUqkCIXHgUBBpK8Uh8npnt1Zt72LPNkTG/Cl+TW+IAxf+BM4SCdpGYi5+ejN+z36TN0o6zLKTJL1w8dLlKxtXe9eu37h5q795e8/VrRUwFrWq7UHOHShpYIwSFRw0FrjOFeznR6+W/f1jsE7W5gMuGphqXhlZSsExUrP+T1bWlitFmeZ46Er/OjxiCJ+xk/a5aiF4s4bTYf iVKShxi+VQSeO5tXwRvFLhrxTD+uPDNXKMsTkUFcTzP7M6MDDFSpxZWR3iA/Z+eUSqntM14ttrRGb9QTbMuqLnwWgFBmRVu7PN5AkratFqMCgUd24yyhqcxoegFApCj7UOGi6OeAWTCA3X4Ka+cw30fus41rQBS6WiHQn/3vBcO7fQeZzs/n+2tyTX9SYtli+mXpqmRTBiaYRSQWfkhJVx00ALaQGRL18OVBoquOWIYCXlQkSyjas/ZehQc7uwRfyUgbmoteYxclZACZ+C7zZkQXmWt1IVEVF2HGOwkpsqerM6ulK/HULoxZhHZ0M9D/YeD0fPhtm7p4Odl6vAN8hdco9skRF5TnbIG7JLxkQkbxOb+ORL+i09Sb+nP/6Mpsnqzh1yqtJfvwECKxO6</latexit>

8E, n,m.

0

@
E !⇤ n
^
E !⇤ m

1

A ) n = m

<latexit sha1_base64="JmzWAWs+WIA3Fy//CQ31DV1yITE=">AAADRXicjVLLbhMxFPUMrxJeKSzZWERIRULRpCBgU6kCIbEsiLSV4qh4PHemVm3PYN9piCyzZAt/xTfwEewQCzbgDBHQNgvuxkfnPs71sfNGSYdZ9iVJz52/cPHS2uXelavXrt/or9/cdXVrBYxFrWq7n3MHShoYo0QF+40FrnMFe/nRs0V+7xisk7V5jfMGpppXRpZScIzUQf8HK2vLlaJMczx0pX8e7jOEd9iN9rlqIXizgt Nh+J4pKHGD5VBJ47m1fB68UuHvKKZqU1lZHWLM1rMVgxljMygqiOd/d+nAwBRLQdYV3mOv/tTTFTJbK4Yc9AfZMOuCngWjJRiQZewcrCcPWFGLVoNBobhzk1HW4DQuglIoCD3WOmi4OOIVTCI0XIOb+k410Lut41jTBiyVinYk/NvhuXZurvNY2TlxOrcgV+UmLZZPpl6apkUwYiGEUkEn5ISV8fWBFtICIl9sDlQaKrjliGAl5UJEso3f4YSgQ83t3BbxUgZmotaaR8tZASW8Db57KwvKs7yVqoiIsuNog5XcVFGb1VGV+q0QQi/aPDpt6lmwuzkcPRpmLx8Otp8uDV8jt8kdskFG5DHZJi/IDhkTkbxJPiQfk0/p5/Rr+i39/rs0TZY9t8iJSH/+AncdHZ4=</latexit>

8E, n,m.

0

@
E �! n
^
E �! m

1

A ) n = m

<latexit sha1_base64="ncOKkYAMNHcCrCtXwmRW/6hw5rM=">AAADbHicpVJdaxQxFM3s+lHXr1Z9K0JwUSrIMquiviwURfCxitsWNkvJZO5MQ5PMmNzpuoT46q/xVX+Lf8LfYHYc0Lb75n3J4dzknJuTZLWSDtP0Z9LrX7p85erGtcH1Gzdv3d7curPvqsYKmIpKVfYw4w6UNDBFiQoOawtcZwoOspM3q/7BKVgnK/MRlzXMNS+NLKTgGKmjrYSyorJcKco0x2NX+LfhCUP4jK22z1QDwZs1nA 6jL0xBgTssg1Iaz63ly+CVCq2U4CpqMaUyy8UJ4F99Zm3HDSZ0jRdjbAF5CXH9HyEdGJi8G4tZWR7jY/ZhtUSqWqxznqwROdocpqO0LXoRjDswJF3txUyfsbwSjQaDQnHnZuO0xnkcBKVQEAascVDHsXkJswgN1+DmvnUN9GHjOFa0Bkuloi0J/57wXDu31Fnc2eZwvrci1/VmDRav5l6aukEwYmWEUkFr5ISV8ZMAzaUFRL6aHKg0VHDLEcFKyoWIZBN/zRlDh5rbpc3jpQwsRKU1j5GzHAr4FHz7UhaUZ1kjVR4RZacxBiu5KaM3q6Ir9ZMQwiDGPD4f6kWw/3Q0fjFK3z8f7r7uAt8g2+QB2SFj8pLskndkj0yJSL4m35LvyY/er/69/nb//p+tvaQ7c5ecqf6j375zJ4s=</latexit>

8E, n,m.

0

@
EJEK = n
^
EJEK = m

1

A ) n = m



5959

Comparison
determinacy?

obvious

must be proved

must be proved

<latexit sha1_base64="zmdqv84DWOreC+z8SmN9Pxw1ueo=">AAADMXichVFNbxMxEPUuXyV8pXDkYhEhFYSiDSDgUqkCIXHgUBBpK8Uh8npnt1Zt72LPNkTG/Cl+TW+IAxf+BM4SCdpGYi5+ejN+z36TN0o6zLKTJL1w8dLlKxtXe9eu37h5q795e8/VrRUwFrWq7UHOHShpYIwSFRw0FrjOFeznR6+W/f1jsE7W5gMuGphqXhlZSsExUrP+T1bWlitFmeZ46Er/OjxiCJ+xk/a5aiF4s4bTYf iVKShxi+VQSeO5tXwRvFLhrxTD+uPDNXKMsTkUFcTzP7M6MDDFSpxZWR3iA/Z+eUSqntM14ttrRGb9QTbMuqLnwWgFBmRVu7PN5AkratFqMCgUd24yyhqcxoegFApCj7UOGi6OeAWTCA3X4Ka+cw30fus41rQBS6WiHQn/3vBcO7fQeZzs/n+2tyTX9SYtli+mXpqmRTBiaYRSQWfkhJVx00ALaQGRL18OVBoquOWIYCXlQkSyjas/ZehQc7uwRfyUgbmoteYxclZACZ+C7zZkQXmWt1IVEVF2HGOwkpsqerM6ulK/HULoxZhHZ0M9D/YeD0fPhtm7p4Odl6vAN8hdco9skRF5TnbIG7JLxkQkbxOb+ORL+i09Sb+nP/6Mpsnqzh1yqtJfvwECKxO6</latexit>

8E, n,m.

0

@
E !⇤ n
^
E !⇤ m

1

A ) n = m

<latexit sha1_base64="JmzWAWs+WIA3Fy//CQ31DV1yITE=">AAADRXicjVLLbhMxFPUMrxJeKSzZWERIRULRpCBgU6kCIbEsiLSV4qh4PHemVm3PYN9piCyzZAt/xTfwEewQCzbgDBHQNgvuxkfnPs71sfNGSYdZ9iVJz52/cPHS2uXelavXrt/or9/cdXVrBYxFrWq7n3MHShoYo0QF+40FrnMFe/nRs0V+7xisk7V5jfMGpppXRpZScIzUQf8HK2vLlaJMczx0pX8e7jOEd9iN9rlqIXizgt Nh+J4pKHGD5VBJ47m1fB68UuHvKKZqU1lZHWLM1rMVgxljMygqiOd/d+nAwBRLQdYV3mOv/tTTFTJbK4Yc9AfZMOuCngWjJRiQZewcrCcPWFGLVoNBobhzk1HW4DQuglIoCD3WOmi4OOIVTCI0XIOb+k410Lut41jTBiyVinYk/NvhuXZurvNY2TlxOrcgV+UmLZZPpl6apkUwYiGEUkEn5ISV8fWBFtICIl9sDlQaKrjliGAl5UJEso3f4YSgQ83t3BbxUgZmotaaR8tZASW8Db57KwvKs7yVqoiIsuNog5XcVFGb1VGV+q0QQi/aPDpt6lmwuzkcPRpmLx8Otp8uDV8jt8kdskFG5DHZJi/IDhkTkbxJPiQfk0/p5/Rr+i39/rs0TZY9t8iJSH/+AncdHZ4=</latexit>

8E, n,m.

0

@
E �! n
^
E �! m

1

A ) n = m

<latexit sha1_base64="ncOKkYAMNHcCrCtXwmRW/6hw5rM=">AAADbHicpVJdaxQxFM3s+lHXr1Z9K0JwUSrIMquiviwURfCxitsWNkvJZO5MQ5PMmNzpuoT46q/xVX+Lf8LfYHYc0Lb75n3J4dzknJuTZLWSDtP0Z9LrX7p85erGtcH1Gzdv3d7curPvqsYKmIpKVfYw4w6UNDBFiQoOawtcZwoOspM3q/7BKVgnK/MRlzXMNS+NLKTgGKmjrYSyorJcKco0x2NX+LfhCUP4jK22z1QDwZs1nA 6jL0xBgTssg1Iaz63ly+CVCq2U4CpqMaUyy8UJ4F99Zm3HDSZ0jRdjbAF5CXH9HyEdGJi8G4tZWR7jY/ZhtUSqWqxznqwROdocpqO0LXoRjDswJF3txUyfsbwSjQaDQnHnZuO0xnkcBKVQEAascVDHsXkJswgN1+DmvnUN9GHjOFa0Bkuloi0J/57wXDu31Fnc2eZwvrci1/VmDRav5l6aukEwYmWEUkFr5ISV8ZMAzaUFRL6aHKg0VHDLEcFKyoWIZBN/zRlDh5rbpc3jpQwsRKU1j5GzHAr4FHz7UhaUZ1kjVR4RZacxBiu5KaM3q6Ir9ZMQwiDGPD4f6kWw/3Q0fjFK3z8f7r7uAt8g2+QB2SFj8pLskndkj0yJSL4m35LvyY/er/69/nb//p+tvaQ7c5ecqf6j375zJ4s=</latexit>

8E, n,m.

0

@
EJEK = n
^
EJEK = m

1

A ) n = m

is the result of the 
evaluation (if any) 

unique?



6060

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n
<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

do different methods of 
evaluation  

give the same result?



6161

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n

consistency?

<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

must be proved

<latexit sha1_base64="yHqi6g+uei7qPbXu9aPgtIC6KeM="></latexit>

8E, n. (E !⇤ n , E �! n , EJEK = n)



6161

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n

consistency?

<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

must be proved

<latexit sha1_base64="yHqi6g+uei7qPbXu9aPgtIC6KeM="></latexit>

8E, n. (E !⇤ n , E �! n , EJEK = n)

do different methods of 
evaluation give the same result? 



6262

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n
<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

when are two expressions 
equivalent?



6363

Comparison
induced equivalences

<latexit sha1_base64="YvYoQs9hcliS0exgY0mvVd9HUYM="></latexit>

E0 ⌘s E1

<latexit sha1_base64="XukA2yAiW2d/E8rMCBT/pqItRCw="></latexit>

E0 ⌘b E1

<latexit sha1_base64="KsGxyE5pFuHsblPNRCurNURHzUk="></latexit>

E0 ⌘d E1

<latexit sha1_base64="K1W3vGqVy3W3qnQ8kkzEylZ+yiI=">AAACxHicdVFNb9QwEHUChbJAu4UjF4sVUuGwSgABF6QKBOLAoUhsW2mzrCbOZGvVsYM9bllZ6f/kxF/BG/bQL+b09Gae38xz2SrpKMt+J+mt2xt37m7eG9x/8HBre7jz6MAZbwVOhFHGHpXgUEmNE5Kk8Ki1CE2p8LA8+bjqH56iddLo77RscdbAQstaCqBIzYfLojYWlOIF4S/q3wul8tgF3Y0H57tFA3Ts6vCpm2cFmR8vbp gbFF+xJisXxwTWmrPBBVH+P9Hz+XCUjbO++HWQr8GIrWt/vpO8KiojfIOahALnpnnW0iyAJSkUxjW8wxbECSxwGqGGBt0s9LYdf+YdkOEtWi4V70m8qAjQOLdsyjjZb3+1tyJv6k091e9mQerWE2qxMiKpsDdywsoYPvJKWiSC1ebIpeYCLBChlRyEiKSPv3HJ0FEDdmmreJTGM2GaBnQVigpr/NmFPl+LKhSll6qKiBenMQYrQS+id2GiKw/vu64bxJjzq6FeBwcvx/mbcfbt9WjvwzrwTfaEPWW7LGdv2R77wvbZhAn2J9lItpLt9HOqUpf6f6NpstY8ZpcqPf8LboThZQ==</latexit>

8n. (E0 !⇤ n , E1 !⇤ n)

<latexit sha1_base64="IsK1yil7SPNY96ATWKEraTdjI8g="></latexit>

8n. (E0 �! n , E1 �! n)

<latexit sha1_base64="fjSuBcojQGPavncsJBVsWEpebYE="></latexit>

EJE0K = EJE1K



6363

Comparison
induced equivalences

<latexit sha1_base64="YvYoQs9hcliS0exgY0mvVd9HUYM="></latexit>

E0 ⌘s E1

<latexit sha1_base64="XukA2yAiW2d/E8rMCBT/pqItRCw="></latexit>

E0 ⌘b E1

<latexit sha1_base64="KsGxyE5pFuHsblPNRCurNURHzUk="></latexit>

E0 ⌘d E1

<latexit sha1_base64="K1W3vGqVy3W3qnQ8kkzEylZ+yiI=">AAACxHicdVFNb9QwEHUChbJAu4UjF4sVUuGwSgABF6QKBOLAoUhsW2mzrCbOZGvVsYM9bllZ6f/kxF/BG/bQL+b09Gae38xz2SrpKMt+J+mt2xt37m7eG9x/8HBre7jz6MAZbwVOhFHGHpXgUEmNE5Kk8Ki1CE2p8LA8+bjqH56iddLo77RscdbAQstaCqBIzYfLojYWlOIF4S/q3wul8tgF3Y0H57tFA3Ts6vCpm2cFmR8vbp gbFF+xJisXxwTWmrPBBVH+P9Hz+XCUjbO++HWQr8GIrWt/vpO8KiojfIOahALnpnnW0iyAJSkUxjW8wxbECSxwGqGGBt0s9LYdf+YdkOEtWi4V70m8qAjQOLdsyjjZb3+1tyJv6k091e9mQerWE2qxMiKpsDdywsoYPvJKWiSC1ebIpeYCLBChlRyEiKSPv3HJ0FEDdmmreJTGM2GaBnQVigpr/NmFPl+LKhSll6qKiBenMQYrQS+id2GiKw/vu64bxJjzq6FeBwcvx/mbcfbt9WjvwzrwTfaEPWW7LGdv2R77wvbZhAn2J9lItpLt9HOqUpf6f6NpstY8ZpcqPf8LboThZQ==</latexit>

8n. (E0 !⇤ n , E1 !⇤ n)

<latexit sha1_base64="IsK1yil7SPNY96ATWKEraTdjI8g="></latexit>

8n. (E0 �! n , E1 �! n)

<latexit sha1_base64="fjSuBcojQGPavncsJBVsWEpebYE="></latexit>

EJE0K = EJE1K

expressions are 
"equivalent" if their 

evaluations are the same



6363

Comparison
induced equivalences

<latexit sha1_base64="YvYoQs9hcliS0exgY0mvVd9HUYM="></latexit>

E0 ⌘s E1

<latexit sha1_base64="XukA2yAiW2d/E8rMCBT/pqItRCw="></latexit>

E0 ⌘b E1

<latexit sha1_base64="KsGxyE5pFuHsblPNRCurNURHzUk="></latexit>

E0 ⌘d E1

<latexit sha1_base64="K1W3vGqVy3W3qnQ8kkzEylZ+yiI=">AAACxHicdVFNb9QwEHUChbJAu4UjF4sVUuGwSgABF6QKBOLAoUhsW2mzrCbOZGvVsYM9bllZ6f/kxF/BG/bQL+b09Gae38xz2SrpKMt+J+mt2xt37m7eG9x/8HBre7jz6MAZbwVOhFHGHpXgUEmNE5Kk8Ki1CE2p8LA8+bjqH56iddLo77RscdbAQstaCqBIzYfLojYWlOIF4S/q3wul8tgF3Y0H57tFA3Ts6vCpm2cFmR8vbp gbFF+xJisXxwTWmrPBBVH+P9Hz+XCUjbO++HWQr8GIrWt/vpO8KiojfIOahALnpnnW0iyAJSkUxjW8wxbECSxwGqGGBt0s9LYdf+YdkOEtWi4V70m8qAjQOLdsyjjZb3+1tyJv6k091e9mQerWE2qxMiKpsDdywsoYPvJKWiSC1ebIpeYCLBChlRyEiKSPv3HJ0FEDdmmreJTGM2GaBnQVigpr/NmFPl+LKhSll6qKiBenMQYrQS+id2GiKw/vu64bxJjzq6FeBwcvx/mbcfbt9WjvwzrwTfaEPWW7LGdv2R77wvbZhAn2J9lItpLt9HOqUpf6f6NpstY8ZpcqPf8LboThZQ==</latexit>

8n. (E0 !⇤ n , E1 !⇤ n)

<latexit sha1_base64="IsK1yil7SPNY96ATWKEraTdjI8g="></latexit>

8n. (E0 �! n , E1 �! n)

<latexit sha1_base64="fjSuBcojQGPavncsJBVsWEpebYE="></latexit>

EJE0K = EJE1K

expressions are 
"equivalent" if their 

evaluations are the same

do all types of 
equivalence coincide?
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Comparison

properties of specific expressions

<latexit sha1_base64="1vx9gUUsKAqQTRFW6bv6MCGh378=">AAACNXicbVDLTgJBEJz1ifha9ehlIjHxRHaRoEfUi0dM5JGwhMwODU6YfTjTS0I2+z1+gl/hVeOBm/HqL7iskCjYp0pVdaq73FAKjZb1bqysrq1vbOa28ts7u3v75sFhQweR4lDngQxUy2UapPChjgIltEIFzHMlNN3hzVRvjkBpEfj3OA6h47GBL/qCM0yprnnleAwfdD8uJU6AwgM9JyoJdeAxEqNurJM5eb7oKidds2AVrWzoMrBnoEBmU+uaE6cX8MgDH7lkWrdtK8ROzBQKLiHJO5GGkPEhG0A7hT5L4zpx9mpCTyPNMKAhKCokzUj4vREzT+ux56bO7MJFbUr+p7Uj7F92YuGHEYLPp0EoJGRBmiuRdgi0JxQgsunlQIVPOVMMEZSgjPOUjNJS82kf9uL3y6BRKtqVonVXLlSvZ83kyDE5IWfEJhekSm5JjdQJJ0/khbySN+PZmBgfxuePdcWY7RyRP2N8fQMjNq40</latexit>

2⌦ 6 ⌘s 3⌦ 4

properties of generic expressions

<latexit sha1_base64="3uz3WGq+PUrzV3Q2DnyChE5odWE="></latexit>

8E,E1,E2. E⌦ (E1 � E2) ⌘d (E⌦ E1)� (E⌦ E2)

then we can prove / disprove:



6565

Comparison
<latexit sha1_base64="fYU3dayAz1elt8UIes4mYmqhGqE="></latexit>

E !⇤ n
<latexit sha1_base64="7eulrs5+78TOBNR0yYRH/cKk9Pc="></latexit>

E �! n
<latexit sha1_base64="CJQDnGbTvmZl+XiVtbB+kRq7l7I="></latexit>

EJEK = n

if E and F are 
equivalent, is it always the case 

that also C[E] and C[F] are 
equivalent?

contexts with a hole

filled context

<latexit sha1_base64="x1/sDgW2lMRfXcj3N4Nh22dahao="></latexit>

C[•] ::= [•] | C[•]� E | E� C[•] | C[•]⌦ E | E⌦ C[•]

<latexit sha1_base64="hPvjocv82thGe93VXqBWD+UJqsk="></latexit>

C[E]

<latexit sha1_base64="c1GKOZRek9Y4WN8J4yZZHhbq9Uw="></latexit>

C[•]
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Comparison
congruences?

contexts with a hole
<latexit sha1_base64="hPvjocv82thGe93VXqBWD+UJqsk="></latexit>

C[E]

<latexit sha1_base64="c1GKOZRek9Y4WN8J4yZZHhbq9Uw="></latexit>

C[•]

filled context

<latexit sha1_base64="x1/sDgW2lMRfXcj3N4Nh22dahao="></latexit>

C[•] ::= [•] | C[•]� E | E� C[•] | C[•]⌦ E | E⌦ C[•]

must be proved

must be proved

obvious

<latexit sha1_base64="DN+QNhs1ofWnV9ayQ2EPMvytOmo="></latexit>

8E0,E1,C[•]. (E0 ⌘s E1 ) C[E0] ⌘s C[E1])

<latexit sha1_base64="/WHXARnsTROCIBAk8InaayVRv9I="></latexit>

8E0,E1,C[•]. (E0 ⌘b E1 ) C[E0] ⌘b C[E1])

<latexit sha1_base64="I/jpc9Cpu0arwmD1OgNEmefhKu8="></latexit>

8E0,E1,C[•]. (E0 ⌘d E1 ) C[E0] ⌘d C[E1])
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Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E
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Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y



6767

Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
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Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
<latexit sha1_base64="Bwi0b2TPQn+yj5visMxoevBXKyk="></latexit>

M M
= {� | � : X ! N}
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Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
<latexit sha1_base64="Bwi0b2TPQn+yj5visMxoevBXKyk="></latexit>

M M
= {� | � : X ! N}

machine states
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Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
<latexit sha1_base64="Bwi0b2TPQn+yj5visMxoevBXKyk="></latexit>

M M
= {� | � : X ! N}

machine states
<latexit sha1_base64="1SmCaD3Q3rpN37pT+dkbWKeFamU="></latexit>

hE,�i



6767

Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
<latexit sha1_base64="Bwi0b2TPQn+yj5visMxoevBXKyk="></latexit>

M M
= {� | � : X ! N}

machine states
<latexit sha1_base64="1SmCaD3Q3rpN37pT+dkbWKeFamU="></latexit>

hE,�i

interpretation function
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Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
<latexit sha1_base64="Bwi0b2TPQn+yj5visMxoevBXKyk="></latexit>

M M
= {� | � : X ! N}

machine states
<latexit sha1_base64="1SmCaD3Q3rpN37pT+dkbWKeFamU="></latexit>

hE,�i

interpretation function
<latexit sha1_base64="bV/rhPS46UWHON79ZScKfvmcZkg="></latexit>

EJ·K : Exp ! (M ! N)
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Exercise
Expressions with variables

<latexit sha1_base64="Zyl64kjiG6QgmFiGGLotCVKImXE="></latexit>

E ::= x | N | E� E | E⌦ E

How to evaluate expressions such as                       ?
<latexit sha1_base64="U5G5BAK/BmOsqe0LJ1PshW3zMBQ="></latexit>

(x� 4)⌦ y

Need some memories
<latexit sha1_base64="Bwi0b2TPQn+yj5visMxoevBXKyk="></latexit>

M M
= {� | � : X ! N}

machine states
<latexit sha1_base64="1SmCaD3Q3rpN37pT+dkbWKeFamU="></latexit>

hE,�i

interpretation function

Let’s redefine the various semantics and properties

<latexit sha1_base64="bV/rhPS46UWHON79ZScKfvmcZkg="></latexit>

EJ·K : Exp ! (M ! N)


