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Abstract Interpretation



Abstract Interpretation

It Is a technigque to formally reason on approximations

It allows to derive effective methods to compute approximations
Generally used to compute overapproximations
Seldom used to compute underapproximations



Example: out of bounds

function arrayOutOfBounds(int n, int x[10]) {

Let us assume n > 0

if n >= 10 then

n =n->5
else
a = ++n

a = Is it a safe access? (0 < a <9?)

return x[a] }



Using exact semantics

function arrayOutOfBounds(int n, int x[10]) {
(0, ) (1, )(2,_)(3,_)(4, )(5,)(6,_)(7,_)(8,_)(9,_)(10,_)..

a = 0
(0,0)(1,0)(2,0)(3,0)(4,0)(5,0)(6,0)(7,0)(8,0)(9,0)(10,0)...

1f n >= 10 then
(10,0)(11,0)(12,0)(13,0)(14,0)(15,0)(16,0)(17,0)(18,0)(19,0)...

n =n -5

(5,0)(6,0)(7,0)(8,0)(9,0)(10,0)(11,0)(12,0)(13,0)(14,0)...

else

a = ++n

We can’t track the infinite set of pairs!
use intervals !
a = max(0,a — n)

return x[a] }




Example: interval abstraction

function arrayOutOfBounds(int n, int x[10]) {
[0,00]
a =0
[0,00][0,0]
1f n >= 10 then
[10,00][0,0]
n =n -5
[5,00][0,0]
else

[0,9][0,0]
a = ++n

Merging branches looses precision

[1,10][1,10]

 etarn ]x[a]




Abstract Interpretation: the idea

Goal: Compute the set S of possible values at each line of code

But... this is not feasible in general

We want to find an (over)approximation S C §

The theory of abstract interpretation allows to compute 5™ as a
set of abstract values obtained by applying abstract operations



Abstraction and concretization



Concrete domain

The set of values S that we would like to compute belongs to the concrete domain C
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Abstract Domain

(A, C ) expresses some properties of the concrete values

Sign

For example / \
The order L on the abstract domain reflects the precision \ /

eg LEK




Ingredients of Abstract Interpretation

A concrete domain C
- An abstract domain A

» An abstraction function a that connects the concrete domain to the abstract one
» A concretisation function y that relates the abstract domain to the concrete one



Defining concretisation

C A
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Defining concretisation

C A

7101{ Sign
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Defining concretisation

C A
7% Sign
9 {0,1,2,...}
{... 52 1} N
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Defining approximation

C A
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Defining approximation

C A
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Defining approximation

C A
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Any set that contains negative integers only




Defining approximation

C A
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Defining approximation

C A

{...,—10,12,..} Sign

.
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Defining approximation

Any set that contains positive integers only



Defining approximation



Defining approximation

(...,—-1,0,12,..} Sign



Defining approximation




Concretization function

C (... —1.012..)
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S\ _—7

L A=2) (=1} oy {1} {2}...

~

.
{1,2,...}
. {—2,5—1} {O,Iﬁ (1,2} ..
/\ <0 \ / > 0
1



Concretization function
Definition
Concretization function y : A — C is a monotone function
that maps abstract a into the greatest concrete ¢ that it approximates

C (... —1.012..)

//////\\\\\\ A
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{ | } EAN
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Concretization function
Definition
Concretization function y : A — C is a monotone function
that maps abstract a into the greatest concrete ¢ that it approximates

’ {1,2,...}
{ 2, —1} {01} (121 ..

"{ -2) {— {O%\\/




Defining approximation

C A

{...,— LO,L2,. } Sign
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Defining approximation

C A

{...,—1,0,1,2,..} Sign
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Defining approximation

C A
t...,—1,0,1,2,.... -
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Defining approximation

C A
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Defining approximation

C A
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/\
(....,—=2,-1} {012 3
%}ﬂu 2 ..
...{—2&(‘)}/%}{2}...



Defining approximation

C A

{...,—1,0,1,2,....}
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Defining approximation

C A
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Defining approximation



Defining approximation




Defining approximation

C A
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Defining approximation

C A
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Defining approximation

C A
/w Sign
_9 _ 10,1,2,...}
(=20 IR
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Abstraction function
Definition
Abstraction function a : C — A is a monotone function

that maps concrete ¢ into the most precise abstract element that
approximates It. a

C {....—1012,..)

T T~
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Abstraction function
Definition
Abstraction function a : C — A is a monotone function
that maps concrete ¢ into the most precise abstract element that

approximates It. a
b
57 (0.12,...)
(om2=1) 1R
(1.2
{—2{1} (0,1} >0




Abstraction function
Definition
Abstraction function a : C — A is a monotone function

that maps concrete ¢ into the most precise abstract element that
approximates It. a




Abstraction function
Definition
Abstraction function a : C — A is a monotone function
that maps concrete ¢ into the most precise abstract element that

approximates It. =
C {....—LO12,..) A
/\ * h
(....=2,-1} {O,‘l’}
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Abstraction function

Remark

To design an abstraction function a : C — A the abstract domain
must be closed under meet.

In this abstract domain the most precise element that approximates {0} does not exist

N 10,1,2,...}
(.m2-1) X
(1.2,..)
(—2,— 1) 01} {1.2)

/"\ _—7

...{—2&()?} 21 ...



Abstract Interpretation
(Al)



* o and y are monotone

Properties of Galois insertions

(C.C)( (A, C)

» ¢ C y(a(o)) ‘
 a(y(a)) =a +

*



* o and y are monotone

Properties of Galois insertions

(C, C)( | (A, C)

» ¢ C y(a(c))

* t
» a(y(a)) = a +

+
«
_



Properties of Galois insertions

(C.C)y , 4,C)

* (@ and y are monotone Y

¢ C y(a(c)) y(a(c»i’ - a(c)
» a(y(a)) =a * c *

+
«
_




Properties of Galois insertions

(C, C) [ (A, E)

i

* (@ and y are monotone » Y

e ¢ C y(a(c)) 7(0‘(6));' I I ‘a(c)
» a(y(a)) = a |



Correct approximations
(C,C) @)




Correct approximations
(C,C) @)




Correct approximations
(C,C) “4,C)

F(c)

™




Correct approximations

(C, C) (4.E)
+ [ F(a)
F(c)
“d

™




Correct approximations
(C,C) “4,C)

o
F*(a)
a
*
.




Correct approximations
(C,C) “4,C)

W
F¥)

Ffa J aF




Best correct approximation (bca)
(C,C) , (A, C)




Best correct approximation (bca)
(C,C) , (A, C)

\ . FA(a)




Best correct approximation (bca)
(C,C) , (A, C)

\ . FA(a)




Best correct approximation (bca)
(C,C) , (A, C)

\ . FA(a)




Best correct approximation (bca)

(C,C), (4, E)

+

a \
I
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4 \
c
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Best correct approximation (bca)

(C,C), (4, E)

+

a \
I
* FA(a)
F(c) p
4 \
c

*

FA 2 aFy



Abstract operations: +

(§o(£), &) /T\
+: (Z) = p(Z) ~

{135} +{-2,4} ={1,7,3,9}

We lost
precision
(12, )0-2-11 T €3
0 <0 > 0

o
31+ 12} =11}

(1.2, ! {1,2,...}§ [{2,3,...}

37+ 127 = 19)




Abstract operations: X

(§2(Z), C) ~_"

X g(ZL) = g(£)
(3,5} x {=2,4} = {=6,12, - 10,20}

> 0 <0 <0 Q Precise result!
{Lz,u}gL.w—cz—P}{.“,— {—1}

13) X {=2} = {—6j

0 —f g
UQW}[-uLJ[ l1.2,...

> 0 > () > 0
{3} X {2} = {6}




Correctness

The abstract operations +7and X" are correct on the domain Sign:

<0

/\
Vnome C. a(n)+" a(m) J a(n + m) \L/

Remember F™ is correct on an abstract domain A
whenever it returns an approximation of the result of the concrete computation:

Ffa 3 aF

>0



Completeness

The abstract operation X" has a very nice property on the domain Sign:

Z

Vn,m e C. an) X" a(m) = a(n X m)

F7is complete on an abstract domain A whenever it also holds:

Ffa = aF

<0

N
\/

>0



Completeness and bcas

F%is complete —> F* = FA

|
R

aF = Fla = F*=aFy=F'ay



Fixpoint computation approximation

If F monotone and F* correct
4
(€, & ) lfp(F) lfl;? ] QL)

F




Fixpoint computation approximation

If F monotone and F¥ correct

 Ifp(FY A, C
(C, S| i) ﬂI? A L)

F

___ a | ___




Fixpoint computation approximation

If F monotone and F¥ correct

(P C
(Ca C ) lfp(F) fp( ) (4, E)

r .

— 87




Fixpoint computation approximation

If F monotone and F¥ correct

) B =
(Ca C ) lfp(F) fp( ) (4, E)

F

— 87



Fixpoint computation approximation

If F monotone and F¥ correct

Ifp(Fh A, C
(C, )| o flﬁ? 4. L)

r .

— 87




Fixpoint computation approximation

If F monotone and F¥ correct

(P A, C
(C, )| o flﬁ? 4. L)

r .

— 87




Fixpoint computation approximation

If F monotone and F¥ correct

(C, )| o

F

(A, E)

— 87



Fixpoint computation approximation

If F monotone and F¥ correct

a / lfp(F ") A, C
(C9 g ) lfp(F) NG ’ ( )

g

F




Fixpoint computation approximation

If F monotone and F¥ correct

a / lfp(F ") A, C
(C9 g ) lfp(F) NG ’ ( )

g

F

[fp(F™) is a correct over approximation of Ifp(F)



FiXxpoint computation approximation

f F monotone and F* is complete

c.cy ™ G

C




FiXxpoint computation approximation

f F monotone and F* is complete

c.cy ™ G

C




FiXxpoint computation approximation

f F monotone and F* is complete

(C, C) (Yp(F) G

C




FiXxpoint computation approximation

f F monotone and F* is complete

(C, C) (Yp(F) G

C




FiXxpoint computation approximation

f F monotone and F* is complete

(Yp(F) BRLGR) =

(C, C)

C

t
_




FiXxpoint computation approximation

f F monotone and F* is complete

/ Ifp(F) C Ifp(FY)

n (A, E)

(C, C)

C

_




Abstract domains




Intervals [— 00, + oo]

b P W 4 » F \ /
Elements of A: [-3,0] [-2,1] [-], [0.3]

« | the empty set of values £ \ / \ / \ / \/

o [ng,n(l, n € (ZU {—}), ni € (ZU {+x}),ny < ny [—- —l] 2,00 [-1,1] [0,2] 1, x]

5. \/ /\

=2,—-1]  [-10] [” ] 1.2]

N
L is the interval inclusion \/ \ & & / \ /\/

- —_] [ l—l] [0,0]

- o
- =

v(L) =4} alc) = Lif ¢ =0,
v(ng,n1]) ={nezZ |ng<n<ny} a(c) = [min(c), max(c)] if ¢ # 0, min(c) and maz(c) exists
Y(|—oo,n1]) ={neZ|n<n} a(c) = [min(ce), +oo] if ¢ # (), min(c) exists
v(|ng,+o0|) ={n € Z|ng <n} ac) = [—oo,max(c)] if ¢ # 0, max(c) exists
v([—o00, +o0]) = Z a(c) = |—00, +00] otherwise




+4 and X4 are complete on Int

p P 4 R K x A

A B -3.0]  [-2,1] [-1.2] [0.3]
ol 4 (e = e VAVAVAVAY
—3,-1] [-2,0] [-1,1] [0,2]  [1.3]
[n,m] X [p,r] = [n X p,m X r] NN N N
-2,-1] [-1,0]  [0,1] [1.2]
S SN N
attention ‘]‘_ [=1.-1] [0,0] 1, 1] 2.2
%“""\I/

<
1

11,46} +{-3,1} ={-2,1,2,3,5,7}



lTests are not complete on Int

A(P) = [~7,0] o[—7. — 113 [-7,-71= A([clIP)

Concre)’e (x <0)

P={—7,0} » (=7} =[x < O]P




Example: translation




Example: rotation




Composition of bcas

The composition of bca is not always a bca

For F* and G* bca, in general

FAG? # (FG)* Indeed aFyaGy 3 aFGy because ya 2 id

Example



Composition of complete
abstractions

The composition of complete abstractions is always complete

For F* and G complete abstractions

"G" F" FG [“1 RN
— — -3.U — — ). 3
[=3,~1 [— 0 [- % 1] 0,2 [1 ‘]
. W'V a0 W 4 \
Example =2, —1] [ li)] 0, 1] 1.2
\./ \ / \ /\ W
F = -+ 1 G = = 1l FG =1 [—3-?’.]. [—1':'] [”"’] -[' ] --[3 2]
ﬁ#\ /G'#\ ﬁ@\ b

12,3] 13,4] 12,3] 12,3] 12,3]



Non-relational domains

The domains of Sign and Interval are non-relational domains

They cannot track relations between variables values

The set of states

x— 1l,y— 6
{[x = L,y — 6] Q Y t ’ |
— [x+~[1,10],y ~ [6,15]] ——— x> 1y 7]

lx — 3,y > §]
[x = 10,y — 15]} -



Relational domain
Octagon domain

sets of numerical constraints of the form
Txxy<c
(at most two variables per constraint, with unit coefficients)

The set of states
r < 10

x> 3y 8 T YS0
x> 10,y — 15]) S =




Relational domain
Convex Polyhedra domain

sets of numerical constraints of the form
cCiX+cy<c

(at most two variables per constraint,
with unit coefficients)

does not admit an abstraction map
| o b

best abstraction of O ?



Example: translation




Example: rotation




Refinements of abstraction

An (in)-finite set of points :

1...(9,77)...20,03)....}




Refinements of abstraction

An (in)-finite set of points :

1...(9,77)...20,03)....}




Refinements of abstraction

An (in)-finite set of points :

1...(9,77)...20,03)....}

Y

Intervals

.



Refinements of abstraction

An (in)-finite set of points :

1...(9,77)...20,03)....}




Refinements of abstraction

An (in)-finite set of points :

1...(9,77)...20,03)....}

Polyhedra




Refinements of abstraction

An (in)-finite set of points :

1...(9,77)...20,03)....}




Order on abstract domains

We say that the abstract domain A refines A,,
written A, < A,, iff

VC - C . }/Al(aAl(C)) g yAz(aAz(C)) precise than A,

intuitively, A, is more

Octagons C Int C Sign



Conjunctive properties

program verification often requires the use of
the conjunction of several basic predicates

concrete states = stores with two variables x, y

Intervals abstraction for each variable
abstract state = an interval for each variable

[0,00] [3,8]



Product domain

fx Ag X A,
C .

(ag, a1) = yolag) N yi(a;)
V<t




P rO b I e m EvenOdd

concrete stores = stores with one variable x \

odd

Int X EvenOdd

e.g. an abstract state ([2,10], even )
describes even values between 2 and 10

but also ([1,11], even ) represents the same
concrete set {2,4,6,8,101}!



Reduced product A, M A,

/'

(Ag XAz AgN A,

(Cl(), al) = (Cl(/), Cli) g }/X(a(), al) — VX(CI(’), Cli)

Yalag, ail2) = rolag) N y(ay)



Abstract program analysis



Regular commands

regular
command atomic
command
| A——
| n

=skip | x:=a | b? |..

r1+r2 =n|x|la+a,|..

br=a, <a|b Ab,|..




Collecting semantics

[skip]]P £ P
[x :=a]]P £ {o][x — [a]lo] | 6 € P)
(2P = [[P]|P

[ry; 1P = [, ([, 1P)

L7 + P = L lPUIrlIP

[*1P 2 | [1°P
k=0



Abstract semantics

[el?a = [e]l* = (a o [e] °y)a

7 Vz]]Aa — [[VQHA([[I”1]]AQ)

Just a composition of bcas!

L+ nrllha = L lha Vv lInllia

[ Tha & \/ ([rT})a



Example on Interval

x = 10;
C; (
X :=10; (x> 0)7?;
while (x>0) {
X 1= X-1 x:=x—1;
h{x=0}?



Example on Interval

[Xx— [ ]
x = 10;
C; (
X :=10; (x> 0)7?;
while (x>0) {
X 1= X-1 x:=x—1;
h{x=0}?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [10,10]]
X :=10; (x> 0)7?;
while (x>0) {
X 1= X-1 x:=x—1;
h{x=0}?
)*;

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [10,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [10,10]]
X 1= X-1 x:=x—1;
h{x=0}?
)*;

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [10,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [10.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [9,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [9,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [10.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [9,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [9,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [9.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [9,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [9,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [9.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [8,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [8,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [9.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [8,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [8,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [8.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [8,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Ci ( [x — [8,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [8.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [7,9]]
)";

(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Cq ( [x+— [1,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [8.10]]
X 1= X-1 x:=x—1;
h{x=0}? [x — [7,9]]
)";

(x <0)?



Example on Interval

(x> T ]
x := 10;
C ( [x+ [1,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [1,10]] h Abstract loop invariant
X 1= X-1 x:=x—1;
h{x=0}? [x — [7,9]]
)"

(x <0)?



Example on Interval

(x> T ]
x := 10;
C ( [x+ [1,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [1,10]] h Abstract loop invariant
X 1= X-1 x:=x—1;
h{x=0}? [x — [0,9]]
)"

(x <0)?



Example on Interval

[Xx— [ ]
x := 10;
Cy ( [x+ [0,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [1,10]] h Abstract loop invariant
X 1= X-1 x:=x-1;
h{x=0}? [x — [0,9]]
)*;

(x <0)?



Example on Interval

[Xx— [ ]
x := 10;
Cy ( [x+ [0,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [1,10]] h Abstract loop invariant
X 1= X-1 x:=x-1;
h{x=0}? [x — [0,9]]

)*:1x = [0,10]]
(x <0)?



Example on Interval

[Xx— [ ]
x = 10;
Cq ( [x+ [0,10]]
X :=10; (x> 0)7?;
while (x>0) { [x — [1,10]] h Abstract loop invariant
X 1= X-1 x:=x-—1;
h{x=0}? [x — [0,9]]
)*;[x — [0,10]]
(x <0)?

[x = [0,0]]



Example on Interval

Cq > . X .= 10,
X :=10; Cofﬁ? ( [x~[0,10]]
while (x>0) { (x> 0)?;
}X::X_1 [X'—>[1,10]]h Abst
, {x=01}? x:=x—1; ract loop Iinvariant
) [ X [099,]]
(x <£0)?

[x — [0,0]]



Example on Interval

x = 10;
(

C 9.
x:2:10; (> 1)
while (x>1) { Y=y —0

X 1= X-2
} )



Example on Interval

x = 10;
(

C 9.
x:2:10; (> 1)
while (x>1) { Y=y — )

X 1= X-2
b {x=01}? )



Example on Interval

[x— [ ]
x = 10;
(

C 9.
x:2:10; (> 1)
while (x>1) { Y=y — )

X 1= X-2
b {x=01}? )



Example on Interval

[x— [ ]
x = 10;
( [x+ [1010]]
C 9.
x:2:10; (> 1)
while (x>1) { Y=y — O
X 1= X-2 ’
b {x=01}? -

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+ [1010]]
C) x>1)7;
X :=10; [x — [10,10]]
while (x>1) { Y= x— O
X 1= X-2 ' ’
b {x=01}? -

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+ [1010]]

C) x>1)7;
X :=10; [x — [10,10]]

while (x>1) { Y=y —
.x = X-2 ‘% [8 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[810]]

C) x>1)7;
X :=10; [x — [10,10]]

while (x>1) { Y=y —
.x = X-2 ‘% [8 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[810]]

C) x>1)7;
X :=10; [x — [8,10]]

while (x>1) { Y=y —
.x = X-2 ‘% [8 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[810]]

C) x>1)7;
X :=10; [x — [8,10]]

while (x>1) { Y=y —
.x = X-2 ‘% [6 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[610]]

C) x>1)7;
X :=10; [x — [8,10]]

while (x>1) { Y=y —
.x = X-2 ‘% [6 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[610]]

C) x>1)7;
X :=10; [x — [6,10]]

while (x>1) { Y=y —
.x = X-2 ‘% [6 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[610]]

C) x>1)7;
X :=10; [x — [6,10]]

while (x>1) { Y=y —
.x::x—2 ‘x4 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[210]]

C) x>1)7;
X :=10; [x — [6,10]]

while (x>1) { Y=y —
.x::x—2 ‘x4 8]
b {x=01}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[210]]
C) x>1)7;
X :=10; [x — [2,10]] h Abstract loop invariant
while (xi1) {2 X=x—2:
e [x > [4,8]]
b {x=0}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[210]]
C) x>1)7;
X :=10; [x — [2,10]] h Abstract loop invariant
while (xi1) {2 X=x—2:
e [x ~ [0 ,8]]
b {x=0}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[0l0]]
C) x>1)7;
X :=10; [x — [2,10]] h Abstract loop invariant
while (xi1) {2 X=x—2:
e [x ~ [0 ,8]]
b {x=0}? )

x<1)?



Example on Interval

[x— [ ]
x = 10;
( [x+[0l0]]
C) x>1)7;
X :=10; [x — [2,10]] h Abstract loop invariant
while (xi1) {2 X=x—2:
rER [x — [0,8]]
b {x=0}?

); [x~ [0,10]]
(x < 1)?



Example on Interval

[x— [ ]
x = 10;
\ ( [x+[0l0]]
e
C) m‘? x>1)7;
X 1= 10:; ~ '(\C’O [x — [2,10]] h Abstract loop invariant
Whl|e)£)(i1))(_{2 X=x—2:
1 ._—0 5 [x — [0 ,8]]
- 1X=0}3 ) [x > [0,10]]
(x < 1)?

[x = [0,1]]



The precision of the analysis
depends on how the program IS

\ e
o written!l! o
Com? 3,0
Like complexity

c, 'S a property of €2 10
X :=10;

x :=10; b ) while (x>1) {

while (x.>0) { computed X 1= X-2
X 1= X-1 function!! }; {(x=0)}
b {x=0} R

X € 0.0] X € [0,1]



Questions




Question 1

letP = (xe {=75D)andr= (x<0)?2;x:=—x.
1. Compute the abstract semantics [[c]|<. . on aSign(P)

Sign
2. Check is the result is the same as ag,,([[c[|P)



Question 2

What is the bca for the test (=07) in the Interval domain?

10,0} fn<0<m

(=02)*[n,m] =
1 Otherwise




*Exam 5

Consider the abstract domain Sign’ in the figure

1. Define the corresponding o and 7.

2. Does it admit a complete abstract multiplication?

3. If not, can you add some abstract elements to Sign’ so that
a complete abstract multiplication can be designed?



*Exam 5

Sign” -
Consider the abstract domain Sign’ in the figure
1. Define the corresponding o and 7. / \
2. Does it admit a complete abstract multiplication?
3. If not, can you add some .abs.tract elements .tO Sign’ so that

a complete abstract multiplication can be designed?



*Exam 6

Is the bca of f : Z — Z below complete on the Interval domain?

X if x < 10

J(x) =
10  Otherwise




*Exam 7/

Let C £ ¢@(2*) be the domain of sets of strings over a (finite) alphabet 2.
et the abstract domain be A £ ¢o(X). Assuming || > 2:

1. Define suitable a and y and prove that they form a Galois Insertion.

2. Lift the concrete operation - of string concatenation to sets of string.

3. Define its best correct approximation.

4. Prove whether the previously defined abstract operation is complete.



