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Lecture 1: Calculus

Qualitative study of a function in one variable

Suppose that we want to draw the graph of f : R — R. In order to get enough information on
the function we follow these steps.

(i) Find the domain of f i.e. the set D C R where the function is defined.
(ii) Study the sign of f and find its intersection with the axes whether it is possible.

(iii) Study the sign of f’. Where the derivative is positive the function is increasing, instead in
the intervals where is negative the function is decreasing.

(iv) Look at the points which verify f’(x) = 0 and determine if they are local or global extrema
points.

(v) Study the sign of f”. Where the second derivative is positive the function is convex, instead
in the intervals where is negative the function is concave.

(vi) Study the behaviour of f at the extremal points of D.

We ignore step (v) because the notion of convexity will be introduced and studied in lecture 3.

x—4

Exercise 1. Draw the graph of f(v) = >3-

Observe that since f is defined by a ratio the domain D coincide with the real numbers which
does not vanish the denominator. Performing some simple computations we get

x? —4x +3, A=4 = 2>—da+3=(x—1)(z—3),

therefore D = {z € R: 2% — 22+ 3 # 0} = R\ {1, 3}. For studying the sign of f(z) it is crucial
to write it as a product of factor for which we can study the sign individually.

In our case we have f(z) = %, observing = —————|-———— — |+ + +

tht z—4 >0 2 >4 2—-3 >0z > 3, x-4
x—1>0<« x> 1 and using a graphical subdivision =~~~ 7|7 7777 THAE A+ 3
of the real line we easily derive that f(z) > 0 on  _ _ _ _ _ bttt |+ 4+ X-
(1,3) U (4,400) and f(z) < 0 on (—oo,1) U (3,4). x-1
Moreover f(0) = —3 and since the numerator is z —4 - + - +

we have f(z) =0 < x =4. 1 3
With the results obtained until now we can draw a rough estimate of the graph.
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For what concerns the first derivative we have

a?—dx+3—(x—4)(2x—4) —a?+8x-13  (z—4—-V3)(x—4+3)

IO =@ —arar @k @l rIE

We can use again the graphical representation of the real line for studying the sign of f’ getting
that

>0 & r#3and4— V3 <z <4+V3,
/<0 & z#1and (x <4—+V3orxz>4++3).

Moreover f' =0 <& x=4%+ V3. Consider x = 4 — \/3, we have that in a left neighobourhood
of this point the derivative is negative while in a right neighobourhood is positive. This argument

implies that 2 = 4 —+/3 is a local minimum point and f(4—+/3) = 1+ § is a local minimum for

f. Analogously one can prove that = = 4++/3 is a local maximum point and f(4++/3) = 1— §

is a local maximum for f.



To conclude we look at the behaviour of f as x tends to the extremal points of D. That is
we compute the limits:

I x—4 1_4 0
1 = =
z—Foo g2 —4dx + 3 I—)iool_%+;?’2 ’
: r—4 . r—4
lim ——— = lim = —0o0,
s—1- 22 —4x+3  as1- (x—1)(z—3)
——
o
m — = \Im — = o0
a1+ 22 =4 4+3 a1t (z—1)(x —3) ’
~——
0+
m — = m — = o0
z—3- 22 —4dr+3 253 (x—1)(x—3) ’
——
A
: r—4 . x—4
lim - — 0.

I ey
o3t 2 — 4z +3  wost (@ —1) (z - 3)
——

o+

YA

<Y

-4/3




Exercise 2. Draw the graph of f(x) = lﬁl—l

In the definition of f there are two ratio so we need to impose the respective denominators
to not vanish:

a:;éol N x7é01 N ml#O N x#0
1-25"14£0 1 —elz—Dog2) £ (L —1)(log2) #0 r#1

So we have D = R\ {0,1}. The sign of f is completely determined by the sign of the factor
1—2z%

1 >0 <0
1-25 150 -—1>0e" or {7 & x € (—00,0) U (1, 00),
T z>1 r<l1

1-2:"'<0sze(01)

Moreover since f is defined by a ratio with a (nonzero) constant numerator we have that f(z) =0
has no solution therefore there are not intersection with the axes.

For what concerns the first derivative we have

( 1 ) — 2 log(2))elz—Dles(®)

1 — e(z—1log(2) (1 — e(z—Dlog(2))2

) =

which is a negative quantity for every x € D. This means that f is decreasing in every interval
contained in D and there are not local minima or maxima. To conclude we check the behaviour



of the function close to the extremal points of D.

. 1
xggloo 1— 6(%—1)1082(2) -
1
lim —————— =1,

2=0— 1 — e(3—1)10g(2)
1

Jm, 1 (- Dlog@
fim
po1- 1 — e(E-Dlog(@) O
m —~_— 4
z;r{h 1 —e(%fl)bg(z) - e
Ay !
___________________ 74
1
0 1 X

One can use these techniques for proving classical inequalities.

Exercise 3. Prove that sin(z) <z Vo € RT and sin(x) > x Vo € R™.

Consider the function f(z) := sin(z) — 2. We have
that f(0) = 0 and f’(x) = cos(x) — 1, in particular
f'(z) < 0Vz € R. Then f(z) is decreasing on R
so we can conclude that f(xz) < 0 on [0,400) and
f(z) > 0 on (—o0,0]. Replacing the definition of f in
the previous inequalities we get the thesis.
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Homework 4. Prove the following inequalities:
. cos(a:)Zl—%QVxe]R
e c">1+4+zxzVreR
e log(l+z) <z Va>-1

e arctan(z) <z Va >0

Taylor expansion

Consider f : R — R and zp € R. We want to approximate f close to xy with a polynomial of
degree k. If the function is sufficiently regular, precisely if admits derivatives until order k, we
can use the Taylor polynomial of order k in xq:

"

. *) (2 Ny ore -
f (2 O) ($_$0)2+~ . fi(o)(x_xo)k = Z f Z(| 0) (CU_(E(J)Z.
i=0

P vy () := f(z0)+f(w0)(x—20)+ %l

That polynomial is such that if we consider the residual function Ry s, := f(x) — P4, then it
verifies
lim ——— =
T—T0 (,’L‘ — LEO)k
which means that going closer to the point zy the error goes to 0 faster than (z — xg)*. If
moreover f admits the derivative of order k+ 1 we can explicitly write the residual function with
the Lagrange formula:

k+1

where 7 is an unknown point which belongs to the segment between x and xy. This formula
allow us to get numerical estimate of the error we make approximating a function using its Taylor
polynomial of a certain order.

Example 5. Let f(z) = e® and z9 = 0. Then we have

2 T

x
Pa(x) =142+ = Ry 4 = %

If restrict ourself to consider x € [—1,1] we can claim that in this interval |Ry 4| < €. In the
general case if x € [—a,a] we can claim that |Ry .,| < €a®. When a < 1 that estimate can be
close to 0.

Example 6. Let f(x) = sin(z) and xg = 5 then

(x — T)2 cos(T T
Prage) =1 - C220 gy )= -2 T
Example 7. Let f(x) = log(cos(x)) and xo = 0 then
o _sin(21) 4
PQJEO (‘T) - Ty R2710 (I) -3 COS4(T) €



This approach can be generalized to functions of several variables. In the case of two variables
the Taylor polynomial of the second order in (xg,yo) has this expression:

Plﬁ(fﬂo,yo)(%y) = f(20,0) + V (0, yO)t [ZxJ : 53:| '

The residual function Ry (zy,40)(%,¥y) := f(2,¥) — Pi (20,40) (2, y) has the property

Rl,(zo,yo)(x’y)
1m -
(z.y9)=(zo,y0) |[(T — Z0,y — Yo) ||

Example 8. Let f(x,y) = y* = e*1°8W) then

log(y)e® log(y)
Vf(x,y) = |: g(ezlog(y)
y

X
Pi (20.50) (2, y) = 430 +log(yo)e™ 150 (z — z¢) + yf@“ o) (y — ).

Example 9. Let f(x,y) = % then

Vf(:c,y) =

1 Y3 — 22y
x3 — xy?

(x2 + y2)2 3
ZoYo 1
N G

Pr(wo,p0) (%, 9) = E (46 — 25y) (= — w0) + (x5 — z0yd) (y — yo)]-

Example 10. Let f(x,y) = arctan(%) then

1 2x
Vi(z,y) = (x—y)? + (z +y)? [Q(ff - y)}

o + Yo 1
Zo — Yo (o —y0)* + (w0 + yo

Pl,(a:o,yo)('rv y) = arctan( )2 [220(z — 20) + 2(x0 — Y0) (¥ — v0)]-



Lecture 2: Linear algebra

Gaussian elimination

Exercise 11. Solve the lynear system

r+y—32=26
3r—y+2z=3

—r4+2y—2z=1
with the Gaussian elimination method.
1 1 -31|6 1 1 -3 6 1 1
3 -1 2 (3| =10 -4 11|-15|—=1]0 -4
-1 2 -1]1 0 3 -4 7 0 O
r+y—32=6 z+14+3=6 =2
—Ady+1lz=-15 =qy=1 = =
z=—1 z=—1 z=—1
Exercise 12. Solve the lynear system
—xr—y+z=0
2z =1
—r—y=2
with the Gaussian elimination method.
-1 -1 1]o0 -1 -1 110 —r—y+z=0
0 0 2|1 | — 0 0 211 | =¢2z=1
-1 -1 012 0 0 —-112 =9

Exercise 13. Solve the lynear system

r—y+4z=10
3x+y+52=15
r+3y—32=6

with the Gaussian elimination method.

1 -1 4 |10 1 -1 4 10 1 -1 4 10
3 1 5 || =10 4 -7|-15| =10 4 -7]-15
1 3 3|6 0 4 -7 -4 0 0 0 11

-3] 6

11 | =15 | =
17 | 17

4 4

unique solution.

= no solutions.

= no solutions.



Exercise 14. Solve the lynear system

r—2y—22=0
—2x—y+42=3
r—2y—22=0

with the Gaussian elimination method.

1 -2 =210 1 -2 =210 o o _ 6
1 -1 4(3|>]0 =5 0 |3 {x -2 =0 {x 7%
1 -2 —2]0 0 0 010 5y =3 y=-3
So we have infinite solutions of the form
-6 -9
—% +t| 0|, teR
0 1
Exercise 15. Solve the lynear system
r+y+z+tw=1
204+ Ay + Az +dw = A
AT 42— 1)y +22+2w= X -2
z+y+A=-1)z4+w=1
for the different values of the parameter X.
1 1 1 1 0 1 1 1 1 0
2 A A A A . 0 A—2 A=2 X=2 A—2
A 2(0=1) 2 2| A2 -1 0 A=2 2—=X 2= X (A=2)(A+1)
1 1 A—=1 1 1 0 0 A—2 0 0

The second pivot is A — 2 so we have to consider the case in which this quantity vanish or not.

11 1 1] 0 11 1 110 11 1 110
01111_}01111_}01111:>
01 -1 =1|x+1 00 —2 —2|X 0 0 =2 —2| )
00 1 01 0 00 1 o010 00 0 -1|3

r=20

A
=241
NP + unique solution.
z2=0
w

N[>




1 1 1 11
0 0 0 010
000 0lo = zHy+z+tw=1 = zrz=1l-y—z—w=
0 0 0 010
1 -1 -1 -1
. . . 0 1 0 0
= infinite solutions of the form: 0 +p ol t 0 p,s,t € R.
0 0 0 1

Reducible matrices

Definition 16. Let IT € R™*"™ be a square matriz. Then II is said to be a permutation matriz if
the sequence of its columns (or rows) is a permutation of those of the identity matriz.

Remark 17. An example of permutation matriz is

o o= O
o= O O
— o O O
o O o

To multiply a matrix A on the left by II is equivalent to apply the inverse permutation on the
rows of A. Analogously to multiply A on the right by 11 is equivalent to apply the permutation
on the columns of A. For example

1 2 9 10 7 8 15 16 2 9 10 1
3 4 11 12 1 2 9 10 4 11 12 3
A= 5 6 13 14|’ T4 = 3 4 11 12)° All = 6 13 14 5
7 8 15 16 5 6 13 14 § 15 16 7

Moreover the inverse of a permutation matriz 11 is its transpose: I1 - II* =11t - T1 = I.

In particular if A is the coefficient matrix of a linear system the multiplication by a permu-
tation matrix can be interpreted as reordering the equations or as relabelling the variables.

Definition 18. A matrix A € R™*™ with n > 2 is said reducible if 311 permutation matriz and
an integer 0 < k < n such that

HAHt _ |:A11 A12:|

0 Ay
where Ay; € RF*F gnd Agy € R(—K)x(n—Fk) (are square matrices).

If the coefficient matrix of a linear system is reducible then there exists a way to improve the
Gaussian elimination, performing a starting variables relabelling and equations reordering.

Suppose we want to solve Ax = b with A reducible matrix. Then consider II permutation
matrix associated to A and observe that

Ar=b & TMAz=IIb < TIIAI'. Iz = IIb,
< =~

Y c

10



where
Y C1
= c =
AN
are partitioned in compatible way to the partitioning of ILAIIt. In that way

Aun+Anyp=a

ATy =c < {
Az Y2 = 2

So instead of solving a linear system of dimension n one can solve first the linear system of

dimension n — k getting yo and then the linear system of dimension k getting y;. Since the

computational complexity of solving a linear system is not linear (is cubic in the general case)

this is an efficiency gain.

Example 19. Let

1 0 -1 0 T 1

2 3 21 e -2

A=10 0 2 o] T || "7 |4

1 -1 1 4 T4 )

The matrix A is reducible infact

0 0 0 1 4 -1 1 1 z4l —2
o100 L1 3 2 2 > -2
T=1g 0 1 of> =15 o 2 1| Y= |a| |2
1 0 0 O o 0 -1 1 T 1

So we can solve
—2 —1] fas] _ [~-1
-1 1 | |1
. I3 0
getting [ ] = { ] Then we can solve
I 1
4 —1| |mg| _ |2/ |1 1]]0
1 3| |z2|  |-2 -2 2|1
. Ta| -1
getting [@] = {_1].

Eigenvalues and eigenvectors

Definition 20. Let A € C"*™ be a square matriz, A € C is said to be an eigenvalue for A if
there exists a non zero vector x € C™ \ {0} such that

Ax = A\x.

The vector x is said eigenvector associated with A and the pair (A, x) is called eigenpair.

Remark 21. Observe that for every eigenvalue there is an infinite number of eigenvectors asso-
ciated to it. Infact if x is an eiegenvector then 6z, with 8 € C\ {0}, is an eigenvector associated
to same eigenvalue.

11



We can characterize the eigenvalues of a matrix A as the roots of particular polynomial
associated to the matrix.
Observe that A is an eigenvalue of A € C"*™ if and only if 3z # 0 such that

Ar=Xx & (A-X)z=0 & A— Xl issingular <& det(A—X)=0.

The object pa(\) := det(A — AI) is a polynomial in A of degree n and its roots correspond to
the eigenvalues of the matrix A. p4()) is called the characteristic polynomial of the matrix A.
Moreover the previous relation implies that the set of the eigenvectors associated to an eigenvalue
A correspond to the kernel of the matrix A — AI minus the zero element.

Exercise 22. Compute the eigenvalues and eigenvectors of

i)

We can proceed by computing the roots of pa(A):

1-A

A—)\I:[ 3

134 = paN)=(1-2?-9=A-49)A+2) = A =4 Xp=-2

In order to find the eigenvectors associated with A\; and Ay we look for the vectors in the kernel
of A— A1 and A — X\yI. That is we solve

a-an]=[1 - {;jfgjyjoo - {g:g = s ([]) 100

aean] =[] o e e Lo - ()0

The eigenvalues of a certain matrix enjoy a lot of properties and relations that we are going to
state without proof. In what follows we assume A € C*"*" with entries a;;, 1 < 4,5, < n and
eigenpairs (A1, v1),. .., (An, Un).

Properties 23.
o det(A) = [T, A
o Tr(A) =371 ai =30 A
o A and A? shares the same eigenvalues.

Al (conjugate transpose) has eigenvalues ;.

If A is invertible then ()\Zl,vi) are eigenpairs for A71.

Let S € C™" be an invertible matriz and call B := S7YAS. Then (\;, S~'v;) are eigenpairs
for B.

o Let q(z) = qo+qrz+ -+ qna be a polynomial and define the matriz q(A) = qol +q1 A+
<o+ qnA*. Then (q()\;),v;) are eigenpairs for q(A).

12



Structured matrices
Definition 24. A matriz A € C™*" (R" ") is called normal if A"A = AA" (A'A = AA?).

This class of matrices is important because, as claimed in the Spectral theorem, if A is normal
then there exists a matrix V' = (vy].. |v,) such that

Lo A1
Av; = )\Z"Ui, ’Ulh * Uy = Z _] ’ VﬁlAV =
0 i#y

scalar product )\n

That is there exists an orthonormal basis composed of eigenvectors of A which diagonalize the
matrix.

Example 25.
—i —i 0 —i i 0 2 0 0
A=|—i i 0|, At=1|4i i o], AtA=A4A"=1|0 2 0
0 0 1 0 0 1 0 0 1

Definition 26. A matriz A € C™" (R"*") is called hermitian (symmetric) if A = A" (A =
At).

Observe that if a matrix is hermitian or symmetric then in particular is normal, so the
Spectral theorem holds also in this case. We can actually say something more on the eigenvalues
of A. Observe that given an eigenvector v of unitary norm, the corresponding eigenvalue A is
equal to the quantity v"Av = v" v = A. In particular

\ = (thv)h =l Ary = v Av = ),

therefore A € R. So the eigenvalues of an hermitian or symmetric matrix are real. Therefore
it makes sense, when we deal with an hermitian or a symmetric matrix, to talk about the sign
of its eigenvalues. An hermitian or symmetric matrix with positive eigenvalues is called positive
definite. If we have the weak condition of nonnegative eigenvalues we call it positive semidefinite.
It holds that an hermitian matrix is positive definite if and only if Vo € C* \ {0} 2" Az > 0.

Example 27.

3 241 L
A= . s hermitian, A= 12
2—1 1 3

(G2 S el V]

3
5| is symmetric.
6

Definition 28. A matriv A € C"*" (R"*") is called unitary (orthogonal) if A" A = AAM =T
(AtA = AAY=1).

Again the unitary and orthogonal matrices are subsets of the class of normal matrices, so the
Spectral theorem still apply to them. Instead they are not contained and they do not contain
the classes of hermitian and symmetric matrices. In particular the eigenvalues of these matrices
are not necessarily real but they enjoy another property. Observe that

Av=X v = (Av)"=0w)" = "AP=2" = rAPAv=20"v = 1=|)]
therefore the eigenvalues of a unitary or orthogonal matrix have modulus 1.

Example 29. The matriz
cos(a) —sin(a)

2Xx2
sin(a)  cos(a) €R

is orthogonal for any alpha € R and its eigenvalues are cos(a) =+ sin(«).

13



Gershgorin circle theorems

We have seen previously that the eigenvalues of a matrix correspond to the roots of its charac-
teristic polynomial. This fact tells us that when n is bigger than 4 there are no explicit formulas
to express the eigenvalues. Sometimes we are satisfied to localize them by means of trust regions
in order to apply a numerical method which returns an approximation. The cornerstone of the
eigenvalue localization is the following Gershgorin Theorem.

Theorem 30. Let A € C"*" with entries a;; and call Gershgorin circles of A the sets:

n
G;:=z€C: |z—aii|§ Z |aij| , t=1,...,n.
i#j=1

Then

(i) The eigenvalues of A are all contained in |J G;.
i—1

1=

(i) Let My be the union of k of Gershgorin circles and My the union of the others n — k. If
moreover My N My = () then M contains ezactly k eigenvalues and My contains exactly
n — k eigenvalues.

(1i) If the matriz A is irreducible (not reducible) then an eigenvalue belongs to the border of

U G; if and only if it belongs to the border of each G;.
i=1

The statements (4), (¢4) and (i4¢) are usually called first second and third theorem of Gersh-
gorin respectively.
Remark 31. Since the eigenvalues of A and A® coincide one can define the Gershgorin circles
using the columns in place of the rows. Calling them GET) and GEC) respectively, as a consequence

of the first Gershgorin theorem, the eigenvalues of A are contained in < GET)) N <U GEC)>.
i=1 i=1

X2

Example 32.

15 -2 2
A=1]1 10 -3
-2 1 0

A
0 10 15

Gershgorin circles of A: in blue the G;s are defined by rows, in red are defined by columns

For what seen in the previous remark, the eigenvalues of A are contained in the three smallest
circles around 0,10 and 15.

14



Reminder 33. A matriz is irreducible if and only if its associated graph is strongly connected.
The associaceted graph of a matriz is a directed graph having a node with label i for each i =
1,...,n and an edge from node i to node j if a;j # 0. That graph is strongly connected if Vi, j
there is an oriented path from node i to node j.

Example 34. The matriz

A= |t | eroxe
. 1
1 2
is irreducible, it is easy to see that looking at the graph associated to the matriz. Its Gershgorin
circle are:

o

CN)
KJ/

Therefore it is not singular because 0 can not verify the condition in the third Gershgorin
theorem.

Example 35. Given

2 1
-1 100 2
A= -2 3 3
-3 102 4
—4 4

it is possible to separate its Gerschgorin circles getting better estimates for the eigenvalues.

A

(. N\

& (=

15



Consider the matrices

we have that B := S~1AS has the same eigenvalues of A (they are similar) and

2 e !
—€ 100 2€
B= —2¢ ! 3 3e !
—3e 102  4e
—4e=1 4

Indicating with C(z,r) the circle of center © and radius v the Geshgorin circles defined by rows

are
C(2,e7h), CO3,5¢7h), C(4,4¢7h), C€(100,3¢), C(102,7¢).

Therefore we have that letting € goes to zero I can separate the circles around 100 and 102 but
I enlarge the others. The other way round if I let € goes to +oo. Observe that if I fiz € such
that one of the circles is separate form the others then I get that this circle contains exactly
one eigenvalue (second Gershgorin theorem). Moreover the latter is real because otherwise its
conjugate is an eigenvalue too (because the matriz has real entries) and it is contained in the
same circle, which is absurd.

Now note that fixing € = %0 we manage to separate the last two circles and with e = 10 we
separate the first 3.

In particular we get that the eigenvalues are all real and the following estimates hold:

1 1 1 1
2 <A <24 — — <A <3+-=
0 SMS2t g 3-gsh s34,
2 2 3 3
4-Z<cn<a4 s 100— = <M <1 =
F=rstty 00— 75 = Aa = 100+ 775,
7 7
102 — — < A\ <102 4+ —.
02= {5 Sr =102+ 35

16



Lecture 3: Calculus

Convexity conditions

Definition 36. The function f: D — R defined on a conver set D C R"™ is said to be convex
on D if and only if

Vo,y € D, VYA€ (0,1): FOz+ (1 =Ny) <Af(@)+ (1 =N f(y).

It is strict convex if the strictly inequality holds. It is B-strongly convex for a constant § > 0 if
the function f(x) — ngH% is convex.

Proposition 37. Let f: D — R be a differentiable function, then

(i) f is convex on D & Vx,ye D f(@) > fly)+ VIy)i(z—y).

(i) f is strict conver on D & Vx,y €D f(@) > fly)+ V) (z—y).

(iii) § is B-strongly convez on D f(z) > F(y) + V() (z — ) + 2z — gl
Proposition 38. Let f: D — R be a differentiable function, then

(i) f is convex on D & VYxeD H f(x) is positive semidefinite.

(ii) f is B-strongly convexr on D & Yz € D Hf(x) is positive definite and \pin > g

Remark 39. Strong convexity => strict convexity =—> convexity.

17



Convex analysis in one variable

In this subsection we consider functions f: D — R where D C R.

Exercise 40. D = R", f(x) = 2. For which values of the parameter a the function f is convexr,
strictly convex or strongly convex?

The function is differentiable on D for any value of the parameter a and f”(z) = a(a—1)z%2.

Observe that the sign of f”(x) on D is determined by the sign of a(a — 1). Therefore we have
that the function is not convex for o € (0,1) and strictly convex for a € (—o0,0) U (1, +00). If
a = 0 we have the constant function which is convex but not strictly convex. If a = 1 we have a
linear function which is convex but not strictly convex. R

For what concerns strong convexity we need to study the convexity of f(x) = f(z) — g:vQ for
B > 0. We have that f”(x) =a(a —1)x*"2 — 3. Once we fixed the positive 3 parameter we get
that this quantity becomes negative as x goes to 0. Therefore f can not be convex on D for any
positive § and consequently f(z) is not strongly convex for any value of a.

g

Graph of f(x) for different values of a. From left to right on the first row we have a = 0, 1,%
while on the second row we have a = —%, —-2,2

Exercise 41. D =R, f(x) = 2*. Is f(z) convex? Is it strictly convex?

Looking at f”(x) = 1222 > 0 we can claim that f is convex but since f”(0) = 0 we can not
say anything about the strict convexity. So we use another condition:

f strict convexon D & Vo,y e D, x#vy, f(x)> f(y)+f(y)(z—y).
In our case we need to verify that

m4>y4+4y3(x—y):—3y4+4y3x Ve,y e R, z#y.

18



We do not need to verify the inequality when 2,y € RT because we have just verified the strict
convexity of f in that domain in the previous exercise. By symmetry we do not need to verify
the case z,y € R™ neither. If 2 -y = 0 (one of the two is zero) then by direct verification the
inequality holds. The only case left is - y < 0 (opposite signs). In this scenario the right-hand
side —3y* + 433z is negative while * is positive so the inequality holds. Therefore f is strict
convex on the real line.

Exercise 42. D =R, f(z) = e*® with o # 0. For which values of the parameter o the function
f is convex, strictly convex or strongly convexr?

We compute the second derivative getting f”(z) = a?e®® > 0 Va € R so the function is strict
convex for any o # 0. For the strong convexity we consider f (x) = e** — g with 8 > 0. The
second derivative of f is f”(w) = a2e®® — 3. Once we fixed 3, this quantity becomes negative
when z — +00 (depending on the sign of «) and so f is not convex on D. The latter means that
f is not strongly convex on D for all choice of a.

150 150

100 100

50 50

0 0
-10 -5 0 5 -5 0 5 10

a=1 a=-1

100 100

0 0

-100 -100

-200 -200
-10 -5 0 5 -5 0 5 10

a=1,b=2 a=-1,b=2

Graphs of f(z) and f(z) for « = +1 and 8 = 2

Convex analysis in several variables

Exercise 43. D =R", f(x) = Jnax @ with © = (x1,...,2,) € R™. Is f convex? Is it strictly
convex? Is it differentiable?
In order to prove the convexity we consider z,y € R™, A € (0,1) and we observe that
FOz+ (1= Ay) = max Av; + (1 - Ay; < max Az; + max (1—A)y;

= A max z; + (1 - A) max y; = Af(z) + (1= A)f(y)-
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Therefore f is convex.
The function is not strictly convex: consider as a counterexample the choice = = (z, ..., o)
and y = (Yo, - - -,Yo) with zo,yo € R. Then we have

FOz+(1=XNy)= max Axg+ (1 —=Nyo=xz0+ (1 = Nyo = Af(x) + (1= X)f(y).

i=1,...n
The function is not differentiable: consider the case n = 2, x = (1,1). We have that

1 1) — f(1,1 1 -1 1+¢1)— f(1,1 1-1
t—0+ t t—0+ t t—0— t t—0—- ¢

therefore the function does not admit partial derivative in the first variable in the point (1,1).
Note that the same argument can be applied for every point of the form (xg,zg).

Exercise 44. D = {(z,y) : y > 0}, f(z,y) = 2—2 Is f convex on D?

Since f is twice differentiable it is enough to check if the Hessian of f is positive semidefinite
on D. Performing some computations we get

Vi =| | Hiw )—2[@’2 ‘”Cﬂ
YY) = _?g;-é Y _y3 —zy 22 |

In particular Tr(H f) > 0 and det(H f) = 0 on D. This means that one eigenvalue is zero and
the other is positive (remember that trace and determinant correspond to sum and product of
the eigenvalues), therefore H f is positive semidefinite on D.

Exercise 45. D = R?, f(z) = 2® + y? + 2wy + 42 — 3y. Is it convex? Is it strongly conver?
Does [ admit global extrema?

Since f is twice differentiable we check the second order conditions:

e = [ w ] mew -3 3

Again Tr(Hf) > 0, det(Hf) =0 Vo,y € R® = Hf positive semidefinite on D, therefore f
is convex but not strongly convex.
For what concerns global extrema consider a sequence of point of the form {(¢, —¢)}, then we
have that
Ft,—t) =2 +12 — 2% + 4t + 3t = Tt.

This means that when ¢ — +oo f(¢, —t)) tends to oo, hence f have no global extrema.
Exercise 46. D = R?, f(x) = 22 + y*> + zy + 4o — 3y. Is it convex? Is it strongly convex?

Doing some computations we get

e = [T mrea =[] )

This time Tr(H f) > 0, det(Hf) > 0Vz,y € R?> = Hf positive definite on D, therefore f is
strongly convex. The constant of strong convexity coincides with the smallest eigenvalue. Since
the product of the eigenvalue is 3 and their sum is 4 it is easy to see that A = 1.
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Remark 47. The latter two exercises concern the special class of quadratic functions, i.e. those
functions of the form

T

e = 3]

5 }—!—bt[ﬂ—i—c, QeR**?, beR? and c € R.

Computing the second derivative we get that H f(x,y) = Q, so

fis convex < Q is positive semidefinite
f is m-strongly convex < @ is positive definite and \pin = M
If Q s positive semidefinite (but not positive definite) its kernel contains (Z,y) # (0,0). If

b (Z,%) # 0 then the function does mot admit global minima because considering a sequence of
point (t-T,t-g) we get

ftz, ty) = %tQ[i,ﬂ] Q m +t - bt m +c.
0 #0

So as t — +oo we can get f(tZ,ty) — too. In particular holds that
f admits global minima < b [ﬂ =0 V(z,9) € Ker(Q).

Exercise 48 (Rosenbrock function). D = R?, f(z) = (a — x)? + b(y — 2%)? with a,b > 0. Is it
convex? Does f admit global minima?

— _ _ 2 . _
Vi(z,y) = 2(a 252)@_41;:3%;/ x)}’ Hf(x’y):F él_bi/b—;Sb:c ;1555

If for example we evaluate the hessian in the point (0, %) we get

1 -2 0
which is an indefinite matrix. Therefore f is not convex on D. We look for stationary points
getting
Vf(m»”:m - { (@=2) - {x o
O y=x y=a

Since f(a,a?) = 0 and f(x,y) > 0 on D, because it is a sum of squares, we can conclude that
(a,a?) is a global minima point.

Proposition 49. Consider R" equipped with a norm ||-|| and let A C R™ be a convex subset.
Then distance function
dy:R" =R, dy= inf|z—1y],
yeA

is a conver function.
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Proof. Let x1, 29 € R™ and call d; = da(x1) and dy = da(z2). So Ve > 0 there exists y1,y2 € A
such that
21—yl <di+e€ |22 —yel <da+e

Moreover, since A is convex, YA € (0,1) Ay; + (1 — Ay € A. Therefore
da(Az1 + (1= Aap) = Inf [|Azy + (1 = Nzz —y| < [|Azy + (1= V22 = (1 + 1 = M)
<A@ =yl + (1= N (@2 = y2) || < A(di +€) + (1= N)(d2 +¢)
=XM1+ (1 —=ANda+e=Ada(z1) + (1 — N)da(z2) +e.
Since it holds Ve > 0 we get the thesis. O

Proposition 50 (Composition with an affine function). Let f : R™ — R be a convex function
and g : R™ — R™ be an affine function, i.e. there exists A € R™*™ and b € R™ such that
g(x) = Ax+b. Then fog:R™ — R is convez.

Proof. Observe that (f o g)(z) = f(Az +b). Given z,y € R™ and X € (0,1) we have
c(fog) A+ (1 —-Ny)=f(AAz+ (1 —=Ny) +b) = fAAz + (1 — N Ay + b+ (1 — \)b)
()\(Ax+b) (1= A)(Ay +b)) < Af(Az+b) + (1 — \) f(Ay +b)
A(fog)(x) + (1 =A)(fog)y).
O

It is usefull to stress that the convexity property depends only on the behaviour of the function
along the straight lines. To be precise

fisconvexon D & Vze D, Vv g(t) = f(z +tv) is convex on D = {t: = +tv € D}.

That reformulation can be useful because moves the problem from a function with domain D
(that can be complicated) to a function whose domain is a subset of R.

Exercise 51. Let D = {A € R"*" : A is positive definite} C S = {symmetric n X n matrices}
and f(X) = —log(det(X)). Is f convex on D?

First observe that given A;, A2 € D and X € (0,1)
AA14+(1-A) A, is symmetric, Vo € R"\{0} a'(A1+(1-N)Ag)x = Azt Ajz+(1-N)z' Ay > 0,

therefore D is a convex set. Consider A € D and B € S then D = {t ¢ R: A+tB € D} is non
empty because contains an interval around 0. Moreover we have

g(t) = —log(det(A + tB)) = —log(det(A) det(I + tA™*B)) = —log(det(A)) — log(det(I + tA™' B))

= —log(det(A)) — log(H 1+tA;) = —log(det(A Z log(1+tX;)

i=1

where )\; indicate the eigenvalues of the matrix A~!B. Then we compute the higher order
derivatives of g(t) getting

le+t)\
- (1+/\
; 1+1tA\;)

Since ¢g”(t) > 0 Vt and forall B € S we can conclude the the function is convex.
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Lecture 4: Linear algebra

Perturbation theory and condition number

When we address the numerical solution of a problem we have to deal with the error in the
representation of the data and the roundoff error of the computations.
For example suppose that we want to solve the linear system

Ax =1»

with A € R"*" det(A) # 0, b € R™. If the matrix of the coefficients A and the right hand side
b come from some measurements then we can have only an approximation of them. It means
that we can actually solve

(A+0A)Z = b+ db, T =ux+ox,

where the perturbations dA and 6b are due to the finite accuracy of the measurement tools.
In such situation one can not hope to avoid these disturbances, what we can hope is that the
solution of the perturbed system is not too far away from the real solution. In particular we
would like the relative error

to be small. A theorem that bounds this quantity is the following.

Theorem 52. Let A,0A € R™*", det(A) #0, 0# b€ R™ and let ||-|| an induced matriz norm.
IfF | ANIOA] < 1 then
€A+ €
T < p(d)————7—,
MATZ e

JA b _
where e4 = P4l e = Il and p(A) = [ 4] A7),

Remark 53. The quantity u(A) is said condition number of the matriz A. Observe that u(A) =
[ANA=H > [AA=H| = [11]| = 1.

If u(A) is not big then small perturbations in the intial data cause small relative error in the
computed solution.

This notion strictly depends on the norm used so we will write p(A, 1), u(A,2), u(A, o) if we
compute the condition number with respect to the 1,2 of infinity norm.

We now restrict ourself to the case in which the perturbations affect only the right hand side
(0A=0):
ox &b
P < )= I

[l —

A(x 4 0x) = b+ 6b =
Exercise 54. Is this bound sharp? If yes, how can I find b of unit norm and 5b of norm € such
that the equality holds?

Observe that replacing Az = b in the perturbed linear system we get

Ax =D x=A"1p
=
Adx = b dx=A"16b
The idea is to maximize the relative error and see if it reaches the bound of the theorem. Hence

we look for .
[oz|| [A~ 00|

max = max —_—.
Ibll=1,13bl=c [|z||  bll=1,[[3b]l=c [|A~10]|
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Observe that in order to maximize this ratio we can indipendently look for

max ||A~16b)| and min ||A710].
l[obll=e l[bll=1

For what concerns the first quantity, we have that

ob
max |[A76b]| = max €|A™' | = ¢ max ||A710b]| = €AY
llobll=¢ l[ob]l=e € llobll=1
where the last equality follows from the fact the the norm is induced.

For the second quantity, let us call

r:= min ||[A7'b]|
llol=1

and consider a vector b such that ||b]| = 1 and |A='b|| = . We also call j = A~'b. Oviously
|Ag|| = ||bl] = 1. Moreover the following property holds:

Proposition 55.

‘gluaigHAyll = [ Agll = 1.

Proof. Suppose by contradiction that Jy: |ly|| = r and ||Ay|| = R > 1. Then we should have
that |A%|| =1 and

A—l(Aﬁ) =1 &=2<n
jat ALy =14y = % <
This is a contradiction because of the definition of r. O

So we get
1= max [[Ay[| = r - max [|Ay| = r[|Al],
llyll=r llyll=1

which means

r= min [|A7]| = [|A] 7
bl=1

Therefore choosing

) ob = earg max =1 [|[A" x|,
b= argminy, = [|[A™ z]| = [|A| 7! - A arg max, = [ Az]],

the relative error is equal to

loall AT AMe . |18F]
el = A AT MAe= S

41 4|1 -1
S R R
I want to find the right hand side b and the perturbation 6b of the previous exercise with respect
to the infinity and euclidean norm.

Example 56. Consider
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m We can easily compute
[Alle =5, A7 =7 = pu(A,00) =35.

Now observe that given a matrix A and indicating with Gmq. the row which determines || A|so,
we have that
arg max || Az| e = sign(amaz)"-

lzlleo=

where the function sign is applied component-wise and

1 ife >0
-1 ifx<O.

-1 - 174 1] 1 1
(5b=6-1:| and b:5[3 1] [J:{g].
With this choice we get

Ui | e R O 1R

and the relative error verifies the equality

162 (o

2]

sign : R = R sign(x) = {

Therefore

Y= =
1

|| 0o
= 35¢ = (A4, oo)||b””

Ill2 | For what concerns the 2-norm analysis observe that

arg max ||A7'z||; = arg max ||[A7 2|2 = arg max (A7'z)' A7z = arg max z/(A71) A .
llzlla=1 llzll2=1 llzlla=1 flzlla=1

Since the matriz (A=Yt A=Y is symmetric (in particular positive definite) we know the solution
of this optimization problem. That is the unitary eigenvector ¥maq of (A~1)PA™1 associated to
the the biggest eigenvalue Apqz-
Analogously
arg min ||A7 2|y = arg min 2'(A7)! A7 e = Bin
lzll2=1 lzll2=1

where Tpmin s the unitary eigenvector of (A=) A~ associated to the the smallest eigenvalue
Amin- Observing that(A=1)! A= is the inverse of AA and using the relation between the eigen-
vectors and eigenvalues of a matriz and those of its inverse we get that

b=c¢- Umazx, 0b = Umin

where Vmaz and Vmin are the unitary eigevectors of AAY associated to the biggest and smallest
etgenvalues respectively.
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Factorizations

Most of the methods for solving linear systems rely on the factorization of the coefficient matrix
A into the product of two matrices
A= BC.

The solution of Az = b is then obtained by solving subsequently the two linear systems

By=1b
Cr=y
This is done to gain in terms of the number of arithmetic operations required, so the matrices

B, C' must have some structure which enable us to solve the latter two linear systems efficiently.
The three classic factorizations, we consider are:

e LU factorization: L is lower triangular with ones on the main diagonal and U is upper
triangular. This factorization is associated with the Gauss method.

e QR factorization: @ is unitary and R is upper triangular.

e LL" factorization: L is lower triangular with non negative diagonal elements. This
applies only to positive semidefinite matrices and it is usually called Cholesky factorization.

Exercise 57. How do we compute the LU factorization?

The idea is to exploit the closure of the lower (upper) triangular matrices with respect to the
matrix multiplication and inversion. This means that if I multiply two lower triangular matrices
or if I invert a lower triangular matrix I get again a lower triangular matrix.

So if I manage to transform the matrix A into an upper triangular matrix by multiplying it
with lower triangular matrices I get the LU factorization. More explicitly

My 1My M- A= U = A=M' Myt MU
upper triangular I
where M; is a lower triangular matrix for ¢ =1,...,n — 1.

In order to choose the matrices M; we look back at the Gauss elimination method. At the
first step of the algorithm we transform the coefficient matrix in that way

a1l a2 ... Qin ail @12 ce. Q1p
0 o (2)
as1 a2 ... Qop Qoo v Qop
A= —
2 2
anl  An2 ce. Qpp 0 afﬂ) e ang

To obtain this operation is equivalent to multiply the matrix A on the left by the matrix

1 O ... ... ... 0

—mo1 1 0 ... ... 0
: o - - : )
M, = . Lo . . ) mj1=%
: : .. .. Lo 11

: : .0

—-mp1 0 ... ... 0 1]
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Similarly at the generic step k of the algorithm we perform the transformation

a1l @12 .- ... ce. Q1p ajl Q12 ... ... .. Q1n
0 ag) agn) 0 ag) agi)
o o0 : 0 0
3 I oY .
0 ag;) e a,(;fg 0 agfl? e agflz)
| O 0 oo 0 app - an,B_ | 0 0 . 0 afﬁ:fl) - aﬁ[ﬁf“_

which is equivalent to multiply on the left by the matrix

1 0 ... 07
0 1 0 0
0 1 a®
Mk— ; mjk 27;:)
0 —MEk+1k 1 Qpre
. . 0
. . . . . .0
0o ... 0 —muy 0 ... 0 1

Observe that these kind of matrices can be seen as a rank 1 correction of the identity matrix:
My =1-— ukefC

where ey, is the k-th vector of the canonical basis in R™ and

Uk = e R™.

Mnk

The matrices with this structure are called elementary Gauss matrices and enjoy some very nice
properties.

Proposition 58. (i) Let M = I — uel, be an elementary Gauss matriz then
M~ =1+ uej,.
(i) Let M=1I- ﬂe§- and M =1 — tel be two elementary Gauss matrices with i # j. Then

M-]\A{[:I—aeé—ﬁet

i
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Exploiting these properties we can write down the expression of L factor:

1 0o ... ... e 0
mao1 1 0 PN ‘e 0
: m32 ag)
L= o = Gy
@5
0
LTMn1 Mp2 ... ... Mpp-1 1_

Finally, for the U factor we take the triangular matrix we get at the end of the Gauss elimination
method.

Example 59. Compute the LU factorization of:

1 2 -1
A=|-1 -1 2
1 1 2

We can already compute
mg1 = —1, mgz =1.

Now we apply one step of the Gauss method

1 2 -1 1 2 -1
-1 -1 2| =10 1 1
1 1 2 0 -1 3

getting m3y, = —1. Finally we perform the last step of the Gauss method getting U:

1 2 -1 1 2 -1
0 1 11 =101 1|=U
0 -1 3 0 0 4
1 0 O 1 2 -1
A=1|-1 1 0 01 1
1 -1 1 0 0 4

Exercise 60. What is the computational cost of the LU factorization?

When we speak about the computational cost we mean the number of arithmetic operations
as a function of the dimension n of the linear system. We will use the relation operator ~ which
means “equal neglecting lower order terms”. Some formulas which will be usefull are:

ZZ_ TL+1 %27

212 n—|—1(2n—|—1)~n3

6 T3

1=1

Regarding the algorithm we used for computing the LU factorization we note that at the generic
step k the action which requires more arithmetic operations is updating the coefficient matrix
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(compute the product My A®)). It needs 2(n — k)? among multiplications and additions. So the
cost of the complete algorithm is

n—1 n—1 9
2 n—~k)?=2 k%~ Zp3
2=

Exercise 61. How do we compute the QR factorization?

The process is the same but we change the elementary matrices that we use. In particular
we now want the elementary matrices to be unitary. This because again the class of unitary
matrices is closed under inversion and matrix multiplication. In order to get this property we
consider elementary matrices of that kind

t n 2
M=1I-puu’, weR", pf=—€cR,
uty
which are called Householder transformation. Since we are interested in getting a triangular
matrix we state this result about the Houseldoer transformations.

Proposition 62. Given v = (v1,...,v,)" € R" the unitary matrices M = I — Buut with
vr £ [Jvll2
2 2
u=vk|v|e; = . ) g=—,
: uu
Un,

are such that
Mv=a«a-ey, la] = ||v||2-

Therefore we can exploit this property for choosing the Householder transformations. For
example at the first step we can select the Houselder transformation M; which maps the first
column of A into a multiple of e;. So that

[a | = ... ]

0
M A=

: An—l

0
At the second step we select an Householder transformation which maps the first column of A,,
in a multiple of e; € R»~!. Then we complete the matrix in order to get a transformation which
leaves unchanged the first row and the first column (of zeros):

| 0 ... 0]

O *
E
 ——|

(0%

0
M, = 3 . My(MyA)= |0
M, :

S e

0
At step k we multiply on the left by

Ly 0
e[ 0]
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After n — 1 steps the matrix become upper triangular and we have the factor R. For getting the

@ factor we compute the product

M!- ML M

n—1-

Example 63. Compute the QR factorization of

12 -51 4
A=1|6 167 —-68
-4 24 —41
12 -2 9 %
a] = 6 s Ha1||2 = 14, Uy = al—Ha1||261 = 6 = M1 = I—t—uluﬁ = =
— — uyuy _2
7
14 21 -—-14
MyA= |0 —49 —14
0 168 —77
- ) 0 10 0
az = [glﬂ . lazll2 =175, ug = Egﬂ My = [0 = u§2u2u2u§ = 8 —2?75 %
25 25
14 21 14 0.8571 —0.3943 0.3314
R=MMA=|0 175 —70|, Q=MDM=]0428 09029 —0.0343
0 0 =35 —0.2857 0.1714 0.9429

Exercise 64. What is the computational cost of the QR factorization?

At the genrirc step k the most expensive action is again to compute the product M;, - A

~|w

o

~o

lc).

This time, since the matrix M} is not given for free as for the LU decomposition, we need at
most 4(n — k + 1)? among multiplications and additions. So the total cost is

n—1 n

4
4 —k+1)2=4 k%2~ -nd
R g

Exercise 65. How do we compute the Cholesky factorization?

We somply impose the equality A = LL! component-wise (we are considering the real case
so we use the transpose operator) obtaing the relations

_ N\ 2
{ajj = k1 ij

j=1...,n

aij:ZizlLiijk i=j+1,....n j<n

Solving these equations for L;; one get

o o _ NVl g2
Lj; = \/ @ij D k=1 ij

i=1...,n

Li]:%“(am*Zi;llleL]k) Z:]+1,,n j<n

Observe that L;; depends on the elements L, ;, with ' <7 and j' < j. Therefore we can compute

all the matrix L following this order:

|
N
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Example 66. Compute the Cholesky factorization of

4 12 —16
A= 12 37  —43
—16 —43 98

1 1

Lii =+\/a11 =2, Loy = T 021 = 6, Liz= T 081 = -8,
11 11
— Ls1L
L22:\/022—L§1:1a L32:w:5
22
L33 = aszz — L%l — L%Z = 3,

2 00 2 6 8
A=16 1 0]-]0 1 5
8 5 3 0 0 3
Exercise 67. What is the computationale cost of the Cholesky decomposition?

For the computation of L;; we need at most 25 among multiplicative and additive operations.
So to compute a row of L we need
i
2 Z j o~ 2.
j=1

Therefore the whole algorithm requires

arithmetic operations. We did not count the square roots which are n.

Convergence of Jacobi and Gauss Seidel methods

Recall that given the linear system Ax = b the methods of Jacobi and Gauss Seidel have iteration
matrices defined in this way

J=D"YM+N), G=(D-M)'N

where
ail 0 0 —aig ... —Qa1n
_a . .
D= ., M= 21 ., N=
: ’ ’ —On—1n
QAnn —Qp1 .. —Apn—1 0 0

Theorem 68. Let A € C"*"™ and suppose that one of the following conditions hold
(i) A is strict diagonally dominant
(i1) Al is strict diagonally dominant

(11i) A is irreducible and diagonally dominant
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(i) At is irreducible and diagonally dominant.
Then p(J), p(G) < 1 (Jacobi and Gauss Seidel methods applied to A converge).

Proof. Observe that the hypothesis, so one of the conditions (i) — (iv) implies two important
consequences:

- The matrix A is non singular, thanks to the Geshgorin theorems.

- The diagonal elements a;; are non zeros.

p(J) < 1| Suppose by conttradiction that I\ eigenvalue of J such that |A\| > 1. Then

0 = det(A[—J) = det(A\[-D~ ' (M+N)) = det(D"'(AD—M—N)) = det(D™') det(AD—M —N).

Since det(D~!) # 0 this would imply that the matrix AD — M — N is singular. But we if we

observe the latter
a1 a2 . ain

AD—M—N=|

Un—1n
an1 .. App—1 Aaii

we note that it coincides with A unless the main diagonal which is rescaled by A which is of
modulus greater than 1. So also this matrix verifies one of the hypothesis (i) — (iv) and therefore
must be non singular =<«.

p(G) < 1| Analogously, suppose by conttradiction that I\ eigenvalue of G such that || > 1.
Then
0 =det(A\ — G) = det(A\ — (D — M)"*N) = det((D — M)~ ") det(\(D — M) — N))
=det(D — M) 'A\"det(D — M — A7'N).

Since D — M is non singular and A # 0 this would imply that the matrix

-1 -1
a1 A ai12 . e A A1n

_ a
D—M-\'N=|"
: A7lan—1n
anl Gpn—1 ai1

is singular. The latter coincides with A unless for the strictly upper triangular part which is
divided by A which is a number of modulus greater than 1. Therefore even this matrix enjoys
one of the hypothesis (i) — (iv) and therefore must be non singular =<. O
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Lecture 5: Calculus

Local maxima and minima in several variables

Suppose D C R"™ be an open set and let f : D — R be a twice differentiable function on D.
Then we know that

e 7y € D is local minimum point = V f(zg) = [8} and H f(x) is positive semidefinite.
e 7y € D is local maximum point = V f(zg) = [8} and H f(xo) is negative semidefinite.
o Vf(xg) = [8} and H f(z) is positive definite = zo € D is local minimum point.

o Vf(xg) = [8} and H f(x) is negative definite = zy € D is local maximum point.

So in order to address the issue of finding local maxima and minima points f we follow these
steps:

1. We look for the stationary points i.e., the solutions of the system Vf = [8} .

2. For each point computed at step 1 we evaluate the Hessian of f. If the Hessian is positive
or negative definite we can say that the point is a minimum or maximum point respectively.
If it is undefined we conclude that it is a saddle point.

3. If the Hessian is semidefinite we need to study the situation locally for example using
sequences, changing variables or other techniques (no standard strategy, it depends on the
case).

Exercise 69. Find the stationary points of f(x,y) = 223 + 22 + y? — 2y3. Are there any local
maxima or minima points? Are they also global maxima or minima points?

We compute the gradient and the Hessian of f

622 + 22 122 + 2 0
Vf(337y) = [6y2 +2y:| ) Hf(x,y) = |: 0 12y+2:| .

We look at the solutions of

10 23z +1)=0
Vilao) = M < {2y(1 —3y)=0 < {

So the stationary points are

11

Plz(0’0)7 P2:(07 )7 P3:(_%a0)a P4:(_§7§)'

We can now evaluate the Hessian in these points getting

.0 = |0 o] wrego =0 o) mep =5 5] megn=3 YY)
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So we can conclude that P; is a local minimum point, P, and P; are saddle points and Py is a
local maximum point.

P, and P; can not be also global extremal points because if for example I consider points of
the kind (0,¢), I get that

— 42 _ o943 i =
f(0,t) =t —2t and tllgznoo £(0,t) = Foo.

Exercise 70. Find the stationary points of f(x,y) = (2% + y2)e_(””2+y2). Are there any local
maxima or minima points? Are they also global maxima or minima points?

We compute the gradient and the Hessian of f

| 2z(1 —2® - y2)e~ (@ +v%)
Vf(xay) - [Qy(l o 12 N y2)e*(m2+y2) 9
Hiwy) = | [@— 450 =2 —y?) —4a’] e~ () —dzy(2 — 2?7 — y?)em @+
W= —dzy(2 — 22 — y?)e~ @ V) (2 —4y?)(1 — 2% — y?) — 49?] e~ (@49

We look at the solutions of

20(1—22 —y*) =0
—0

2(1 — 22 — y?) & (z,9)=(0,0) or {2?+y’=1}

Vf(xo) = [8}

So the stationary points are the origin and the points on the unit circle. Evaluating the Hessian
in these points we get

1,2

—de 22 —de lay
—de oy —dely

w0 -3 . {0 [

$2+y2:1

For what concerns the origin we can conclude that it is a local minimum point. Instead the
Hessian on the unit circle is negative semidefinite because its trace is negative and its determinant
is 0 for every (x,y) in this set. So we can not say anything for the moment. In order to shed
some light on this issue we perform a change of variable defining ¢ := 22 + y2. We get

flz,y)=g(t)=t-e" for t>0.

Now we can easily see that to study the function f(x,y) near the unit circle is equivalent to
study ¢(t) near the point 1. Observing that

' —t )91 =0
==t ') =—@-e" = {g,,(l) I
we can conclude that 1 is a local maximum point for g(¢) and so all the points of the unit circle
are local maximum points for f(z,y).

We can again use the function g(t) to claim that these points are actually global maximum
and minimum points. Infact since ¢'(t) > 0 for ¢ € (0,1) and ¢'(t) < 0 for t € (1,+00) we can
say that 1 is global maximum point for g(t) on R* and so the unit circle is composed of global
maximum points for f(z,y). Finally observing that f(z,y) > 0 V(z,y) € R? and that £(0,0) =0
we can claim that the origin is a global minimum point.
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Contour lines

Suppose D C R? and let f : D — R be a differentiable function. We are interested in studying
the sets where f assumes constant values. These sets are called contour lines and are formally
defined as

ceR, [ e)={(x,y) eR?: [f(z,y) =c}.

The contour lines of a differentiable function enjoy some nice properties.

e f7!(c) can be locally parametrized as a curve i.e., V(xq, yo) € f~!(c) there exists a continuos
function v : [a,b] — R? such that

v(to) = (x0,y0) for some to € (a,b) and f(y(t)) =c Vté€ a,b].

e i, €R 1 £ o= fTHa)N [T e) = 0.

e In every point (z9,y0) € f~(c) the vector V f(zo,yo) is orthogonal to the contour line.
Infact if we consider a local parametrization v(¢) = (z(¢),y(t)) we have that

fanp) =c e fon 0= LRI B ) ywar Lo, o o)

Evaluating this formula in ¢, we have

0= %(wo,yo)x’(to) + %(woam)y'(to) = V(wo,90)" [Zj:gg;] '

!
Observing that B,goﬂ is the tangent vector of 7 in (zo,yo) we prove our claim.
0

e Asa consequence of the implicit function theorem, if the contour line f~*(c) self-intersecates
in a point (g, yo) then the latter must be a stationary point (V f(zo,yo) = (0,0)"). If the
contour line reaches the intersection with two linearly indipendent tangent vectors then
the statement is implied by the previous property.

In the exercises and examples that we will see, it is possible to explicit the contour lines as union
of graphics of functions of the form y = h(z) or = g(y). Unfortunately this kind of analysis is
not always applicable.

Example 71.

fow) =+t Vit =[], fl(e)-{mle of rudivs e 20

2y Y ife<0’

I can see f~1(c) as the union of the graphics of y = £+/c — 22 or as the union of the graphics of
T =4/c—1y2.
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Gradient of f(x,y) = 22 +y? computed at certain points and contour lines passing through them.

Exercise 72. Study the contour lines of f(x,y) = ng—zx

Observe that the domain of f is y # —2. Since I am interested in f~1(c) I try to solve (in z
or y) the equation f(z,y) = ¢, getting

Szy+y—4
I T,
Y+ 2

44-2¢
3z+1—c |

= Yy =

—

For every ¢ # —2 this is an hyperbola with vertical asymptote given by the line x = <=.
Moreover wheter ¢ < —2 or ¢ > 2 the branches of the hyperbola are oriented in these ways.

Observe that the property of disjointness between different contour lines is not violated.
Infact computing the generic intersection between two contour lines we get
4+ 261 - 4+ 262
3z+1—c¢; 3x+1—c

c1 # ca, Sce—ct(ag—cnx=0 <z=-1,
—

#0
4+201
y=——=
—3+1—c

So all the contour line for ¢ # —2 intersecate in the point (—1, —2) which is not in the domain
of f.
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Instead when ¢ = —2 we get

Szy+y—4
- =9 =3 3y(x+1) =0,
T2 y(z+1)
so the contour line in that case is equal to the union of the line y =0 and = = —1.

1000

900
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300
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100

. . . . . . . )
100 200 300 400 500 600 700 800 900 1000

Contour lines for ¢ € [—4,4] N Z and the line y = —2 where the function is not defined.

2

Exercise 73. Given f(x,y) = 2 — %4 + y?, draw the contour line f~'(3).

P = e o2’ 1-2=0 & (P —1-V2)—1+V2y) =0
(@2 12

z2—1
V2
Observe that the points (£1,0) where the contour line self intersecates are stationary point

of f. Moreover f_l(%) separates the plane in the five regions D;. In each D; the function f
1

remains under or above the value 5. This is due to the continuity of f. For example observing

that f(0,0) =0 < 3 we can claim that fip, < i

This means that f’l(%) is the union the two parabolas y = £
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Exercise 74 (Bernoulli lemniscate). Given f(z,y) = (2% +y?)? — 2(2® — y?), study the contour
line f=1(0) and draw qualitatively the contour lines f~1(c) for a generic ¢ € R.

(2 +9%)?* —2(2* —y*) =0 =3 yt+2(2? + )y + 2t - 222 =0
replacing ¢ = y? we get a quadratic equation in ¢
24202 + )t +a* — 222 =0, A =42? +1 = t=y*=—(2? + 1)+ V422 +1,

therefore

y::l:\/—(x2+1):|: 422 + 1.

Now observing that we choose the sign minus under the root sign we always get a negative
quantity and so an empty set (remember we are in the real field!). So we can conclude that
f71(0) is given by the graphics of the two functions

y=g+(z) = jt\/—(ar:2 +1) + V422 + 1.

In order to draw this set we study the two functions g and g_. Observe that we can restrict
ourself to study g4 because g = —g;. The domain of g, is determined by the = for which the
quantity under the root sign is non negative, so

Var2 +1> 22 +1 & zt—22<0 & —V2 <z < Vo

Moreover g4 > 0 in this domain and intersect the z-axis when the equality holds in the relation
above, so when x = 0, £/2.

38



For what concerns the derivative of g we have that

gy (x) = z ( i —1>,
V-G ) VTl WA

lim ¢, (z) =—-1  and lim ¢/ (z) =1,
z—0— rz—0t
2 V3
@)=0 & @ —— 1=0 & a=xY
9+(2) Vix? +1 2
3 3
g\ (x) <0 for —%SxSO and ggmgx/i,

V3
-

g (x) >0 for —\/igasg—§ and 0<z<

In particular :I:@ are maximum points. We can now draw g,

-1.5¢1

and g_ by reflection.

D3

D1 D2

Observing that the plane is partitioned in 3 region D, Dy and D3 and that

f(£1,0) = —1, f(0,2) =12,
(1,0) € Dy, (=1,0) € Do, (0,2) € D3,
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we can claim that the contour lines f~!(c) for ¢ negative are contained in D; and Dy while for
¢ positive are contained in Ds. Moreover we can say that this curves must be symmetric to the
y-axis because f(z,y) = f(—=z,y) and are bounded because the function is coercive i.e.,

lim flz,y) = 4o0.
(@) ll2—>+o0

With these informations and keeping in mind that when ¢ — 0 then f~*(c) tends to the Bernoulli
lemniscate, we can attempt to draw the generic contour lines qualitatively.
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Examples on the Armijo condition

Consider an unconstrained optimization problem of the form ming~ f(z), with f : R® — R
differentiable function. A descent iterative method for solving such problem works in the following
way.

1. Take the starting point £ € R"”

2. Compute a descent direction i.e., a vector d € R™ such that V f(z)'d < 0.
3. Compute a step lenght ¢ € R such that f(z +¢-d) < f(2).

4. Assign & < & +t-d and come back to step 2.

In order to choose the step lenght ¢ we use as a criterion the inequality
f@+t-d)<ci-t-Vf@)\'d+ f(2), ce (0,1),

which is called Armijo condition.

Example 75. Let f(x,y) = Igﬁ, z=(1,1),d=-Vf(a) = [_ﬂ and c; = 5. We want to

draw the Armijo condition.

f@+t-d)=(1-1)? = (1—-t)?<c - t-VF@) d+ f(@)=—t+1.



25

Admissible interval

1 . . .
-0.5 0 0.5 1 1.5 2

Example 76. Let f(z,y) = y> + % — 22, = (2,0),d= {_01} and ¢; = 1—16. We want to draw

the Armijo condition.

(2 (2

FE+t-d)= -

—(2-1)? =

—@ 0 Ser-t- V@ A+ (@)=~

Admissible interval Admissible interval
. .

-0.5 0 0.5 1 1.5 2 25 3 3.5 4 4.5
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1 Lecture 6: Linear algebra

Newton’s method
AY

For solving f(z) = 0 we look

NG for a fixed point of

g(z) =z — f/((?)

{xo starting guess

Tpt1 = Tp — ;,((9;';))

Definition 77. A fized-point method {xy} which converge to a certain limit o is said to converge

e sublinearly if
lim Teir1 7 @

k—+oo ITp —«
e linearly if
lim Skl Z @ v € (0,1),
k—+oc0 T —«
e superlinearly with order p if
x -«
lim —tL = — e (0, 4+00).

k—+oo (x) — )P

Remark 78. In particular when a fixed-point method {x} converge superlinearly with order p
to o we have that

. Te4+1 —
lim At =

. LTpy1 — Q@
0 Vgq<nbp, lim
k—+oo (z — )9 =P

— = Vs > p.
ks (o — ) +o00 s>p

Remark 79. If the iteration function g(x) is differentiable than as a consequence of de I’Hopital

theorem

lim Thir 7@ lim 79(3%) - g ().
k—=+oc0 Tp —« k=400 T —«

Definition 80. Let f : C"[a,b] be a nonlinear function and o € [a,b] be a point such that
f(a) =0. « is said to be a solution of multiplicity r € N if and only if the quantity

lim 1)

e (],‘ — og)’“
is finite and nonzero. This is equivalent (de I’Hopital theorem) to ask that

fl@)=f(a)=f"(a)==frDa)=0, f(a)#0.
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Theorem 81. Let o € [a,b] be a solution of f(x) =0 and suppose f'(x) # 0 on [a,b]\ {a}, then

(i) If a has multiplicity 1 and f € C*[a,b] then the Newton’s method converge superlinearly
with order at least 2. It is exactly 2 if f'(«) # 0.

(i) If @ has multiplicity 2 < r < 400 then the Newton’s method converge linearly.

Exercise 82. Compute the inverse of a number a # 0 without using divisions.

1

To compute the inverse of a is equivalent to look for the zeros of f(z) := 2! — a. Since

-1 _
f(@) —x—u:x—i—x—aQ:Qx—axQ

@ T e

we have that the newton method applied to this function does not involve any division. Moreover

= Tpy1 = 2T — axi,

Tpe1 —a b =2y — aa:i —a = —a(zy — cfl)2
therefore

-1
Tkl — @
lim =% _—_4 = Newton converge superlinearly with order 2.
k—too (T —a~1)2
Exercise 83. Compute the n-th root of t € RT using the Newton’s method and analyze the speed
of convergence

oa) =o = e =Ll - Det o) = s = Sl - Dot Sl
Moreover
. " —t . n—1 n—1 . .
lim . = = lim nzx =nt » #0 = superlinear convergence with order 2.
r—)%l‘—%H?p?;al z— V't

Exercise 84. Determine the iteration scheme of the Newton’s method for f(x) = x —sin(x) and
analyze its speed of convergence.

z—sin(xy)

f'(z) =1—cos(z) = xpt1 =z — The method converge to ov = 0 and since

1—cos(ak) *
. x—sin(z) . 1-—cos(x) .. sin(z) 1
M T s M e 67!

this is a solution of multiplicity 3. Therefore the Newton’s method converge linearly.

Exercise 85. Determine the iteration scheme of the Newton’s method for f(x) = 2®+4x cos(x) —
2 and analyze its speed of convergence.

3 3 2
’ o 2 . . o - ), +4x ), cos(xy)—2 - 2z, +4x; sin(xy )+2
f (:L’) = 3z°+4 COS(:L’) 4z SIH(IE) = Tg+1 = Tk 3w +4cos(zp)—4zy sin(zy) ~ 3xi+4cos(zy)—4ay sin(zg)
Moreover observe that if f(a) =0 then a = 43375%)’ SO

3 B 3 B
lim f(x) ~ lim © + 4x cos(x) — 2 — i & + 42 cos(x) — 2

r—a r — o r—o T — 4?:;750(‘;) z—a 41 cos(a) — 2+ a3

4 cos(a) = 4cos(a) #0

which means that « is a solution of multiplicity 1. The Newton’s method converge superlinearly
in particular f”(x) = 6x — 8sin(z) — 4z cos(z) and you can prove numerically that f”(«) # 0
obtaining that the order of superlinear convergence is 2.
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f(x) = 23 + 4z cos(z) — 2

Exercise 86 (Brent function). Determine the iteration scheme of the Newton’s method for

0 z=0
@)= {xezlz x#0

and analyze its speed of convergence to the solution o = 0.

fl(xz) = (1+ ;22)6_1% = Tpp1 = Tp — —kC T = 122‘?62 Observing the higher order
(1+%)e "k *

derivatives of f we note that they are of the form ¢”3 times a rational function, in particular
this means that their limit as x goes to 0 is 0. So « is a solution of multiplicity co and we can not

apply the theorem for the speed of convergence. We need to study the derivative of g(z) = zfj_Q:

J(z) = (4 — 20° JO) =1, 0<g(@ <1 Y£ze (V22

z? +2)2

This means that the method converge sublinearly for all starting point in (—v/2,v/2).

Secants method

The Newton’s method iteration scheme is based on the intersection between the tangent line to
the graph of the function and the x-axis. It is possible to build a fixed-point method replacing
the tangent lines with secants. This could be profitable for example if do not want to compute
derivatives.
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Brent function: oo multiplicity means a very flat behaviour in the neighbourhood of 0

e Start with two points g, x; such that f(zo)f(z1) < 0.

e Build the secant line s passing through f(z¢) and f(z1)
e Consider 3 = sN{z =0}
o If f(xo)f(x2) <O then z1 = xo.

e Restart with z; and 5.

This method is called secant method with false position
AY

fa)

xo, 21 starting points (f(zo)f(x1) < 0)
_ f(@r)(@k—1—2k)
Tetl = Tk = TFlan)— flwr_1)

if f(xrs1)f(xe—1) <0 then xp =z

new

f(xn(aew XX
(b)|
f(x)

Theorem 87. Let f be continuos in [a,b], f(a)f(b) < 0 and a be the unique solution of f(x) =0
in [a,b]. Then the secant method with false position with starting points a and b converges to a.
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Newton-Raphson method

The Newton’s method can be generalized in the several variables framework. Let f : R™ — R”
and suppose that I want to solve f(x) = 0. I can consider the iteration scheme: z11 = g(zx) =
x — Jf(xr) 7L f(zx) where

fi(@) Vhe)] [P R
fle)y=1 fi:R" =R, Jf(z) = : = : :
t Ofn(x Ofn(x

In this setting it is possible to state a result of monotone convergence. The following theorem
generalize the relation between the sign of ¢'(z) and the monotone convergence in the one variable
case.

Theorem 88. Suppose D = [a1,b1] X [ag,be] C R?, f € CY(D) convex (each component fi and
fo is convex) and o € D such that f(a) = 0. If Jf(x) is invertible and J f(x)~1 > 0 (component-
wise) Yo € D then for every starting point in D Newton Raphson converge monotonically in each
component.

Example 89.

fi(x1, ) = 22 — sin(xg) — 25

f2(1'1, ‘TQ) = - COS(,Il) —+ 2o ’ D= [46’ 52} X [0708]

f($17962) :{

0.6 i

0.2F i

—0.4f |

—06L"F2-0 1

-0.81 b

We want to check if the hypothesis of the previous theorem are satisfied, so we compute

21y — cos(z2)
sin(z1) 1

Jf(z) = = det(Jf(z)) = ia;l/ +sin(zq) cos(xze) >0 Va € D,

>9 on D
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1 1 1 cos(z2)
I = ) [_ dner) ] >0 VreD,
Hf(z) = [(2) sin(()xg)} , Hfy(z) = [coséxl) 8} are positive semidefinite.

Preconditioned conjugate gradient

Suppose A € R™*" positive definite. We want to solve the linear system Az = b by means of the
conjugate gradient method. We obtain a sequence {x} which converge to the solution z*. An
estimate for the error at step k e := 2 — 2T is given in the following result.

2%k
ers V(A -1 _ t — Amaz
Proposition 90. |eglla < (u(A)H where [lex||la = VatAz and p(A) = 52e= is the

condition number in the 2-norm.

So when the matrix A is ill conditioned (p(A) very large) the convergence can be very slow.
This does not happen if the eigenvalues are clusterized close to 1. So in order to recover this
pattern in the ill conditioned case one can observe that

Ar=b & B 'Az=B"'" & B 'AB'Bx=B"'Y% & (B 'AB ')y=c
~~ =~

y (&

If B is invertible and symmetric then B~'AB~! is still positive definite (z!B~'AB 1z = 2! Az >
0) but its eigenvalues are different from the eigenvalues of A. So if there is a choice for the
invertible symmetric matrix B such that u(B~*AB~!) << u(A) I can think about applying the
conjugate gradient method to the modified linear system getting a fast convergence. Once I get
the solution y of the latter I can recover the solution of the original system using the relation
x = B~ ly. I said “think” because in order to have a gain using this procedure we need the
matrix B to have some additional structure that enable us to multiply by B and to compute
B~ efficiently (less than a cubic cost).

Example 91 (Strang preconditioner). If A is Téeplitz (constant along its diagonal)

ag a_1 ... Q_p41
A=| "
a_q
Ap—1 [SPN [25] ap
and positive definite (so in particular ap = a_y) then a possible choice for B is the Strang

preconditioner which is again a symmetric Téeplitz matriz defined by

bo bfl AR bfnJrl
; ap 0<k< |3
B=| " s obe=Sarn [Z]<k<n
: . b_y bntr 0< —k<n symmetric completion
bn—l . b1 bo

The Strang preconditioner turns out to be a Circulant matriz and so the arithmetic operations
on it can be computed efficiently.
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In the case

2 -1
-1 2
A = _1
we have
2 -1
-1 2
B = _1
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Lecture 7: Calculus

Examples on the Wolfe condition

In this subsection we use the notation of “Examples on the Armijo conditions” (Lesson 5). In
order to choose a step length ¢ we usually need some criterion that ensures us a significant
decrease in the evaluation of the objective function and which is not expensive to verify. We saw
the Armijo condition

FE+t-d) <e -t-V@d+ @), ce(01)

Observe that this inequality is always verified in an interval of the form [0, €] because, by con-
struction, the right-hand side decrease in a right neighbour of 0 with a derivative greater (less
negative) than the objective function. This could be a problem because it is possible to choose
a short step length which does not give us a reasonable progress. For that reason we introduce
another requirement called Wolfe condition (or curvature condition):

Vf(i? + td) > CQVf(.’f)td c1 < Ccp < 1,

w(t) »'(0)

with ¢; the constant in the Armijo condition.

In that way, requiring Armijo and Wolfe conditions the new point has this property:

the function ¢, in a right neighbourhood of ¢ does not decrease as much as in a rightneigh-
bourhood of 0.

Observe that this does not mean that we are close to a minimizer, infact a case in which the
Wolfe condition is verified is when ¢'(t) > 0.

Example 92. f(z,y) = 2>+ (z —y)*, &= (1,1)

@) =1, Viy) = [Qx_z(i(f;)??’] , Vi@E) = B] L d= [‘01} Q0) = V(@)d = 2.

Armijo condition:
(1—1t)2+t* < —2¢t + 1.

Wolfe condition:
483 4+t — 2> —2cy.

In order to avoid too positive values for ¢'(t) one can consider the strong Wolfe condition:

IVf(Z + td)td] < c2 |V f(Z)'d].
—_—— ———

le’ ()] le’ ()]
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Intervals where Armijo and Wolfe conditions hold with ¢; = % and ¢; = %
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Linear least squares problem

AeRemxn,beR™ m>n (overdetermined system).

Solve the tri-
angular system

Rjxz = c1
_ |’
n= %]
* *
A=
tp — 01:|
QR fac- @ [02
torization:
|QRz — b2 =
|Rz — Q*b|2
(P) min||Az — b||2
z€R™
Normal
equations:
AtAz = A%
Is A full e
rank? pivoting
If yes,
Cholesky

method

Exercise 93. Suppose we have the following data coming from an experiment:
(4, f(z)) (1,1.1), (2,2.5), (3,2.8)

and suppose we want to fit them with a straight line (approzimate f with a linear function). Find
the best line which describes the dynamics of f in the 2-norm.

Suppose to have a proposoal ax + b for approximating f. The residual in the 2-norm of the
proposal is the sum of the squares of the residuals in the given points:

3

> (ax; +b— f(z:))>.

i=1

The best approximation is the straight line which minimize the latter quantity. Observe that

3 , ax1+b—f(x1) 2 a f(wl) ’
min (ax; +b— f(x;))” = min || fazs +b— f(z2) = min A{} f(xs) ’
a.beR & a,beR axj, L f(arz) , a,beR b f(xi) ,
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with

1 1
A= |zg 1 €R3X2.
T3 1

Since applying the square root does not change the minimum point of the previous problem this
is actually a linear least squares problem. Since A is full rank we choose the Cholesky method
applied to the normal equations, so we compute

f(z1) 3
. [14 6 ; 145 o[ VI4 0 | |[VI4 3V14
AA[6 3}, A" |1 [6.4}7 AAcmky[?m @] [ O 7@1,

V4 0 | [VI4 2V14| [a]  [145 . a] _ [0.85
314 M2L| | o 2L | |b| |67 - bl ~ |0.43]"
7 7 7 solve 2 triang. system

We can generalize the latter approach to the case in which we have m evaluations of a function

The computed line 0.85x + 0.43 and the data

f:R™ — R. The fitting data are of the form

X1 = (x(11)7"'7xgll))t ER”) f(xl)a

X = (2™, 2 ERY, f(xm).

We look for the hyperplane (linear function form R”™ to R) a'z + b, where a = (a1, ...,a,)" € R"
and b € R, which minimize the quantity

xgl) Looa all f(x1)
. : . an - .
x(lm) e x%m) 1 b f(xm)

2
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Regression line with more fitting points

Another generalization we can make is in the functions we use for fitting. Infact, in order to
obtain again a linear least squares problem, is sufficient that the dependence on the parameters
we optimize is linear. That is given a finite set of not necessarily linear functions

V:{Qpla"'v(ps}v @an—)Ra

I can look for the best linear combination

S
S o
i=1
which approximate f in the 2-norm. This means to solve the linear least squares problem
pi(x1) ... ps(xa)| [ f(x1)
min : : = :
oeRS : : : :
©1(Xm) - ps(Xm)] | fxm) ] ],
Exercise 94. Solve mingcgs|| Az — b2, where

14 32 -38

1 |-44 58 8

T 45 |18 96 51 |
63 —36 54

A

T

This time we compute the QR factorization of the system getting

14 32 —-38 @45 —257 244 —64 =27
1|44 58 8 5 1 0 —306 -2 | 42
5l - Ny X 243V/257 | 9257

45 18 %6 o1 45 after 3 steps of Householder method Iv257 0 0 17 T
63 —36 54 45 0 0 0 | 9vasT
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In particular

—257 244 —64 1 46
R,=| 0 —306 224 e = 43
0 0 243\2/275 9vV257 | 9v3ET
17 7
27
Solving Riz = c; we get z* = 2= | —22L | and mingeps||Az — blj2 = c2 = 1.
2

Exercise 95. Find the solution with minimum norm of mingcgs|| Az — b||2 with

6 12 -T2 1

1 |-16 -7 -8 1
A‘E 58 16 104’ b=,
87 24 156 1

The matrix A has rank 2 so we can not apply the Cholesky method. So we proceed considering
the normal equations and we apply the LU factorization applying pivoting if necessary.

449 128 772 3 1 0 O —449 128 772
128 2025 16200
772 184 1616 4 s 8 1 0 0 0

We solve Ly = A'b which is alway solvable (L has ones on its diagonal) and then Uz = y getting
infinite solutions of the kind

-1 -4t
13
xTr = 5 + 8t s t e R.
t
Now we study the function
o B | 13
13+8t :(3—4t)2+(€+8t)2+t2.
The latter is a convex function and ¢'(t) =0 <& h= % therefore
1 13
r=—171, min || Az — blj = V2.
15 _4 z€ER3

It is important to point out that, due to the fact we are working in finite precision, even if A is
full rank it could happen that the computed A*A is not full rank.

Example 96.
3 3 1
A= |4 4 , b= |1
0 1071 1
p 25 25 t 7
AA= [25 25 + 1020} ’ A= [7 + 1010}

Since the elements under the machine precision ~ 10716 are interpreted as 0 the computed At A
25 25
25 25
apply the QR factorization approach.

and the system of normal equations has no solution. In this case is convenient to
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Lesson 8: Linear algebra

Singular values decomposition

Definition 97. Let A € C™*" qa triple (U, X,V ) of matrices such that

A= U'Ev'h7 Ue (mem’ Ve (Cnxn7 Y e (men’ UhU _ Im7 VhV _ In7

Y =(0i), o0ij=0ifi#] and 012022 2 Omin(m,n) = 0,

is said a singular values decomposition of A. The columns of U and V are called left and right
singular vectors while the elements o; are called singular values.

Remark 98. The SV D of matriz alway exists. Moreover, indicating with u; and v; the columns
of U and V respectively, we have that

min(m,n)
A=USVh = > o up)
i=1 ~~~
matriz of rank 1
Therefore the number of nonzero o;s is an upper bound for the rank of A. What it turns out is

that, due to the orthogonality of the columns of U and V', the latter quantity is exactly the rank
of A.

Remark 99.
A=UxV" = ArA=vxhutUuxv'=v3x2vh.

Observe that VX2V is the eigendecomposition of A" A with decreasing order of the eigenvalues.
So we can conclude that the singular values correspond to the square Toots of the eigenvalues of
AP A and the matriz V is composed of its eigenvectors. Analogously

AAM =USPU",

so U is composed of the eigenvectors of AA™. This give us a method (not efficient) for computing
the SV D of A.

Example 100.

A:[_21 ﬂ N AtA:B g} AAt—B g}
Since
5 3] |5 | [8 5 8 0] [t 0][8 o]t 0
R el 1 i O A B R T
we have

1 1
A [V O[[Vv8 o]l |
0 1|0 v2||-% 2
Remark 101. Since the 2-norm is invariant under multiplication of unitary matrices it is easy
to see that
[Allz = [USV" 2 = [|Z]]2 = o1
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SVD and linear least squares problems

The singular values decomposition allow us give an explicit expression for the solution of linear
least squares problem. Suppose m > n and that there are 0 < k < n non zero singular values (A
is of rank k). Then observe that

2 _ 7k h hpz hpi2 _ o hpp2 hp2
[Az = b||3 = [U"AXVV 2z — U"b|l; = 1By — U"b|3 _Z|Uzyz u;'b|” + Z |ug'b|
Vhg=y i=1 i=n+1
k m
:Z|O'iyi_u?b|2+ Z jui'bf*.
i=1 i=k+1

So the minimum of this quantity is reached for

I L
Yi =47
0 i=k+1,....m

h
Since 2 = Vy we get z* = 25, uo#_bv,; and min|| Az — bl| = /37 [ulb].

Definition 102 (Moore-Penrose pseudo inverse). Given A € C™*™ with (U, Sigma, V') as SV D,
the Moore-Penrose pseudo inverse is defined as

0 iFJ
At =vxtuh, where aj; = U;il oii # 0
0 otherwise

Remark 103. If m =n and A is invertible then AT = A~1L.

Using the Moore-Penrose pseudo inverse it is possible to write elegantly the solution of
mingecgn || Az — b||2 as
¥ = ATz

An application of the SVD: Eigenfaces

Suppose we want to build an automatic procedure for recognizing the face in picture. For example
to check if the face in the photo is already contained in a database. The algorithm we are going
to see is due to Turk and Pentland [6] and its merit is to be simple and sufficiently effective.
Nowdays the proposed techniques has been refined with more advances mathematical tools.

e Idea: Use encoding and decoding techniques (truncated SV D) in order to reveal the
information contents of pictures and faces. In particular this process should highlight the
local and global features of a face. The latters can be realted or not with the physiognomic
issues like nose, eyes, lips exc.

e Purpose: Encode/represent efficiently the pictures of faces in a database. Recognize faces
defining a distance between pictures.

A picture is represent as an m X n-matrix of pixels. We vectorize this representation in a vector
of dimension m - n arranging the columns one under the other. Suppose to have a dataset with
M images I, ..., Iy € R™".
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An example of dataset

Instead of starting directly with the images, we consider the difference between each I; and
the average face:

1 mnX M
tI)i:IZ-—MZIi, A=[D]...|Py] € RMM,

50

50 100 150 200 250 300

The average face

This is not compulsory (everything could work without subtracting the average face) but
is done in the paper [6] in order to interpret the matrix AA! as a covariance matrix. Now we
look for an orthonormal basis {u;} of the space spanned by the vectors ®;s (the faces in the
database). Moreover we impose the basis to be the most informative if truncated at a certain
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step k. Mathematically this is express by the condition:

M M

Uj := arg max E (u'®;)? = arg max u’ g (@itbﬁ) u
ueVy 4 7 ueVy i—1

1= 1=

=
AA
Vi={ueR™: wu=0Vj=1,...,k—1}

Note that ufgfI)i is the k-th coefficient of ®; with respect to the basis {u;}. What it turns
out (Courant-Fisher minimax theorem) is that the optimal value of the previous optimization
problem is A, the k-th eigenvalue of AA? and the maximum point is its associated eigenvector.
In particular this correspond to the k-th left singular vector of A.

Since the dataset can be very big I can compute a basis of a subspace with dimension & of the
space spanned by the vectors ®;s by computing a truncated SV D of A. I called this generators
u1,...,uj eigenfaces.

The k := 10 eigenfaces

Representation. The picture ®; is then represented in the subspace generated by the
eigenfaces with the linear combination

k

D, ~ ij(z)uj where w](.l) = u}®;, Q; = (wgl), ... ,wg)).
i=1

Given an unknown picture I we compute & = [ — % Zf\il I; and

)

Q

k
— ot — _
E wWjt; where w; = u; ®, Q= (w1,...,wg).
i=1

Recognition. In order to see if the unknown picture matches with some faces in the dataset we
compare the vector 2 with the ;s by computing

e= min [|Q— Q3.
i=1,...k
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If € is under a certain treshold and i* is the index where the minimum is attained, then I is
recognized as I;. If not the image is classified as unknow.

50 50

100}

100

150 150

200 200

100 200 300 100 200 300

An unknown image and its reconstruction on the space generated by the 10 eigenfaces
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