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These lecture notes deal with algorithms for computing the minima (or maxima)
of a (generally nonlinear) function f : R™ — R over some set D C R", that is finding
Z € R™ such that

(a) T € D (feasibility)
(b) f(z) < f(z) for any x € D (optimality)
This problem can be briefly stated in the following way:
min{f(z) : z € D}

while
argmin{f(z) : z € D}

denotes the set of the optimal solutions, i.e.,
argmin{f(z) : x € D} ={zx € R" : (a) and (b) hold}.

Chapter 1 provides the basic background material on the topology of the Euclidean
space R™ and multivariate calculus that is needed.






Chapter 1

Topology and calculus background

We consider R™ endowed with the scalar (or inner) product

n
aly = Z TiYi
i=1

which induces the Euclidean norm

], = VaTz =

The following properties hold for any z,y € R™ and any o € R:

2], >0

oz, = |al|lz]l,

lz|l, =0 <= =0
Iz +yll, < llzll, + llyll,

(Il =yl < llzll> + [lyll)

lzTy| < ||lz|,llyll,- (Schwarz inequality).

In turn, the Euclidean norm induces the well-known Euclidean distance between the
points x € R™ and y € R™:
d(z,y) = [lz =yl

and the following properties can be deduced from the above ones:
d(z,y) >0
dlz,y) =0 <= z=y
d(z,y) <d(z,z)+d(z,z).
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1.1 Sequences

A family of points {2*}rey € R (ice., {2!,22,..., 2% ... }) is called a sequence. For
instance, the family of points ¥ = (1/k,1/k?) is a sequence in R2.

Definition 1.1. Z € R” is the limit of a sequence {x*} ey if for each € > 0 there
exists k € N such that d(z*,z) < ¢ for all k > k, or equivalently

Ve>0 3keN st |2F—z||,<e VEk>E

If it exists, the limit of a sequence is unique. Standard notations to denote a limit are

the following: klim 2* =z, 2% — Z (k — 400 below the arrow is often omitted).
—+00

Example 1.1. The limit of the sequence (1/k,1/k?) is & = (0, 0), while the sequence

z¥ = (1/k, (—1)*) does not have a limit. Take the sequence obtained just considering

odd indices: z',23,2% ... This sequence converges to (0, —1). Analogously, the

sequence obtained considering just even indices converges to (0, 1).
Definition 1.2. {z%};cn C {2¥}1en is a subsequence if kj — 400 as j — +o0.
Definition 1.3. 7 € R™ is a cluster point of {x¥} ey if there exists a subsequence

{xFi }jen such that z is its limit, i.e., lim 2% =z, or equivalently
J—+o0

Ve>0 VkeN 3k>k st [ofF —z|, <e.

If a sequence has a limit, then it is the unique cluster point of the sequence.

Example 1.2. The last sequence of Example 1.1 has 2 cluster points: (0,1) and
(0, —1), while the sequence y* = (k,1/k) does not have any cluster point.

Theorem 1.1. (Bolzano-Weierstrass) If the norm of all the points of a se-
quence {:L'k}keN do not exceed a threshold value, i.e., there exists M > 0 such that
|z¥l, < M holds for all k € N, then the sequence has at least one cluster point.
1.2 Topological properties in the Euclidean space
The open ball of centre x € R™ and radius € > 0 is the set
B(z,e) ={y eR" : |y —all, <e}.

Definition 1.4.

(i) D C R™ is called open if

VeeD Je>0 st B(z,e)CD.

(17) x € D is called an interior point of D if

de>0 st. B(x,e) CD.
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The set of the interior points of D is called the interior of D and it is generally
denoted by int D. Notice that a set D is open if and only if D = int D.

Example 1.3. B(z,¢), R", () are open sets in R™ while the interval | — 1,1[ is an
open set in R.

Proposition 1.1.
(i) The union of a family of open sets is an open set.
(13) The intersection of a finite family of open sets is an open set.
The finiteness of the family is crucial for the intersection property:
400
() B(0,1/k) = {0}.
k=1
Definition 1.5.
(1) D CR™is called closed if R"\ D ={x € R” : x ¢ D} is open.
(17) x € R™ is called an closure point of D if
Ve>0 : B(z,e)ND #0.
The set of the closure points of D is called the closure of D and it is generally
denoted by cl D or D.
Proposition 1.2.
(i) D is closed if and only if D = cl D.

(1) D is closed if and only if the limit of any convergent sequence contained in D
belongs to D as well, i.e.,

V{t*}enCD st JzeR" st 2¥—z : zeD.

Example 1.4. R", 0, {y € R" : |y —z|, < e} = B(z,¢) are closed sets in R"
while the interval [—1,1] is a closed set in R. There exist sets which are neither
closed nor open, for instance the interval [-1,1[ in R and

D =[-1,0] x [-1,1]U B(0,1) C R%.

In fact, (—1 —¢,0) ¢ D but (-1 —¢,0) € B((—1,0),¢) for any € > 0 so that D is
not open, and z¥ = (1 — 1/k,0) € D for any k € N while z¥ — (1,0) ¢ D so that D
is not closed.

Proposition 1.3.

(1) The union of a finite family of closed sets is an closed set.
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(13) The intersection of a family of closed sets is a closed set.

The finiteness of the family is crucial for the union property:

+o0

U B(0,1-1/k) = B(0,1).

k=2
Definition 1.6. x € R" is called a boundary point of D if both
B(z,e)ND#0 and B(z,e) ¢ D
hold for any € > 0.

The set of the boundary points of D is called the boundary (or frontier) of D and

it is generally denoted by dD. Notice that 9D = D N (R™\ D).
Proposition 1.4. D C R" is both closed and open if and only if D = R™ or D = ().
Definition 1.7.

(i) D C R™ is called bounded if

IM>0 st. YeeD : |z|, <M.

(7i) D C R™ is called compact if it is bounded and closed.

The set D in Example 1.4 is bounded but it is not compact (since it is not closed).

The Bolzano-Weierstrass’ theorem can be enhanced in the following way.

Theorem 1.2. (Bolzano-Weierstrass) A set is compact if and only if any se-
quence contained in the set has at least one cluster point and all its cluster points
belong to the set.

1.3 Functions of several variables

1.3.1 Continuity

Definition 1.8. f : R™ — R is called continuous at * € R if f(z) is the limit of
f(x) asx — 7, ie.,

Ve>0 36>0 st |z—z|,<d = |f(z)— f(@)| <e.

f is continuous on a set D C R™ if it is continuous at every z € D.

Proposition 1.5. f is continuous at & € R"™ if and only if any sequence {x*}1ren
such that 2% — T satisfies f(z*) — f(Z).

Example 1.5. f(x) = ||z||, is a continuous function on R", f(z1, 1) = sin(rzix2)
is a continuous function on R2.
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Theorem 1.3. (Weierstrass) Let D C R" be compact and f : R™ — R continuous
on D. Then, there exist at least one minimum point T € D and one maximum point
z €D for f over D, i.e.,

f(Z) =min{f(z) : x € D} and f(Z)=max{f(x) : x € D}.

Proof. Let ¢ = inf{f(z) : x € D} € [-00+ oo] and consider any minimizing
sequence, that is any {xk}keN such that f (:z:k) — £. Since D is compact, there exist
a subsequence {z*} ey and # € D such that 2% —  (as j — +00) by Theorem 1.2.
Since f is continuous, f(z*/) — f(#) and therefore f(z) = ¢ by the uniqueness of
the limit. As a consequence, { # —oo and f(Z) = min{f(z) : =z € D}. The
existence of & can be proved analogously. O

Example 1.6. Take n = 1, f(x) = e ® and D = Ry: f is continuous on D,
inf{f(x) : x € D} =0 but there exists no x € D such that f(z) = 0. Indeed, D is
not compact as it is not bounded.

1.3.2 Partial derivatives and differentiability

A point d € R™ such that ||d||, =1 is also called a direction, and the set
{(Z+1td : teR}

describes the line of direction d passing through £ € R”. If only ¢t € R, are
considered, the set describes the corresponding half-line.

Just like the case n = 1, the key tool for developing calculus for a function
f:R™ — R is the incremental ratio

icr(.a,a)t) = [f(z +td) = f(z)]/t.

Definition 1.9. f has a derivative at Z in the direction d if the derivative of the
function of one variable icr(;z 4 at t = 0 exists, that is %ir% [f(z +td) — f(2)]/t
—

exists. In that case i -
z — f(z
OF () L1 = F(@)
ad t—0 t
is called the (directional) derivative of f at T in the direction d. For n = 1 there
exists a unique (up to the sign) direction and the directional derivative coincides
with the (usual) derivative and it is also denoted by f/(Z).

If d is one of the vectors of the canonical basis {e1,...,e,} of R™, namely d = ¢;,
then the corresponding directional derivative is called partial derivative and denoted
by 0f(x)/0x; rather than 0f(x)/de;. Indeed, the derivative can be computed con-
sidering f as a function of x; while the other variables are kept fixed like parameters:

Bf (i’) — lim f(.fl, e Tim1, T+ Ty, - ,i’n) — f(.f)
83@ t—0 t




10 TOPOLOGY AND CALCULUS BACKGROUND (11/11/2015)

Definition 1.10. If f has all the partial derivatives at £ € R", the vector

@, L@ @)

V@) = (83:1 0x9 " Oz,

is called the gradient of f at .

Example 1.7. Take n = 2 and f(z1,x2) = sin(mzi22):

of af

0xy axQ( ) T COS(7T$1$2).

——(x) = mxg cos(mx122),
Other directional derivatives can be defined just considering the limit of the
incremental ratio as t — 0T, that is ¢ — 0 for only positive ¢ (¢ > 0).
Definition 1.11. The limit
i td) — (3

t—0+ t

is called the one-sided directional derivative of f at T in the direction d.
Clearly, f'(Z;d) = 0f(Z)/0d if the latter exists but this is not always the case.

Example 1.8. Consider f(z) = ||z|, and take = 0:

[f (@ +td) = f(2)]/t = |[td],/t = |t]l|dll, /t = sgn(?)]|d]]

where sgn(t) denotes the sign of ¢ (sgn(t) = 1 if ¢ > 0 and sgn(t) = —1 if ¢t < 0).
Therefore, f'(Z;d) = ||v]|, = 1 while df(Z)/dd does not exist.

Unlike the case n = 1, the existence of the directional/partial derivatives does
not guarantee the continuity of the function.

Example 1.9. Take n = 2 and

23w/ (2] +23)]7  if (21, 22) # (0,0)
f(xl, x2) =
0 if (551,562) == (0,0)

Consider the parabola zo = aw% for x1 # 0:
fay, ax) = [axl/(z] + o’z)] = o® /(1 4+ *)*.

Therefore, f is not continuous at = (0,0): take the sequence z¥ = (1/k, 1/k?) to
get ¥ — Z while f(2¥) = 1/4. On the other hand, f has the directional derivative
at Z in each direction d:

of

%(i‘) = lim [B3d2dy /t2(t2d} + d3))?/t = lim tdida/((t2d + d2)? = 0.



PARTIAL DERIVATIVES AND DIFFERENTIABILITY (11/11/2015) 11

Definition 1.12. f is called differentiable at & € R™ if there exists a linear function
L :R™ — R such that

VoeR" : f(z+v)=f(z)+ L(v) +r(v)

for some residual function r such that r(v)/||v||, — 0 as |[v||, — 0. If f is differen-
tiable at Z, L is called the differential of f at T. Notice that both L and r depend
not only on f but also on the considered point Z.

f is differentiable on a set D C R™ if it is differentiable at every z € D.

Recall that L : R™ — R is linear if
Vo,ycR"Va,B€R : Llax + fy) = aL(x) + BL(y).
L is linear if and only if there exists £ € R™ such that L(x) = (Tz for all x € R".
Proposition 1.6. Suppose f is differentiable at T € R™. Then,

(i) f is continuous at T;

(ii) f has directional derivatives at T in each direction d and ad( z) = L(d);

(i) L(d) =V f(z)'d
Proof. (i) It is enough to apply Definition 1.12 just taking h =z — Z as * — 7.
(74) Take any direction d € R™. Then, Definition 1.12 implies

O () = im (7(2 +td) — [(@)/1
= lim (L(td) + r(td))/t
= lgn (tL(d) + r(td))/t
L(d) + 1ltg% r(td)/t
) = L(d) + lim sgn(t) (r(td))/|[td],) = L(d).
(iii) Since d =Y _ dje;, (ii) implies

=1

of

) = U0 = 2 ) = 3 e =3 dpl (0= Ffaa.

Proposition 1.6 (iii) allows to restate the definition of differentiability through (the
first order) Taylor’s formula:

Taylor’s formula f(z +v) = f(z) + Vf(@)Tv+7r@) (r(v)/||v], = 0)

Considering any v = x — & = 0, Taylor’s formula states that f(z) can be approx-
imated by an affine function, namely f(z) ~ f(z) + Vf(Z)? (z — ), and the closer
x is to T the better the approximation is. Indeed, the set

{(z, f(@)+ Vf(@) (z—17) : z€R"}
is the tangent hyperplane to the graph {(z, f(x)) : = € R"} of f at (z, f(Z)).
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Theorem 1.4. Let T € R™ and suppose f has all the partial derivatives at each
x € B(Z,e) for some e > 0. Then, if the functions x — Jf(x)/0x; are continuous
at T for alli=1,...,n, then [ is differentiable at T.

Example 1.10. Take n = 2 and

Baa/(@} +a3) if (@1,2) # (0,0)
f(z1,22) =
0 if (1‘1,1‘2) = (0,0)

and consider z = (0,0): f is continuous but not differentiable at z. In fact, the
derivative of f at z in the direction d is

of v _ .

O () = Yy [P (& + )] 1 =

since 1 = ||d||> = d 4+ d3. As a consequence, 0f(z)/0z1 = Of(Z)/0x, = 0 while

Of(%)/0d # 0 for all d # eq, ez so that Of(z)/dd # V f(z)Td (see Proposition 1.6).
Notice that of

dxy

is not continuous at z (in accordance with Theorem 1.4): z* = (1/k,1/k) — Z while

Of(z*)/0x1 = 1/2 and 0f(z)/0z1 = 0.

(2) = 22123/ (2% +23)° (¢ #7)

Definition 1.13. f is called continuously differentiable at T € R™ if there exists
e > 0 such that f is differentiable at each x € B(Z,¢) and the partial derivatives are
continuous at . f is continuously differentiable on a set D C R"™ if it is continuously
differentiable at every z € D.

Theorem 1.5. (mean value) Suppose f is continuously differentiable (on R™).
Given any T,v € R"™, there exists t €]0, 1] such that

f(@+v) = f(Z) + V(@ +tv) .

Theorem 1.6. (upper estimate) Suppose f is continuously differentiable (on R™)
and the gradient mapping V f is Lipschitz with modulus L > 0, i.e.,

Va,u R V(@) - Vi), < Lz - vl
Then, any x,v € R™ satisfy f(z+v) < f(z) + V(@ +v) v+ Lijv|?/2.
Proposition 1.7. (chain rules)

(i) If g : R™ — R is differentiable at = € R™ and h : R — R has a derivative at
f(Z), then f = ho g is differentiable at T and V f(z) = h'(¢(Z))Vg(Z).

(i) Let h = (h1,...,hy) : R = R™ and g : R™ — R. If the functions h; : R — R
have a derivative at t € R for all i = 1,....,m and g is differentiable at
h(t) € R™, then g o h has a derivative at t and (go h) (t) = Vg(h(®))TH (%)
where W' (t) = (R (D), ..., h,#)T.
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Definition 1.14. Let F = (f1,..., fm) : R® — R™. If the functions f; : R" — R
have all the partial derivatives at £ € R™ for all ¢ = 1, ..., n, then

of1,_ of1 ,_
Char ) | e | Ofe
8:101( ) axn( )

is called the Jacobian matrixz of F at Z.

1.3.3 Second-order derivatives

If a function f : R™ — R is differentiable on the whole R", then each directional
derivative exists at each point x € R™. In this case, the derivative in the direction
d is the function 0f/0d : R™ — R such that (0f/dd)(z) = 0f(x)/dd. If it has a
derivative in the direction v, then

230y -ty (S-S

is generally denoted by 92 f(x)/0vdd.

Definition 1.15. f has second-order partial derivatives at £ € R™ if it has the
(first-order) partial derivatives at each = € B(Z,¢) for some ¢ > 0 and they have
partial derivatives at & as well, namely

0% f . [3f

:1 _—
8xi8xj(x) 150 Ox;j

(T +tv) — ;lfj(i;) /t

foralli,j = 1,...,n. If i = j, then the derivative is generally denoted by 9% f(z)/0z?.
For n = 1 there exists a unique second-order directional derivative which coincides
with the (usual) second-order derivative and it is also denoted by f”(Z).

Example 1.11. Take the function of Example 1.7:
of of

a—ml(az) = mxg cos(mr1x2), 8—@(3’:) = mxy cos(mx1T2),
o*f 2 , o*f
g0, (z) = weos(mx122) — M1 T SIn(TXT L) = 02109 x
>*f 22 o f 22

() = —m*x5 sin(mz20), (z) = —w°xf sin(mxi22).

Theorem 1.7. (Schwarz) Let & € R™ and suppose f has the second-order partial

derivatives 0 f /0x;0x; and 8 f /0x;0x; at each x € B(Z,¢) for some e > 0. If both
the derivatives are continuous at T, then

0% f 0% f
S (T) = 5 ——
0x;0x; 0z ;0x;

(7).
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Definition 1.16. If f has second-order partial derivatives at & € R™, then

(92f (3—3) R 8f T
0z? 0x10xy,
V2f(z) = : : : e R™"
of . of
| Gman @ g @

is called the Hessian matriz of f at T.

Definition 1.17. f is called twice continuously differentiable at x € R™ if it has
second-order partial derivatives at each z € B(Z,e) for some € > 0 and they are
continuous at Z. f is twice continuously differentiable on a set D C R™ if it is twice
continuously differentiable at every x € D.

Notice that the Hessian matrix of a twice continuously differentiable function is
symmetric and therefore all its eigenvalues are real numbers.

Theorem 1.8. (Taylor’s formulas) Suppose f is twice continuously differentiable
(on R™). The following statements hold for any & € R™:

(i) Vv eR" 3¢ €)0,1[ such that f(z+v) = f(z)+ V(@) Tv+ 30T V2f(Z +tv)v;
(ii)) Vv eR™ : f(Z+v) = f(Z)+ V(@) v+ 30TV (Z)v+r(v)
for some residual function r such that r(v)/|jv]|2 = 0 as [Jv]|, — 0.

Definition 1.18. f is called quadratic if there exist Q@ € R™*" b € R” and ¢ € R
such that

l n n
f(:c):ix Qr+b x+c:§Z Z quwkl'g—i-z brxr + c.

k=1 (=1 k=1

Without loss of generality, () can be taken symmetric, eventually replacing it by
(Q+ QT)/2 since qrexpae + qurtore = (qee + Qer)Tre/2 + (qre + qor)Texr /2.

The partial derivatives of a quadratic function can be easily computed:

8% (Z QivTe + Z kal’k> +b; = (Z qiz$5> +b; = (Qx); +b;

(=1

2
ajjgx;@:;%(g;)(@ a@(z e+ ) = ay.

Therefore, Vf(x) = Qz + b and V2f(x) = Q.

Considering any v = x — Z =~ 0, the second-order Taylor’s formula states that
f(x) can be approximated by a quadratic function, namely f(z) ~ ¢(x) with

e o™V @) (e — o),

q(z) = f(@) + V(@) (x - 7) + 5
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that is

q(z) = %xTV2f(§c)x + (Vf(z) - V2f(56):i’)Tx +(f(@) - V@) z+ %:ETV2f(§:)i”).

Example 1.12. Take n = 2 and f(x1,22) = —] — 2%

viw = ( ). va@ = T g

—2x9
Considering z = (0, —2/5) the quadratic approximation of f(z) near Z is given by

q(z) = =223 — 1229/5 — 20/25.






Chapter 2

Optimization, convex functions and sets

The basic ingredients of an optimization problem are a real-valued function and
a subset of its domain over which looking for the minima and/or maxima of the
function. Given any f : R™ — R and a set D C R", the minimization problem

(P) min{f(z) : z € D}

amounts to finding £ € D such that f(z) < f(z) for any z € D. The infimum of
the set of real numbers {f(z) : x € D} is called the optimal value of (P) if it is
finite. If the infimum is —oo, then the minimization problem (P) is called unbounded
by below. The corresponding definitions for maximization problems are given just
recalling that maximizing f over a set D is equivalent to minimizing —f over the
same set. Optimization problems are often called programs, so that optimization
and programming are synonyms in this framework.

Optimization problems can be classified according to the kind of function f and
set D which are involved. Unconstrained optimization deals with the case D = R"”,
while constrained optimization with the case D # R™. If D is finite or countable,
then discrete optimization comes into play: combinatorial optimization deals specif-
ically with the case D C {0,1}", while integer programming with the generic case
D C 7Z™. If D is uncountable (and f is continuous), the most used term is contin-
uwous optimization. If f is linear and D is a polyhedron, then linear programming is
used, otherwise nonlinear optimization or nonlinear programming.

These lecture notes focus on continuous nonlinear optimization both in the un-
constrained and constrained case.

2.1 Optimization and convexity

Definition 2.1. z € R" is called a global minimum point of (P) if it is feasible and
f(z) is the optimal value of (P), namely if

(i) # € D (feasibility)

(ii) f(z) < f(z) for any « € D (optimality).
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A global minimum point Z is called strict if the strict inequality f(z) < f(z) holds
for any x € D with x # Z.

Example 2.1. Take n = 1, f(z) = —2? and D = R: the optimal value does not
exist since f(x) — —oo as x — £00, hence no global mimimum point may exist.

Take (P) with f and D as in Example 1.6: the optimal value is 0 but no global
minimum point exists all the same.

Definition 2.2. z € R" is called a local minimum point of (P) if
(i) & € D (feasibility)
(ii) 3 € > 0 such that f(z) < f(x) for any z € D N B(Z,¢) (local optimality).

A local minimum point Z is called strict if there exists ¢’ > 0 such that f(z) < f(z)
holds for any x € D N B(Z,&’) with « # Z.

Clearly, any global minimum point is also a local minimum point but not vice
versa. Indeed, finding a global minimum may be much harder than finding a lo-
cal minimum: the distinction between global optimization and local optimization is
generally very meaningful.

Definition 2.3. D C R" is called convez if Ax + (1 — A\)y € D for any z,y € D and
any A € [0, 1].

Example 2.2. R", 0, B(z,¢), [(,u] ={x e R" : {; <z; <wu;, i=1,..,n} with
£,u € R™ are convex sets in R"™.

Definition 2.4. Let D C R” be convex. Then, f : R" — R is called convex on D if
Vz,yeD, Ae0,1] + fAz+ (1= A)y) <Af(z)+ (1= A)f(y).
f is called strictly convex on D if the strict inequality

fAz+ 1 =XNy) <Af(z)+ (1 =2 f(y)

holds whenever z,y € D and A € [0, 1] satisfy = # y and A # 0, 1.

f is called [strictly] concave on D if —f is [strictly] convex on D. If D = R",
then f is simply called [strictly] convex/concave, omitting the (convex) domain of
convexity /concavity.

Notice that f is convex on D if and only if given any k£ € N the inequality

k k
FOQ Niw) <3 Aif(a)
i=1 =1

holds for any z1, ...,z € D and any Ay, ..., \r € [0,1] such that A\; +---+ A\, = 1.

Theorem 2.1. Let D C R™ be convex. Then,
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(i) If f is convex on D, then any local minimum point of (P) is also a global
minimum point.

(ii) If f is strictly convex on D, there exists at most one minimum point of (P).

Proof. (i) Ab absurdo, suppose there exists a local minimum point & € D which
is not a global minimum point. Thus, there exists « € D such that f(z) < f(z).
Consider xz(\) = Az + (1 — \)Z: it belongs to D for any A € [0, 1] by the convexity
of D. Furthermore, the convexity of f implies

f(N) < Af(@) + (1 =N f(@) < Af(@) + (1 =N [f(@) = [(2)

for any A # 0. Since z(\) — T as A — 0, for any € > 0 there exists A € [0, 1] such that

x(A\) € B(z,e). Thus, Z is not a local minimum point contradicting the assumption.

(7i) Suppose there exist Z,# € D which are both minimum points of (P). Thus,
f(&) = f(z). Take any A €]0,1] and z(\) = Az + (1 — \)Z. If  # &, then the strict
convexity of f implies

fl@N) <Af(@)+ A=A f(@) =Af(@)+ (1 - Nf(@) = f(z) = f(2)

so that neither  nor Z is a minimum point of (P). O

I
Kl

The theorem shows that local and global optimization coincide if f and D are
both convex, therefore the distinction between convex optimization and nonconver
optimization is very meaningful as well.

Proposition 2.1. Let D C R" be convex and f be convex on D. Then, the set of
all the minimum points of (P) is convex

Proof. Take any two minimum points z,Z € D (& # Z) and any A € [0,1]. Then,
x(A) = Az + (1 — \)x € D by the convexity of D, while the convexity of f implies

(V) < Af(@) + (1 = Nf(@) = Af(@) + (1 =N f(@) = f(2) = f(2) < f(z(V)

where the last inequality is due to the optimality of z. Thus, f(z(\)) = f(z) = f(2)
and therefore xz(\) is a minimum point as well. O

2.2 Properties of convex functions

Proposition 2.2. Let D C R"” be convex. Then, f is conver on D if and only if the
restriction of the epigraph of f to D, namely

epip(f) ={(z,t) : x €D, t> f(x)}

is a convex set in R,
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Proof. Only if) Take any (x,t), (y,7) € epip(f) and any A € [0, 1]:

At+ (1 =N 2 Af(2) + (1= Nf(y) = fAz+ (1= Ny)
where the last inequality is due to the convexity of f. Moreover, Ax + (1 — \)y € D
since D is convex, and thus (Az + (1 — XNy, A\t + (1 — \)7) € epip(f).

If) Take any xz,y € D and any A € [0,1]. Therefore, (z, f(z)), (y, f(y)) € epip(f)
and the the convexity of epip(f) imply (Ax+(1—N)y, Af(2)+(1—N)f(y)) € epip(f),
which reads

FOz+ (1 =Ny) <Af(z)+ (1= N)f(y). O

Proposition 2.3. Let D C R” be conver and f be convex on D. Then, the inter-
section of the a-sublevel set of f with D, namely

{z eR" : f(z)<a}nD
is a convex set for any a € R.

Proof. Take any x,y € D and any A € [0,1]: Az + (1 — \)y € D since D is convex
and moreover

FOz+ (1= Ny) <Af(@)+ (1= Nfy). <ra+(1-Na=a O
Example 2.3. Take n = 1, f(z) = 23 and D = R. The a-sublevel set

{z eR™ : 2 <a} =] — o0, Va]
is convex, while f is not convex. In fact, it is enough to take x = —1, y = 1/2 and
A=1/3toget f(Ax+ (1 —N)y) = f(0)=0>—-1/4=Af(z)+ (1 =N f(y).

Proposition 2.4. Let D C R" be convex and f; : R™ — R be convexr on D for any
1 € I for some index set I.

(i) If I is finite, then (Z f,)(m) = Zfz(x) is convexr on D;

il icl
(ii) (Sup fi) (x) = sup fi(x) is convex on D.
iel il

Proof. (i) It is enough to exploit the definition of convexity for each f; summing
all the inequalities.
(ii) Take any x,y € D and any X € [0, 1]. Given any £ > 0, there exists k = k(e) € I
such that
(sup £i) Az + (1= N)y) < S+ (1= A)y) +e

el

<Afe(x) + (1 =N fe(y) +¢

< )\(sup fz) () + (1= N) (sup fz> (y)+e

el el
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and therefore

(Sup fz’) (Az+ (1 =Ny < >\<sup fi) () + (1 =A) (SUP fi) ()

icl el iel

follows since € is arbitrary. U

Theorem 2.2. Let D C R"™ be a conver set with a nonempty interior. If f is convex
on D, then f is continuous on intD.

Theorem 2.3. Let f be differentiable on D. Then, f is convex on D if and only if
VaoyeD : fly) = flo)+ V) (y-2)

Proof. Only if) Take any x,y € D and any A € [0,1]: the definition of convexity
can be equivalently stated as

Fy) = f2) = [f (e + Ay — ) = f(2)]/A

By Proposition 1.6 )1\111% [f(z+ My — ) — f(2)]/) = Vf(2)T (y — ) Therefore, the
—>
required inequality follows from the above one just taking the limit as A — 0%.

If) Take any x,y € D and any \ € [0, 1]: the following inequalities follow from the
assumption just considering the pairs of points z, Ax 4+ (1 — Ay and y, Ax + (1 —N)y:

J(@) > FOx+ (1= Ny) + (1= NV + (1= Ny)T (@ — ),
fy) = fOx+ (1= Ny) +AVIQAa + (1= Ny)" (z —y).
Summing A times the first inequality with (1 — ) times the second inequality gives
Af@)+ (1 =Nfy) = fAz+ (1= Ny). 0

Roughly speaking, the theorem states that the convexity of f means exactly
that the graph of f is “above” the tangent hyperplane to the graph at (z, f(x))
everywhere on D for any x € D.

An analogous characterization holds for strict convexity.

Theorem 2.4. Let f be differentiable on D. Then, f is strictly convex on D if and
only if
Va,yeDstax#y : fly)> fx)+ Vi) (y—a)

Theorem 2.5. Let f be twice continuously differentiable (on R™). Then, f is convex
if and only if V2 f(x) is positive semidefinite for any x € R™, i.e.,

Vaz,yeR" : yIV2f(z)y > 0.
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Proof. Only if) Take any z,y € R™ and any ¢ € R: the second-order Taylor’s
formula and Theorem 2.3 guarantee

SV F @y + rp(ty) = P+ ty) — F(x) — 19 )Ty > 0

and therefore (supposing y # 0)

T(fx) (ty)

Iyll; > 0.
ltyll3

1
inVQf(x)y +

Taking the limit as ¢t — 0, the inequality ¥ V2 f(z)y > 0 follows.
If) Take any =,y € R". By Theorem 1.8 (i) there exists ¢ € [0, 1] such that

F) = £2) = V@)l — ) = 5y = )TV + by — )y~ 2) 2 0

where the inequality is due to the positive semidefiniteness of V2f(x + t(y — z)).
Therefore, Theorem 2.3 guarantees that f is convex. O

A similar sufficient condition for strict convexity can be proved in the same way.

Theorem 2.6. Let f be twice continuously differentiable (on R™). If V2f(x) is
positive definite for any x € R™, i.e.,

Va,yeR" : yIV2f(z)y >0,
then f is strictly convex.

Example 2.4. Take n = 1 and f(z) = z*: f is strictly convex but V2f(0) =
f'0)=0

Theorem 2.7. Let f(z) = %CL‘TQJ/‘ + bz + ¢ (with Q = QT). Then,
(i) f is convex if and only if Q is positive semidefinite;
(ii) f is strictly convex if and only if Q is positive definite.

Proof. (i) and the “if part” of (i) are just Theorems 2.5 and 2.6 for the quadratic
function f since V2 f(z) = Q for any = € R,

(ii) Only if) The residual in the second-order Taylor’s formula is zero, that is

1

Sty Qu = f(a+ty) = f(2) 1V f(2)"y

for any z,y € R™. By Theorem 2.4 the right-hand side is always positive, hence
Q is positive definite. ]



Chapter 3

Optimality conditions for unconstrained

optimization

Given any f : R™ — R, optimality conditions for the unconstrained minimization
problem

(P) min{f(z) : z € R"}

can be achieved exploiting Taylor’s formulas whenever f is differentiable or twice
continuously differentiable. The corresponding optimality conditions for uncon-
strained maximization can be obtained replacing f by —f.

3.1 Optimality conditions
Theorem 3.1. Suppose T € R" is a local minimum point of (P).
(i) If f is differentiable at &, then V f(Z) = 0;

(ii) If f is twice continuously differentiable at T, then V2 f(Z) is positive semidef-
inite.

Proof. Local optimality guarantees the existence of € > 0 such that f(z) < f(z)
for all x € B(z,e). Let d € R™ be any direction and ¢ €]0,¢[: ||d||, = 1 guarantees
Z +td € B(Z,¢) and therefore f(z) < f(z + td).

(7) Taylor’s formula implies
0 < f(z +td) — f(z) =tV (@) d+r(td)

and therefore
V@) Td+r(td)/t > 0.

Since t = ||td||,, the limit of left-hand side as ¢ — 0% provides Vf(z)Td > 0.
Considering —d the same reasoning provides also V f(z)Td < 0. Thus, Vf(z)Td =0
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holds for any d € R". Taking d = —V f(Z), the equality reads |V f(Z)||> = 0 and
hence V f(z) = 0 follows.

(73) The second-order Taylor’s formula (see Theorem 1.8) implies
_ _ T Lo ro .
0 < f(z+1td) = f(2) =tV f(2)"d + S*d"V [(2)d + r(td).
Since (i) guarantees V f(z) = 0, then
dT'N2 f(z)d + r(td) /2t > 0

holds too. Since t? = |[td||?, the limit of the left-hand side as t — 0 provides the
inequality d”V2f(z)d > 0. Since d is an arbitrary direction, V2f(Z) is positive
semidefinite. O

If z € int D minimizes f over some D C R", then the necessary conditions of
Theorem 3.1 hold also in this case: the above proof still works just considering any
e > 0 which in addition satisfies B(z,e) C D.

Definition 3.1. z € R" is called a stationary point of f if Vf(z) = 0.

Looking for stationary points of f amounts to solving the system of n equations

%(ml, iy @) =0

%(.Il, vy @) =0
in the n unknowns (z1,...,2,). This is generally a nonlinear system, but if the
quadratic function f(x) = %I‘TQI' + bTx + ¢ is considered then it is actually the
linear system Qx = —b (since Vf(z) = Qz + b). If f is strictly convex, then

V2f(z) = Q is positive definite and therefore invertible: # = —Q~'b is the unique
stationary point and it is the unique minimum point (see Theorems 3.2 and 3.3
below). On the contrary, if f is not convex, due to Theorem 3.1(ii) no stationary
point is a local minimum since () is not positive semidefinite.

Example 3.1. Take n = 2 and f(x1,22) = (v3 — 22) (22 — 423):

1623 — 102122 2 [ 4822 — 1022 —1014
2wy —522 ) VAW =1 g 2

Vi) = (
Then, Vf(z) = 0 if and only if x = (0,0) and moreover
) oo

is positive semidefinite (but not definite). Anyway, (0,0) is not a local minimum
point of (P). In fact,
f(zy,22%) = =223 <0
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for any x1 # 0. Therefore, f is negative along the parabola {z € R? : x5 = 222}.
Notice that f is not even a local maximum point of (P) : V2f(0,0) is not negative
semidefinite and in fact f is positive along all the parabolas {x € R? : x5 = az?}
with a > 4.

Theorem 3.2. Let f be twice continuously differentiable at * € R". If T is a
stationary point of f such that V2 f(Z) is positive definite, then it is a strict local
minimum point of (P) and moreover there exist 5,7y > 0 such that

Ve B(@,0) : f(z) 2 f(@)+7llz —z]l;.

Proof. It is enough to prove the above inequality as it guarantees strict local
optimality too. Taking any = € R", the second-order Taylor’s formula (see Theorem
1.8) implies

flz) = f(z) = V@) (z - 2) + %(ﬂf —2)' V2 f(z)(x — ) +r(z — 7)

(x —2)IV2f(z)(x — %) +r(z — Z)

>

N~ N~

Aminl|z — :E||§ +7r(z—x)
and therefore

[f(@) = F@]/ 1z =27 = Xnin/2 + 7(p.2) (x — ) /|| — 23

where A\in > 0 is the minimum eigenvalue of V2 f(z).! Choose any positive thresh-
old £ < Apin/2. Since the limit of the right-hand side as x — Z is A\pin/2, there
exists & > 0 such that

Ve B(0) : [fe)— f@)/llz— 23 2 Omin/2 — <)

Setting v = Amin/2 — €, the thesis follows from the above inequality. O

If f is a strictly convex quadratic function, then the above theorem holds with
¥ = Amin/2 (where Ay, is the minimum eigenvalue of @) and any ¢ > 0. In fact,

Z = —Q~'b is the unique stationary point of f and
1
Vo eR" ¢ f(2) - f(@) = 5z~ H'Q(x — 7).

3.2 Optimality conditions in the convex case

Theorem 3.3. Let f be conver and differentiable (on R™). Then, & € R™ is a
minimum point of (P) if and only if V f(z) = 0.

!Given any symmetric matrix Q € R™*" the inequality 37 Qy > )\mmHyHg holds for any y € R"
where Amin denotes the minimum eigenvalue of @
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Proof. Only if) It is just Theorem 3.1(37).
If) By Theorem 2.3 the convexity of f guarantees

fy) = f(@) + V@) (y - z)

for any y € R™. Since Vf(z) = 0, the optimality of  follows immediately. O

Notice that any (twice continuously differentiable) convex function f satisfies the
second-order optimality condition of Theorem 3.1 at any point (see Theorem 2.5).
Moreover, it does not have any global maximum point unless it is a constant function:
in fact, a maximum point is a stationary point (just apply Theorem 3.1 to —f) and
hence it is also a minimum point by Theorem 3.3. The same reasoning applies to
local maximum points, which may exist if they are actually also minimum points.

The minimum points of the convex quadratic function f(z) = 227 Qz + b7z + ¢
are the solutions of the linear system Qx + b = 0. If Q) is positive definite, then
—Q'b is the unique minimum point. If Q is positive semidefinite but not positive
definite, there are infinitely many minimum points if at least one exists but f could
be unbounded by below.

Proposition 3.1. Let f(z) = %l‘TQl' +bT'z + ¢ be convex. Then, f is unbounded
by below if and only if there exists & € R™ such that Qi = 0 and bT% # 0.

Proof. If) Take x(t) = t&. If b2 > 0 (< 0), then
f(z(t) =t(bT@)+c— —oc0 as t — —oo0 (+00)

Only if) Since Q is symmetric, there exists an orthonormal basis {z!,..., 2"} of R?

composed by eigenvectors of (), that is 2i2d = 0 for all 4 £ j and Qz' = \;x' for

alli =1,...,n where A1,..., A\, are the eigenvalues of ). Given any x € R", there
n

exist y1,...,7vn € R such that x = Z ~viz'. Therefore,
i=1

Z Aivi + Z (b)Y = Z [%m? + (b7 2"yl

i=1

Ab absurdo, suppose b'xz = 0 whenever Qz = 0, which implies that b7z’ = 0 if
A; = 0. Therefore, each nonzero term in the above sum gets its minimum value for
v = = —blzt);, and f is bounded by below since

(0) > 3" AR + 07ty = = 3 (67?20,

el i€l

where I = {i :|\; # 0}. O



Chapter 4

Algorithms for unconstrained optimization

This chapter describes some of the most well-known solution methods for the
unconstrained minimization problem

(P) min{f(z) : z € R"}

in which f:R™ — R is any (twice) continuously differentiable function.

The main focus will be on iterative descent methods, that is iterative algorithms

generating a sequence z0, 2!, ..., 2%, ... that satisfies the descent property

f@®) > f@h) > o> f@) > fa) >
or the (weaker) non-monotone descent property
VkEeN ImeN st f(ab) > fartm).

The algorithms aim at finding a stationary point, i.e., some £ € R” such that
V f(z) = 0, which is not necessarily a local minimum point of (P) unless f is convex.
Beyond finite convergence, that is the existence of some k such that Vf(z¥) = 0,
three different kinds of asymptotic convergence may be achieved:

(i) the sequence {x¥}xcy has a limit, that is a stationary point of f, i.e., lim 2k =

}()*)4*00
z for some T € R™ such that V f(z) = 0;
(ii) each cluster point of {2*}cy is a stationary point of f;

(iii) at least one cluster point of {z*}ren is a a stationary point of f.
The generic iteration can always be described through
$k+1 = J}k + tkdk

where d* € R™ identifies the direction along which the algorithm moves away from
x* with stepsize t, > 0. Therefore, a full description of an algorithm can be provided
specifying the way d* and ¢; are chosen. Notice that it is not necessary to require
||d||, = 1 since the stepsize ¢ can be determined accordingly.
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4.1 Gradient methods

A descent direction for f at x € R™ is any d € R™ such that f(z + td) < f(x) holds
whenever ¢t > 0 is small enough. Consider any x that is not a stationary point for
f, ie., Vf(z) # 0. Since Proposition 1.6 (i) guarantees

f(z+td) — f(z)
t

lim

t—0

= Vf(x)"d,

Vf(z)Td < 0 is a sufficient condition for d to be a descent direction. Indeed, the
best choice to gain the (asymptotic) maximum decrease is clearly the direction d
that provides the minimum value for V f(z)7d.

Proposition 4.1. Given any © € R™ which satisfies V f(x) # 0, then =V f(z) is a
descent direction for f at x and
argmin{V f(x)'d : ||dl|, = 1} = {-Vf(@)/|Vf(2)]}-

Proof. If d = —V f(z), then Vf(z)Td = —||V f(z)||?> < 0, and the first part of the
statement follows immediately. Since Vf(x)Td = ||V f(x)]|,||d||, cosf, where § is
the angle formed by the vectors V f(z) and d in the 2-dimensional subspace of R"
(plane) which contains both, then

min{Vf(z)'d : ||d||, =1} = ||V f(x)|, min{cosd : 6 € [0,2n]}.

The minimum value is clearly achieved when cosf = —1, that is 8 = w. Therefore,
the direction d, which provides the minimum value, is collinear and opposite to
Vf(z), that is d = =V f(z)/[|V f(2)]],- O

The above proposition can be rephrased as “the gradient of a function points in
the direction of (asymptotic) maximum increase”, or its opposite points in the direc-
tion of maximum decrease (steepest descent direction). Notice that the constraint
ld||, = 1 is essential in the proposition, otherwise the minimization problem would
be unbounded by below as V f(z)"d < 0 implies V f(x)7 (td) — —oco as t — +o0.

Once a descent direction d has been chosen, the ideal choice for the stepsize
would be any minimum point of the one dimensional search function

p(t) = [z +td),
over Ry, i.e., any t € argmin{¢(t) : t > 0}. Such a choice is generally referred to
as exact line search.
4.1.1 The gradient method with exact line search

Given any z*, which is not stationary for f, the most straightforward choices are to
take the direction d* = —V f(2*) and the corresponding stepsize t;, provided by the
exact line search. The resulting algorithm is summarized below.
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Algorithm 1 — Gradient method with exact line search

0. Choose z° € R™ and set k = 0

1. If Vf(2*) = 0, then STOP

2. Compute t; € argmin{f(z* — tVf(z*)) : t >0}
3. aftl =2k — 1,V f(2F)

4. k=k+1and go to 1

Clearly, Algorithm 1 is a descent method as —V f(z*) is a descent direction for
f at ¥ and the exact line search is performed. This can be checked also exploiting
the properties of the search function oy (t) = f(z* — tV f(z¥)).

Proposition 4.2. Let {2*} be the sequence produced by Algorithm 1. If ¥ is not a
stationary point of f, then f(xF+1) < f(z¥).

Proof. The choice of t, guarantees ¢ (0) = f(2*) > f(2*T!) = pr(tx). Note that
¢r = foh with h(t) = 2¥ — tV f(2*). Since f is differentiable at any x and the
components of h have a derivative at any ¢, then ¢ has a derivative at any t and

() = =V (" =tV f(a*) TV f(a")

by Proposition 1.7. In particular, ¢},(0) = —||V f(z¥)||? < 0 implies () < ¢x(0)
whenever ¢ is small enough. Since ¢ minimizes p; over Ry, then ¢ (tx) < ¢r(0),
ie., f(zFth) < f(aF). O

The basic convergence result is a straightforward consequence of the following
property stating that any two successive directions in Algorithm 1 are orthogonal.

Proposition 4.3. Let {z*} be the sequence produced by Algorithm 1. If ¥ is not a
stationary point of f, then V f(z*T)TV f(z*) = 0.

Proof. The proof of Proposition 4.2 shows also that t; > 0. Therefore, since it
minimizes ¢, over Ry, then 0 = ¢} (t;) = =V f(a* )TV f(2F). O

Theorem 4.1. Suppose that Algorithm 1 generates an infinite sequence {x*}. If
klim ¥ = Z for some T € R, then Vf(z) = 0.
—+00

Proof. Proposition 4.3 and the continuity of the partial derivatives imply
0=V )IVfa") = VI@)TVi@) = V@) as k— +oo.

Therefore, |V f(z)||, = 0, or equivalently V f(z) = 0. U
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The above convergence result is not very satisfactory since there is no guarantee
that the whole sequence {z*} converges. Actually, it is possible to prove also that
each cluster point of the sequence {z*} is a stationary point of f.

The exact line search requires the solution of an additional optimization problem
though in a single variable. Actually, if the objective function is the convex quadratic
function f(z) = %JJTQZL‘ + bz + ¢, then the stepsize can be computed explicitly. In
fact, the derivative of the search function reads

¢'(t) ==V f(z—tVf(x)) Vf(z)
= —[Q(z —tVf(2)) + 4"V f(x)
= —[Qz +b—tQVf(2)]"V f(x)
= —[Vf(z) = tQVf(2)]"V f(z)
= —Vf(@)'Vf(x) + UV ()" QVf(z)).
If Vf(z)'QV f(z) = 0, then ¢'(t) = —||[Vf(2)||? < 0 for all t € R and therefore
f@=tVf(z)) = o(t) = —[|[Vf()|2t+ f(z) - —oc as t — +oc0. On the other hand,

if Vf(z)TQV f(z) > 0, then the exact line search amounts to computing ¢ such that
¢'(t) =0, that is t = Vf(2)"Vf(2)/(Vf(2)TQVf(x)).

If the above quadratic function is strictly convex, stepsizes related to the eigen-
values of @ lead to a finite gradient method.

Theorem 4.2. Let f(x) = TQ:U—{—bTaH—c be strictly convex, and Ao, ..., Ap_1 >0
be the eigenvalues of Q. Gwen any ¥ € R™ and the finite sequence

gh = o — 1Vf( ) k=0,...,n—1,
there exists j € {0,...,n} such that V f(2/) = 0.
Proof. Suppose Vf(2/) # 0 for all j < n. Therefore,
V(™) =Qa"+b
= Q"' =\ LQV (@@ +b
= V") = ALQVF(a" )
= (I = X\1QVf(@" )
==\ 15QU - XLV

ﬁ I- )\_ Q)Vf(2°).

Since @ is positive definite, there exists an orthonormal basis {ug, ..., u,—1} of R
such that Qu; = A\u; for alli = 0,...,n—1. Therefore, there exist ag,...,a,—1 € R
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such that Vf(z") = aguo + - - + an_1upn_1. As a consequence,

n n—1 n—1 n
:(H(I—)\;ijQ))Zaiui:Z (H (1200 ) =0
j=1 i=0 i=0  j=1
as the coefficient of each w; is zero (just consider j = n — ). g

4.1.2 Gradient methods with inexact line search

Theorem 4.3. Suppose [ is continuously differentiable (on R™) and the gradient
mapping V f is Lipschitz with modulus L > 0. Then, any cluster point of the se-
quence provided by the iterative scheme £*T1 = 2% —aV f(2*) for some given positive
a < 2/L is a stationary point of f.

Proof. Theorem 1.6 guarantess
f@h) = f(a* —aVf(ah) < f(a*) = aV ")V (@) + La®|V f(zh)]3/2
= f(@") =YV @)

where v = a(2 — La)/2 > 0. As a consequence, f(x*T!) < f(2*). Given any cluster
point # € R™ of {z*}en, there exists a subsequence {x"1} ey such that 2% — Z as
j = 4o0. Therefore, the above inequalities imply

flahien) < fahHh) < fa™) =V ()
Taking the limit as j — +oo yields V f(z") < 0, that is Vf(z) = 0. O
Given a descent direction d” for f at 2*, consider the sufficient decrease condition
f(zF +td) < fa*) + etV ()T d* (AJO)

where ¢; €]0,1[. If f is bounded by below, then there exists 7 > 0 such that any
t > 7 does not satisfy (AJO). In fact, Vf(z*)Td* < 0 implies tV f(2*)Td* - —cc
ast — +o0o. In terms of the search function o (t) = f(2* +td"), the condition reads

en(t) < n(0) + c1tpy(0). (A4J0)

As %ir% [or(t) — pr(0)]/t = ¢} (0) < c1¢,(0), then (AJO) holds whenever ¢ is small
%

enough. Therefore, a way to compute a stepsize t, satisfying (AJO) is the so-called
Armijo rule: given t > 0 and vy €]0, 1], take tx = ty™ where m € N is the smallest
natural number such that ¢y satisfies (AJO).

Theorem 4.4. Suppose that Algorithm 2 generates an infinite sequence {x*}. If f
is bounded by below, then each cluster point of {x*} is a stationary point of f.
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Algorithm 2 — Gradient method with Armijo line search

0. Choose 2z € R™, £ > 0 and 7 €]0, 1], and set k = 0

1. If Vf(2*) = 0, then STOP

2. Choose d* = —V f(2*) and compute t; > 0 through the Armijo rule
3. aftl =2k — 1,V f(2F)

4. k=k+1and go to 1

Proof. d* = —V f(z*) implies that (AJO) reads
0 < ety VF@EM)E < f(2*) - fa*),

and thus the sequence {f(x*)} is monotone decreasing. Since it is also bounded by
below, then it has a limit. As a consequence, f(z*) — f(z*+1) — 0: either t; — 0
or |[V£(«¥)|, — 0 holds.

Given any cluster point Z € R™ of {2*}cy, there exists a subsequence {x*i }ien
such that 2% — 7 as j — +oo. If |V f(z¥)||, — 0, then |V f(Z)|, =0, i.e., T is a
stationary point for f, since ||V f(2*9)||, — |[Vf(Z)|,- Therefore, suppose t; — 0
holds. The Armijo rule guarantess that ¢,y does not satisfy (4J0), i.e.,

Fah =ty IV () = f(@) > ety IV F ).

The mean value Theorem 1.5 guarantees the existence of some 74; € [0, tkﬂ_l] such

that f(z" — ty,y 7'V f(2h)) — fa¥) = —ty,y TV f(2h — 7,V f )TV f(2)
yielding
V(@b =7,V [ () TV (@) > e[V f(a9)]2.

Taking the limit as j — +o00, (1 — ¢1)||Vf(z)||? follows and hence Vf(z) =0. O

’ still an uncomplete dmft‘

Vf® +td)Td* > e,V (a*)TdF (CUR)
¢r(t) > c204(0) (CUR)

Proposition 4.4. Suppose f is bounded by below. If ¥ € R™ is not a station-
ary point of f and d* € R™ is a descent direction for f at x¥, then there exist
Ty Ty € R with 7, < 7, such that any t € [1y, 7, satisfies the Wolfe conditions
(AJO) and (CUR).

Proof. The value

Tu = sup{7 : (AJO) is satisfied by any ¢ € [0, 7|}
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is positive and finite. Moreover, it satisfies ¢y (7,) = @i(0) + c17u9}(0): otherwise,
by continuity (AJO) would be satisfied by any t € [ry, 7, + €] for some € > 0. Since
T, is the supremum of a set of real numbers, there exists a sequence {t;};en such
that t; > 7, t; = 7, as j — 400 and (AJO) is not satisfied at t;, that is

or(tj) > ¢r(0) + c1tjpr(0)

or equivalently ¢y (t;) — ¢r(7u) > c1(t; — 7)9)(0). Therefore, dividing both sides
by (t; — 7,) and taking the limit as j — +oo (which means ¢t; — 7,) leads to
() > c19)(0). Since ca > ¢1 and ¢} (0) < 0, ¢}.(Tu) > c2¢,.(0) holds and the
continuity of ¢} (f is continuously differentiable) implies that there exists 6 > 0
such that ¢} (t) > c2¢}.(0), i.e., (AJO) holds for any t € [, — d, 7, + 0]. Therefore,
the thesis follows just taking 7, = 7, — 4. O

Algorithm 3 — Gradient type method with Wolfe line search

0. Choose z° € R™ and set k = 0

1. If Vf(2*) = 0, then STOP

2. Choose d* € R™ such that Vf(zF)Td* <0

3. Compute ¢t > 0 satisfying the Wolfe conditions (AJO) and (CUR)
4. gt = ok 4 1. dF

5. k=k+1and go to 1

Theorem 4.5. Suppose that Algorithm 8 generates an infinite sequence {x*}. If f
is bounded by below and the angle 0}, formed by V f(2*) and d* satisfies 0, > 7/2+0
for some fired 0 €]0, /2| for all iterations k € N, then each cluster point of {z*} is
a stationary point of f.

Proof. Since d” is a descent direction for f at x* and t;, satisfies (AJO), then
0< —erty VI(@*)d" = —eit|VF(@") "], cos b < f(a¥) = f(@™*).

The sequence {f(x*)} is monotone decreasing and it is bounded by below (since f
is such), thus it has a limit. As a consequence, f(z*) — f(z¥+1) — 0, which implies
tel|V £ (2®)]], || d¥]|, cos B, — 0. Since cos , < cos(m/2+60) = —sinf < 0, then either
telld*|l, — 0 or ||V £(2*)|l, — 0 holds.

Given any cluster point Z € R™ of {2*},cy, there exists a subsequence {x*i }ien
such that % — z as j — +oo. If [|[Vf(z)|, — 0, then ||V f(Z)|, = 0, i.e., T is
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a stationary point of f. Therefore, suppose t;||d*||, — 0 holds. Since Ly, satisfies
(CUR), then d* = d*i /||d¥ |, satisfies

V(@ + ty,d")Td% > eV f(2h9)Tdb.

By construction d* € B(0,1), and thus d* — d for some d € B(0,1) (eventually
taking a further subsequence). Moreover, x*i + Uk, d¥ — %, and thus taking the
limit as 5 — —+o0 in both sides of the above inequality leads to

Vi@)ld > eVf(z)d,

which reads also Vf(Z)7d > 0 since ¢z > 0. On the other hand, V(@) Tdk <0
holds for all 7, so that it must necessarily be V f(z)Td = 0. Finally,

sin [|Vf(2%)]l, < — cos O, |V £ ()]}, = Vf(ak)7d — 0

guarantees ||V f(z)]|, = 0. O

4.2 Conjugate gradient methods

This family of methods provides a concrete alternative to choosing the steepest
descent direction by keeping track of the directions that have been exploited in the
previous iterations.

4.2.1 The linear case

The linear conjugate gradient method was originally designed to solve the linear
system Ax = b, where b € R™ and A € R™" is positive definite, through the
minimization of the strictly convex quadratic function f(z) = %QZTA:U — by,

Algorithm 4 — Linear conjugate gradient method

0. Choose 2% € R™ and set k = 0

1. If rk = b — Az* =0, then STOP

2. By = TkTrk/rk_lTrk_l ifk>1

3. dF =rF 4+ Bd*1 if k > 1, otherwise d° = r?
4. Compute tj, = rkTrk/dkTAdk

5. zFtl = 2k 4 ¢.dk

6. k=k+1and goto 1l
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Since r* = —V f(2*), the first iteration is the same of the gradient method with
exact line search, and afterwards the search direction is modified in such a way that
convergence can be achieved in a finite number of iterations.

Proposition 4.5. Suppose there exists k € N such that Algorithm 4 generates a
sequence {rk} with r* £ 0 for any k < k. Then, the relationships

(i) i =0
(i) d*"AdI =0
(iii) v @ =0
(iv) A0 = ok Tk
hold for any k < k and any j < k.

Condition (i77) guarantees that Algorithm 4 is a descent method:
T T T T
ViR Tl = k" db = —pF ek — grk” dF =t = Rk = —Hrng < 0.

Step 4 of the algorithm identifies the stepsize which minimizes the search function
or(t) = f(aF + td*) since t; > 0 and

o (tr) = Vf(aF + tpd®)Td* = (Az* + ty AdP — b)TdF = (t AdF — )T d
— tyd" AdE — R Pk 4 i) = tdF AR — KTk = 0,
Condition (i) guarantees that the algorithm stops after at most n iterations: if
r* % 0 for any k = 0,...,n — 1, then 70,... 7" are linearly independent, which
is impossible, unless r"* = 0. Furthermore, under the same assumption, condition
(ii) implies that also d°,...,d" are linearly independent for any k& < n. In fact, if
d¥ = yod®+- - - +~,_1d"! for some g, ..., vk—1 € R, then d* = 0 since A is positive
definite and d* AdF = vod* A0+ 4y d*AdF1 = 0, thus g = -+ = Y1 = 0 as
d°,...,d* 1 are linearly independent by inductive hypothesis. This further property

of linear independence allows proving that the finite sequence {z*} is composed by
minimum points of f over nested affine subspaces that invade the whole R™.

Theorem 4.6. Let {z*} be the sequence produced by Algorithm 4. Then,
f(a®) = min{f(z) : (z—2°) € S}
with Sy, denoting the vector subspace of R™ generated by d°,. .., d".

Proof. Taking ¢y (ao,...,o_1) = f(2° 4+ apd® +- - -+ ag_1d*1), the minimization
of f over the affine subspace 20 + S), can be stated as the unconstrained problem

min{wk(ao, ey ak,l) Lag,...,0p_1 € R}
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Moreover, 1y, is a strictly convex quadratic function since f is quadratic and strictly
convex. Therefore, the unique minimum point of the above problem is the unique
solution (ay,...axk_1) of the linear system of equations Vii(ag,...,ax—1) = 0.
Since both

Oy,

0=
80&2‘

(a0, ... ap_1) = VI 4+ agd’ + - + ap_d*HTd’

and V f(zF)Td! = %@t = 0 hold for any i = 0,...,k — 1, the uniqueness of the
solution implies 2k =20 + agd® + - - + ap_dF1L. O

Since S1 C So C --- C S, = R", finite convergence follows from Theorem 4.6 as
well. An alternative proof of the theorem relies on the explicit expression

E
—

(o, ..., ax—1) = f(xo) + [

%

(d"Ad)a? — d (b — Ax®)y]

Il
=}
N =

since the partial derivative

Oy
day;

(@0, - - 1) = (dAd)ey — d* (b — Az®)

is zero if and only if a; = di” (b — Az®)/di"Adi = &' ¥ /dTAd} = T v JdTAD = t;,
and therefore 29 4 tod® + - - - + t),_1d*~! = 2¥ minimizes f over z° + 9.

4.2.2 The nonlinear case

The basic idea to adapt the conjugation approach to the minimization of general
nonlinear functions is simply to replace r* with —V f(z*). Anyway, some troubles
emerge: no formula for the exact line search is available, and in case an inexact
search is performed there is no guarantee that d* = —V f(2*) + Brd*~! is a descent
direction for f at z*. In fact,

Vi) db = |V f(a)|2+ BV f(a*)Td"!

leads to Vf(xF)Td* < 0 if Vf(2*)Td*1 < 0, which is true when the exact line
search is performed, while the Wolfe conditions are not enough to guarantee it.
Actually, it is enough to replace (CUR) by the condition

IV f(zF 4+ td)Td¥| < ep|V f(aF)Td¥), (StrCUR)

with 0 < ¢; < ca < 1/2 where ¢; is the parameter chosen for (AJO), for d* to be a
descent direction within an inexact line search framework. Considering the search
function () = f(x* + td*), (StrCUR) can be equivalently stated as

ok ()] < 2 (0)], (StrCUR)
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which clearly implies (CU R) since ¢}, (0) < 0 and hence

(1) = =0k (t)] = —c2lr(0)] = c20},(0).

(AJO) and (StrCUR) are generally referred to as the strong Wolfe conditions. The
existence of an interval of stepsizes that satisfy both of them can be proved in the
same way of Proposition 4.4 if ¢} (7,) < 0, and exploiting in addition the continuity
of ¢} if ¢} (7y) > 0.

Proposition 4.6. If f is bounded by below, then each direction d* generated by
Algorithm 5 satisfies
—[IVF @2/ = e2) < V()T d" < [(2¢2 - 1)/(1 = )] ||V f ()]

Since any positive co satisfying co < 1/2 guarantees [(2c2 — 1)/(1 — ¢2)] < 0, the
above right inequality guarantees that d” is a descent direction for f at z*. Clearly,
it is better not to choose ¢z too close to 1/21.

Algorithm 5 — Nonlinear conjugate gradient method

0. Choose 2" € R™ and set k = 0

1. If Vf(2*) = 0, then STOP

2. B, = V)TV / V)TV @) ik > 1

3. d*¥ = —Vf(aF) 4 Bpd*~1 if k > 1, otherwise d° = —V f(z°)

4. Compute ¢, satisfying the strong Wolfe conditions (AJO) and (StrCUR)
5. aktl = ok 4 ¢, dF

6. k=k+1and goto 1

Theorem 4.7. Suppose that Algorithm 5 generates an infinite sequence {x*}. If
f is bounded by below and the gradient mapping V f is Lipschitz, i.e., there exists
L > 0 such that

Va,yeR" : [Vf(z) =V Il, < Lz —yl,,

then there exists a subsequence {x*i} such that .hin |V f(z")], = 0.
J—+0o0

Corollary 4.1. Suppose that Algorithm 5 generates an infinite sequence {x*}. If f
is bounded by below, V f is a Lipschitz mapping and the sublevel set

Ly(a) ={z e R" : f(z) < f(«")}

is compact, then at least one cluster point of {x*} is a stationary point of f.

Y4(c) = (2¢ — 1)/(1 — ¢) is a monotone increasing function with £(0) = —1 and £(1/2) =0
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While in gradient methods with d* = —V f(2*) the angle ) between d* and
Vf(z*) is always 7, in conjugate gradient methods there is no guarantee that it
stays bounded away from 7/2. If 6 gets too close to m/2, the algorithm may slow
down meaningfully. In fact, 0 ~ 7/2 implies

0 ~—cosfp ==V f(a")"d"/[IVF(2")lld"]l.] > [(1-2¢2)/(1=e2)] V£ (2*)]l,/Ild"],

where the inequality is due to Proposition 4.6. Therefore, it is likely to have
IV f(z*)|l, << ||d¥||, and also t; ~ 0 since d* is almost orthogonal to the steepest
descent direction. If ¢, ~ 0, then 2**! ~ z*¥ and thus V f(z**!) ~ V f(2*) are also
probable. In such a case fx11 ~ 1 and ||V f(2* )|, = ||V f(zF)], << ||d¥], lead to

dk-‘rl _ —Vf($k+1) + Bk—‘rldk ~ —Vf($k+1) _|_dk ~ dk

that means 011 =~ 6, so that the new iteration will be similar to the previous.
Therefore, if cosf; ~ 0, then it is possible that the algorithm will perform a long
sequence of almost useless iterations.

The so-called restart technique tries to overcome this issue by performing a
steepest descent step after a certain number of iterations, that is setting Sr = 0
every n iterations. The algorithm performs a restart in the sense the effect of the
previous directions on the current one is cancelled. It is also possible to prove
that the subsequence of the restart iterates 2% satisfies the convergence property of
Theorem 4.7.

Relying on the alternative formula 5y = rkT(rk — rkil)/rkflTrkfl of the linear
case, the Polak-Ribiere variant of the method applies the restart technique approx-
imately by choosing B = B,f R for

BER =V M) (Vf(h) = V) VDTV

as Vf(zF) ~ Vf(2"1) guarantees BF7 ~ 0. Since BFF < 0 may occur, another
variant of the method exploits ﬁ,fRJr = max{BL%, 0}.



