Chapter 2

Optimization, convex functions and sets

The basic ingredients of an optimization problem are a real-valued function and
a subset of its domain over which looking for the minima and/or maxima of the
function. Given any f : R™ — R and a set D C R", the minimization problem

(P) min{f(z) : z € D}

amounts to finding £ € D such that f(z) < f(z) for any z € D. The infimum of
the set of real numbers {f(z) : x € D} is called the optimal value of (P) if it is
finite. If the infimum is —oo, then the minimization problem (P) is called unbounded
by below. The corresponding definitions for maximization problems are given just
recalling that maximizing f over a set D is equivalent to minimizing —f over the
same set. Optimization problems are often called programs, so that optimization
and programming are synonyms in this framework.

Optimization problems can be classified according to the kind of function f and
set D which are involved. Unconstrained optimization deals with the case D = R"”,
while constrained optimization with the case D # R™. If D is finite or countable,
then discrete optimization comes into play: combinatorial optimization deals specif-
ically with the case D C {0,1}", while integer programming with the generic case
D C 7Z™. If D is uncountable (and f is continuous), the most used term is contin-
uwous optimization. If f is linear and D is a polyhedron, then linear programming is
used, otherwise nonlinear optimization or nonlinear programming.

These lecture notes focus on continuous nonlinear optimization both in the un-
constrained and constrained case.

2.1 Optimization and convexity

Definition 2.1. z € R" is called a global minimum point of (P) if it is feasible and
f(z) is the optimal value of (P), namely if

(i) # € D (feasibility)

(ii) f(z) < f(z) for any « € D (optimality).
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A global minimum point Z is called strict if the strict inequality f(z) < f(z) holds
for any x € D with x # Z.

Example 2.1. Take n = 1, f(z) = —2? and D = R: the optimal value does not
exist since f(x) — —oo as x — £00, hence no global mimimum point may exist.

Take (P) with f and D as in Example 1.6: the optimal value is 0 but no global
minimum point exists all the same.

Definition 2.2. z € R" is called a local minimum point of (P) if
(i) & € D (feasibility)
(ii) 3 € > 0 such that f(z) < f(x) for any z € D N B(Z,¢) (local optimality).

A local minimum point Z is called strict if there exists ¢’ > 0 such that f(z) < f(z)
holds for any x € D N B(Z,&’) with « # Z.

Clearly, any global minimum point is also a local minimum point but not vice
versa. Indeed, finding a global minimum may be much harder than finding a lo-
cal minimum: the distinction between global optimization and local optimization is
generally very meaningful.

Definition 2.3. D C R" is called convez if Ax + (1 — A\)y € D for any z,y € D and
any A € [0, 1].

Example 2.2. R", 0, B(z,¢), [(,u] ={x e R" : {; <z; <wu;, i=1,..,n} with
£,u € R™ are convex sets in R"™.

Definition 2.4. Let D C R” be convex. Then, f : R" — R is called convex on D if
Vz,yeD, Ae0,1] + fAz+ (1= A)y) <Af(z)+ (1= A)f(y).
f is called strictly convex on D if the strict inequality

fAz+ 1 =XNy) <Af(z)+ (1 =2 f(y)

holds whenever z,y € D and A € [0, 1] satisfy = # y and A # 0, 1.

f is called [strictly] concave on D if —f is [strictly] convex on D. If D = R",
then f is simply called [strictly] convex/concave, omitting the (convex) domain of
convexity /concavity.

Notice that f is convex on D if and only if given any k£ € N the inequality

k k
FOQ Niw) <3 Aif(a)
i=1 =1

holds for any z1, ...,z € D and any Ay, ..., \r € [0,1] such that A\; +---+ A\, = 1.

Theorem 2.1. Let D C R™ be convex. Then,
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(i) If f is convex on D, then any local minimum point of (P) is also a global
minimum point.

(ii) If f is strictly convex on D, there exists at most one minimum point of (P).

Proof. (i) Ab absurdo, suppose there exists a local minimum point & € D which
is not a global minimum point. Thus, there exists « € D such that f(z) < f(z).
Consider xz(\) = Az + (1 — \)Z: it belongs to D for any A € [0, 1] by the convexity
of D. Furthermore, the convexity of f implies

f(N) < Af(@) + (1 =N f(@) < Af(@) + (1 =N [f(@) = [(2)

for any A # 0. Since z(\) — T as A — 0, for any € > 0 there exists A € [0, 1] such that

x(A\) € B(z,e). Thus, Z is not a local minimum point contradicting the assumption.

(7i) Suppose there exist Z,# € D which are both minimum points of (P). Thus,
f(&) = f(z). Take any A €]0,1] and z(\) = Az + (1 — \)Z. If  # &, then the strict
convexity of f implies

fl@N) <Af(@)+ A=A f(@) =Af(@)+ (1 - Nf(@) = f(z) = f(2)

so that neither  nor Z is a minimum point of (P). O

I
Kl

The theorem shows that local and global optimization coincide if f and D are
both convex, therefore the distinction between convex optimization and nonconver
optimization is very meaningful as well.

Proposition 2.1. Let D C R" be convex and f be convex on D. Then, the set of
all the minimum points of (P) is convex

Proof. Take any two minimum points z,Z € D (& # Z) and any A € [0,1]. Then,
x(A) = Az + (1 — \)x € D by the convexity of D, while the convexity of f implies

(V) < Af(@) + (1 = Nf(@) = Af(@) + (1 =N f(@) = f(2) = f(2) < f(z(V)

where the last inequality is due to the optimality of z. Thus, f(z(\)) = f(z) = f(2)
and therefore xz(\) is a minimum point as well. O

2.2 Properties of convex functions

Proposition 2.2. Let D C R"” be convex. Then, f is conver on D if and only if the
restriction of the epigraph of f to D, namely

epip(f) ={(z,t) : x €D, t> f(x)}

is a convex set in R,
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Proof. Only if) Take any (x,t), (y,7) € epip(f) and any A € [0, 1]:

At+ (1 =N 2 Af(2) + (1= Nf(y) = fAz+ (1= Ny)
where the last inequality is due to the convexity of f. Moreover, Ax + (1 — \)y € D
since D is convex, and thus (Az + (1 — XNy, A\t + (1 — \)7) € epip(f).

If) Take any xz,y € D and any A € [0,1]. Therefore, (z, f(z)), (y, f(y)) € epip(f)
and the the convexity of epip(f) imply (Ax+(1—N)y, Af(2)+(1—N)f(y)) € epip(f),
which reads

FOz+ (1 =Ny) <Af(z)+ (1= N)f(y). O

Proposition 2.3. Let D C R” be conver and f be convex on D. Then, the inter-
section of the a-sublevel set of f with D, namely

{z eR" : f(z)<a}nD
is a convex set for any a € R.

Proof. Take any x,y € D and any A € [0,1]: Az + (1 — \)y € D since D is convex
and moreover

FOz+ (1= Ny) <Af(@)+ (1= Nfy). <ra+(1-Na=a O
Example 2.3. Take n = 1, f(z) = 23 and D = R. The a-sublevel set

{z eR™ : 2 <a} =] — o0, Va]
is convex, while f is not convex. In fact, it is enough to take x = —1, y = 1/2 and
A=1/3toget f(Ax+ (1 —N)y) = f(0)=0>—-1/4=Af(z)+ (1 =N f(y).

Proposition 2.4. Let D C R" be convex and f; : R™ — R be convexr on D for any
1 € I for some index set I.

(i) If I is finite, then (Z f,)(m) = Zfz(x) is convexr on D;

il icl
(ii) (Sup fi) (x) = sup fi(x) is convex on D.
iel il

Proof. (i) It is enough to exploit the definition of convexity for each f; summing
all the inequalities.
(ii) Take any x,y € D and any X € [0, 1]. Given any £ > 0, there exists k = k(e) € I
such that
(sup £i) Az + (1= N)y) < S+ (1= A)y) +e

el

<Afe(x) + (1 =N fe(y) +¢

< )\(sup fz) () + (1= N) (sup fz> (y)+e

el el
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and therefore

(Sup fz’) (Az+ (1 =Ny < >\<sup fi) () + (1 =A) (SUP fi) ()

icl el iel

follows since € is arbitrary. U

Theorem 2.2. Let D C R"™ be a conver set with a nonempty interior. If f is convex
on D, then f is continuous on intD.

Theorem 2.3. Let f be differentiable on D. Then, f is convex on D if and only if
VaoyeD : fly) = flo)+ V) (y-2)

Proof. Only if) Take any x,y € D and any A € [0,1]: the definition of convexity
can be equivalently stated as

Fy) = f2) = [f (e + Ay — ) = f(2)]/A

By Proposition 1.6 )1\111% [f(z+ My — ) — f(2)]/) = Vf(2)T (y — ) Therefore, the
—>
required inequality follows from the above one just taking the limit as A — 0%.

If) Take any x,y € D and any \ € [0, 1]: the following inequalities follow from the
assumption just considering the pairs of points z, Ax 4+ (1 — Ay and y, Ax + (1 —N)y:

J(@) > FOx+ (1= Ny) + (1= NV + (1= Ny)T (@ — ),
fy) = fOx+ (1= Ny) +AVIQAa + (1= Ny)" (z —y).
Summing A times the first inequality with (1 — ) times the second inequality gives
Af@)+ (1 =Nfy) = fAz+ (1= Ny). 0

Roughly speaking, the theorem states that the convexity of f means exactly
that the graph of f is “above” the tangent hyperplane to the graph at (z, f(x))
everywhere on D for any x € D.

An analogous characterization holds for strict convexity.

Theorem 2.4. Let f be differentiable on D. Then, f is strictly convex on D if and
only if
Va,yeDstax#y : fly)> fx)+ Vi) (y—a)

Theorem 2.5. Let f be twice continuously differentiable (on R™). Then, f is convex
if and only if V2 f(x) is positive semidefinite for any x € R™, i.e.,

Vaz,yeR" : yIV2f(z)y > 0.
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Proof. Only if) Take any z,y € R™ and any ¢ € R: the second-order Taylor’s
formula and Theorem 2.3 guarantee

SV F @y + rp(ty) = P+ ty) — F(x) — 19 )Ty > 0

and therefore (supposing y # 0)

T(fx) (ty)

Iyll; > 0.
ltyll3

1
inVQf(x)y +

Taking the limit as ¢t — 0, the inequality ¥ V2 f(z)y > 0 follows.
If) Take any =,y € R". By Theorem 1.8 (i) there exists ¢ € [0, 1] such that

F) = £2) = V@)l — ) = 5y = )TV + by — )y~ 2) 2 0

where the inequality is due to the positive semidefiniteness of V2f(x + t(y — z)).
Therefore, Theorem 2.3 guarantees that f is convex. O

A similar sufficient condition for strict convexity can be proved in the same way.

Theorem 2.6. Let f be twice continuously differentiable (on R™). If V2f(x) is
positive definite for any x € R™, i.e.,

Va,yeR" : yIV2f(z)y >0,
then f is strictly convex.

Example 2.4. Take n = 1 and f(z) = z*: f is strictly convex but V2f(0) =
f'0)=0

Theorem 2.7. Let f(z) = %CL‘TQJ/‘ + bz + ¢ (with Q = QT). Then,
(i) f is convex if and only if Q is positive semidefinite;
(ii) f is strictly convex if and only if Q is positive definite.

Proof. (i) and the “if part” of (i) are just Theorems 2.5 and 2.6 for the quadratic
function f since V2 f(z) = Q for any = € R,

(ii) Only if) The residual in the second-order Taylor’s formula is zero, that is

1

Sty Qu = f(a+ty) = f(2) 1V f(2)"y

for any z,y € R™. By Theorem 2.4 the right-hand side is always positive, hence
Q is positive definite. ]



