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Preferences over £ = {lotteries} through a binary relation > satisfying
- reflexivity: L > L
- transitivity: Ly > Ly, Ly > L3 = L1 > L3
- completeness: Ly > Ly or Ly > Ly holds

(antisymmetry not required: Ly > Lp, Ly > L; == L1 = L)

equivalence: Li~ly<= L > L, Ly, > Ly



Preferences versus utility

» Monotonicity
p,q € [07 1] [(A17P)7 (An: 1- P)] 2 [(A17 CI)» (A,” 1- q)] — p 2 q

» Continuity
I €[0,1] st [(An1)] ~ [(A1 117), (An, 1 — 17)]

> [De]composition
[(A17 pl)a AAS] (Ai7pi)a ceny (An, pn)] ~ [(A17p1 + pf/”’i)a ceny (Ai70)a AAS] (Am Pn + pl(l - lu”))]
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» Monotonicity
p:q €1[0,1]: [(A1,p),(An, 1= p)] > [(A1,q),(An, 1 —q)] <= p>gq
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Expected utility theorem (von Neumann-Morgenstern 1944)

If the pair (L, >) satisfies the above monotonicity, continuity and [deJcomposition
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» Monotonicity
p:q €1[0,1]: [(A1,p),(An, 1= p)] > [(A1,q),(An, 1 —q)] <= p>gq

» Continuity
I pi €10,1] s.t. [(Ai, 1)] ~ [(A1, i), (An, 1 — )]

> [De]composition
[(A17 pl)a AAS] (Aivpi)a ceny (An, pn)] ~ [(A17p1 + pf/‘l’i)a ceny (Ai70)a AAS] (Am Pn + pl(l - lu”))]

Expected utility theorem (von Neumann-Morgenstern 1944)

If the pair (L, >) satisfies the above monotonicity, continuity and [deJcomposition
properties, then there exists u : L — R such that

Li >, <— U(Ll) > U(Lz).

u(L) = pipi for L=1[(A1,p1), .., (Ais pi)s -, (An, pi)]
i=1
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Quantity competition a la Cournot

2 firms producing the same homogeneous commodity

competition over quantity: which level of production should a firm select?
x; > 0 is the selected amount of production (i = 1,2)

utility = total revenue minus production cost
ui(x1, x2) = x;ip(x1 + x2) — ¢i(x;)

p inverse demand function: p(t) unitary selling price for a total amount ¢t
(highest price allowing to meet a total demand t)

¢; production cost function: ¢;(x;) cost for a level of production x;



Quantity competition a la Cournot

2 firms producing the same homogeneous commodity
competition over quantity: which level of production should a firm select?

x; > 0 is the selected amount of production (i = 1,2)
utility = total revenue minus production cost
ui(x1, x2) = x;ip(x1 + x2) — ¢i(x;)

p inverse demand function: p(t) unitary selling price for a total amount ¢t
(highest price allowing to meet a total demand t)

¢; production cost function: ¢;(x;) cost for a level of production x;

Data choice
C;(X,') = cx; with ¢ >0
p(t) = max{T — at,0} with T > ¢ and wlog oo = 1 (otherwise rescale T, c)

ui(x1,x) = x;max{T — (x1 + x2),0} — cx;



Cournot duopoly: indivisible commodity

X; € Z4 units of the commodity to be produced — at most (T —¢) — 1

ui(x1,0) = x;max{T — (x1 + x),0} — cx;

Example: T =10, c=3

] © | © | ©
(0.0) [(0,6) [ (0,10)
(6.0) [ G5 | (8 | (39 (2.3) (15) (0.0)
(10,0) [ (84) [ (6.6) | (4.6) (2.%) (0,0) (-2.6)
(120) [ 03 [ 6.4 [ (B3 (0.0) (3.5) | (-6.12)

) (

)

)

® @ ® ®
(0,12) | (0,12) (0,10) (0,6)

(12,0) | (8.2) | (4.2) 0,0) (4.2) | (-8-10) | (-12,-18)
(10,0) | 5.1) | (0.0) | (-5,3) | (-10,8) | (-15,15) | (-15,18)
(6.0) | (0.0) | (-6.2) | (-12,6) | (-18,-12) | (-18,15) | (-18,-18)
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Cournot duopoly: divisible commodity

2 firms producing the same homogeneous commodity

competition over quantity: which level of production should a firm select?
x; € §; = [0, +00) is the selected amount of production (i = 1,2)
utility = total revenue minus production cost

ui(x1, %) = x;ip(x1 + x2) — ci(x;)

p inverse demand function: p(t) unitary selling price for a total amount ¢t
(highest price allowing to meet a total demand t)

¢; production cost function: ¢;(x;) cost for a level of production x;

Data choice
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Cournot duopoly: binding agreement

Monopoly
unique firm (or equivalently x; = 0):
(T—c)x—x2 ifx<T
u(x) = u1(x,0) = xmax{T — x,0} —cx =
—cX ifx>T

*

x* = (T — ¢)/2 maximizes the utility u(x) over 5



Cournot duopoly: binding agreement

Monopoly
unique firm (or equivalently x; = 0):
(T—c)x—x% ifx<T

u(x) = u1(x,0) =xmax{T — x,0} —cx =
) 1(.0) { ! {—cx ifx>T

x* = (T — ¢)/2 maximizes the utility u(x) over S

Binding agreement

Jointly maximize uy(x1, x2) + u2(x1, x2) and share the utility fairly
u1(x1, %) + ta(x1, x2) = (. + x) max{T — (x1 + x2),0} — c(x1 + x)

X =x3 +x — back to monopoly!
(x{=x =(T—-c)/4)



Cournot duopoly: best responses (no agreement allowed)

Best responses (replies): provided the other firm chooses x*;, select any

x* € §; such that u;(x, x*;) > ui(x;, x*;) for all x; € §;
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Best responses (replies): provided the other firm chooses x*;, select any

x* € §; such that u;(x, x*;) > ui(x;, x*;) for all x; € §;

(T—c—x*))/2 ifx*; <T-c

Ri(x*;) = arg max{u;(x;, x xi € 5} =
(') = argmax{ux.x" ) € 57} = {0 T



Cournot duopoly: best responses (no agreement allowed

)

Best responses (replies): provided the other firm chooses x*;, select any

x* € §; such that u;(x, x*;) > ui(x;, x*;) for all x; € §;
(T—c—x*))/2
Ri(x*;) = argmax{u;(x;,x";) : x; € S;} = 0

X2 x1=R1(x2)
x2=Ra(x1)

T-c

(T-c)/2

(T-c)/3 -~
!

T-c X1

if x*

if x

;< T—c

i,'ZT_C



Cournot duopoly: equilibrium state

An equilibrium state is achieved at (x{, x3) € 51 x S, such that
X =Ri(x) and x3 = Ra(x7)

equilibrium = best responses crosses
(x{ =x =(T—-c¢)/3)



Cournot duopoly: equilibrium state

An equilibrium state is achieved at (x{, x3) € 51 x S, such that

X =Ri(x) and x3 = Ra(x7)

equilibrium = best responses crosses
(x{ =x =(T—-c¢)/3)

A comparison between monopoly and Cournot duopoly

production | unitary price | utility per firm | system utility

monopoly | (T —¢)/2 | (T +¢)/2 (T —c)?/4 (T —c)?/4
A V \Y V

duopoly | 2(T —¢)/3 | (T+2¢c)/3 | (T —-¢)?/9 | 2(T —¢c)?/9

binding agreement allowed: utility per firm (T — c)?/8 (better than without)




Finite Cournot duopoly: best responses

X; € Zy units of the commodity to be produced — at most (T —¢) — 1

u,-(xl, X2) = X max{T — (X1 + XQ), 0} — CXj

Example: T =10, c=3

/] © ) @) ® @ ® ®

© | ©0.0) [(006) | (0.00) | (0.12) | (0.12) | (0,10) (0.,0)
D160 (G5 ] @) | B9 | 25 | @5 | (00
@ | (10,0) [ (84) | (6.6) | (4.5) (2.4) (0.0) (-2,-6)
® @20 @) 65 | (G2 ©00) | (3.5 | (612
@ [ (@120 [ (2 | 32) | (0.0) (44 | (-8-10) | (-12,-18)
® | (10,0) | (51) | (0.0) | (-5-3) | (-10,8) | (-15,15) | (-15,-18)
©® | 6.0) | (00) | (6.2) | (-12.6) | (-18,12) | (-18,15) | (-18,18)
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/] © ©) @) ® @ ® ®
© [ (.0 [(©0) (0.0 012 [ (0.12) | (0,10 (0.,0)
D1 (D) [BH] @) | G [ @5 | a5 | (0
@ 1 (C.0)[(@4 ] (66) | (45 (2.4) (0.0) (-2,-6)
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Finite Cournot duopoly: best responses

X; € Zy units of the commodity to be produced — at most (T —¢) — 1

U,‘(Xl, X2) = X max{T — (X1 + XQ), O} — CXj

Example: T =10, c=3

/] © @ @ ® @ ® ®
@ | (.0) 1o .10) ] (12) | (.12) (.10) (0.6)
Q1O 1CH] 8 |9 (2.8) (L.5) (0.0)
@ | (.0) (4] (60) | (45) (2.4) (.0) (.0)
® [ (120) | (93) | (64 | (.3) (.9) (.5 | C.12)
@ (120 1 ()] (2 | (.9 (4 |10 1 -18)
®©1COICH] o) [ -3 C 8 [ 15 ~18)
® ] (O 1COJC2]C O] ~12) ] 15| ~18)
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@ ) CHC )2 | (.12) (. ) (0.)
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® 1 o [COTC. )] )1 C ) 1( ) | ( )




Finite Cournot duopoly: best responses

X; € Zy units of the commodity to be produced — at most (T —¢) — 1

u,-(xl, X2) = X max{T — (X1 + XQ), 0} — CXj

Example: T =10, c=3
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Q1 CHTCHTCG) T ) (.) () ()
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® | C )y ). ) pPC ) ( ) | ( )
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Finite Cournot duopoly: best responses

X; € Zy units of the commodity to be produced — at most (T —¢) — 1

U,‘(Xl, X2) = X max{T — (X1 + XQ), O} — CXj

Example: T =10, c=3

/1] © @© @ © @ ® ®
© | ©0.0) [(006) | (0.00) | (0.12) | (0.12) | (0,10) (0,6
D1 (60 (65 ] @) | B9 | 25 | @5 | (00
@ | (10,0) | (84) | (6.6) | (4.6) (2,4) (0,0) (-2,-9)
® 120 @) 64 | (G2 0.0) | (3.5 | (612
@ [ (@120 [ (2 | 2) | (0.0) (44 | (-8-10) | (-12,-18)
® [ 100) | 51 | (0.0) | (5.2) | (-10,8) | (-15,15) | (-15, 18)
©® | 6.0) | (00) | (6.2) | (-12.6) | (-18,12) | (-18,15) | (-18,18)

multiple equilibrium states exist



Finite Cournot duopoly: best responses

X; € Zy units of the commodity to be produced — at most (T —¢) — 1
U,‘(Xl, X2) = X max{T — (X1 + XQ), O} — CXj

Example: T =10, c=3

T © [0 o[ 0 [ @ ® ®

© | ©0.0) | (0.6) | (0.10) | (0.12) | (0,12) | (0,10) (0,6
@ | 60) | (55 | (48) | (3.9 (2,8) (1,5) (0,0)
@ | (100) | (84) | (6.6) | (4.6) (2.4) (0.0) (-2.-6)
® | (12,0) [ (9.3) | (6.4) | (3.3) (0,0 (3.5) | (6.12)
@ [ (120) | (82) | (42) | (0,0 (44 | (-8-10) | (-12,18)
® | (10,0) | (5.1) | (0.0) | (-5.3) | (-10,8) | (-15,-15) | (-15,-18)
©® | 6.0) | (0.0) | (-6,2) | (-12,06) | (-18,12) | (-18,15) | (-18, 18)

binding agreement leads to x; + x; =3 or x; + x» = 4



Strategic form of a game

- N ={1,...,n} finite set of players
— S, set of strategies for player i € N

S5 =51 x--- x5, setof all the strategy profiles

—uj: S — R utility (or payoff) function for player i € N

each strategy profile x € S determines a unique outcome, which player i
measures through ui(x): a larger value means a higher preference
x_j = (xj)j#i strategy profile for all players except i

S.i= H S; set of all the strategy profiles for all players except i
J#i

Finite game: all the sets S; are finite



Nash equilibria

Let G = (N, {Si},cns{Ui},cn) be a strategic game.

Definition

A Nash equilibrium is a strategy profile x* € S such that the strategy x is
a best response/reply to the strategy profile x*; for all i € N, i.e.,

xi € argmax{ui(xi,x*;) : xi € 5i}
or equivalently

ui(x;, x%;) > wi(xi, x;) for all x; € S;

holds for all players i € N.

An equilibrium is a strategy profile with the property that no player can
improve its utility changing strategy while all the other players do not

Players have no incentive to deviate from an equilibrium state unilateraly



Nash equilibria in the prisoner’s dilemma

2 prisoners are accused of having committed a felony together
Years in jail are decided upon the prisoners’ admissions of guilt

(negative values required in the framework of utility maximization)

/1 not confess | confess
not confess (-2,-2) (-7,0)
confess (0,-7) (-5,-5)

(confess,confess) is the unique Nash equilibrium

Not Pareto optimal: both players could get a shorter conviction (by both not confessing)

Not socially optimal: it does not provide the joint best result (joint = sum of the utilities)



