
Effective Web Graph 
Representations

Pisa, 29/10/2018

1

Giulio Ermanno Pibiri 
University of Pisa and ISTI-CNR 

Pisa, Italy 
giulio.pibiri@di.unipi.it

http://pages.di.unipi.it/pibiri
mailto:giulio.pibiri@di.unipi.it?subject=


Context - Web Graphs
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We focus on compression effectiveness 
on large real-world Web graphs.

Web graphs are directed graphs of pages 
pointing to other pages on the Web.
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Many results are known for 
compressing 

integer sequences.
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The WebGraph Framework

The WebGraph Framework I: Compression 
Techniques, Boldi-Vigna, WWW 2004

Java/C++ framework consisting in 
algorithms and compression codes for 

managing large Web Graphs.

http://webgraph.di.unimi.it/
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Techniques, Boldi-Vigna, WWW 2004

Java/C++ framework consisting in 
algorithms and compression codes for 

managing large Web Graphs.

http://webgraph.di.unimi.it/

Locality - pages links to pages whose URL is 
lexicographically similar. URLs  
share long common prefixes. 

Similarity - pages that are close together in 
lexicographic order, tend to have many common 
successors.
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Adjacency lists d-gapped adjacency lists

If we have: x: [y1,…,yk], then we represent 
[y1 - x, y2 - y1 - 1, y3 -y2 -1,…,yk - yk-1 -1]

First gap  d=y1 - x is represented as 2d if d ≥ 0 or 2|d|-1 if d < 0
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The WebGraph Framework

Exploiting locality.
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The WebGraph Framework

Exploiting similarity.

Idea: use reference compression, i.e., represent a list 
with respect to another one called its reference list.

1
2
3
4

Copy lists

Adjacency lists
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The WebGraph Framework

Copy lists

Copy blocks
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The WebGraph Framework

Copy lists

Copy blocks

Intervals
An interval is a run, of 
size ≥ L, of consecutive 
integers.
Example for L = 2.
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The WebGraph Framework

Reference

List
W

List

W - window size R - maximum reference chain

Tradeoff between compression and decoding time.
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The WebGraph Framework

.uk 
18.5 million pages 

300 million links

WebBase 
118 million pages 

1 billion links
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bits

k2
Õ blogk2 m c�1

i=0 k2i +mk2(dlogk2 ne � blogk2 mc)
<latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit>



12

k2-trees

h = dlogk2 n2e
<latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit><latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit><latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit><latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit>

m
<latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit><latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit><latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit><latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit>n

<latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit>

pages links

mk2dlogk2 n2e
<latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit><latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit><latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit><latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit>

So the total space is bits

= k2 m�1
k2�1 +mk2 logk2

n2

m
<latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit><latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit><latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit><latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit>

=mk
2
⇣
logk2

n2

m +O(1)
⌘

<latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit><latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit><latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit><latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit>

bits

k2
Õ blogk2 m c�1

i=0 k2i +mk2(dlogk2 ne � blogk2 mc)
<latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit>

log
�n2

m
�
⇡m log n2

m +O(m)
<latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit><latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit><latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit><latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit>

Information theoretic 
lower bound
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k2-trees

h = dlogk2 n2e
<latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit><latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit><latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit><latexit sha1_base64="NBm/54KWBqYjwdzq4/XS3LU5RmQ="></latexit>

m
<latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit><latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit><latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit><latexit sha1_base64="+UqRfLLisYEzOB0bIvJMLaODzzI="></latexit>n

<latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit>

pages links

mk2dlogk2 n2e
<latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit><latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit><latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit><latexit sha1_base64="ZcH8CFXU8ogNkvQgJVXU7TE92p8="></latexit>

So the total space is bits

= k2 m�1
k2�1 +mk2 logk2

n2

m
<latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit><latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit><latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit><latexit sha1_base64="IaMMT6pNFtZSw6pMZqG5LsTnJFM="></latexit>

=mk
2
⇣
logk2

n2

m +O(1)
⌘

<latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit><latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit><latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit><latexit sha1_base64="baC/QgKlqxwLkJFIqQiUzIlvLpg="></latexit>

bits

k2
Õ blogk2 m c�1

i=0 k2i +mk2(dlogk2 ne � blogk2 mc)
<latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit><latexit sha1_base64="zquE5A6lB8UBOe/kQIeymHphjGU="></latexit>

log
�n2

m
�
⇡m log n2

m +O(m)
<latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit><latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit><latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit><latexit sha1_base64="qtM+GcnR9beauqclPCs41pO2F1k="></latexit>

Information theoretic 
lower bound 2m log n2

m +O(m)
<latexit sha1_base64="Tggx5KLqGqdh0VCG2Hx81MtAfG8="></latexit><latexit sha1_base64="Tggx5KLqGqdh0VCG2Hx81MtAfG8="></latexit><latexit sha1_base64="Tggx5KLqGqdh0VCG2Hx81MtAfG8="></latexit><latexit sha1_base64="Tggx5KLqGqdh0VCG2Hx81MtAfG8="></latexit>

k = 2
<latexit sha1_base64="BQLSO+fKbzOpsVJ6BMutFkKwzjg="></latexit><latexit sha1_base64="BQLSO+fKbzOpsVJ6BMutFkKwzjg="></latexit><latexit sha1_base64="BQLSO+fKbzOpsVJ6BMutFkKwzjg="></latexit><latexit sha1_base64="BQLSO+fKbzOpsVJ6BMutFkKwzjg="></latexit>

2X away
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k2-trees

Space results in bits x link.
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Block-trees

Queries on LZ-Bounded Encodings, 
Belazzougui et al., DCC 2014

A block-tree divides a string into fixed-
size blocks and those appearing 

earlier are represented with pointers.

Credits to A. Gómez-Brandón
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Access(4) = ?

Queries on LZ-Bounded Encodings, 
Belazzougui et al., DCC 2014

Block-trees

A block-tree divides a string into fixed-
size blocks and those appearing 

earlier are represented with pointers.

offset=1

AA BA offset=1 offset=0 CB offset=0

AABAABBAABAACBBAinput =

A

A
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Access(4) = ?

Queries on LZ-Bounded Encodings, 
Belazzougui et al., DCC 2014

Block-trees

A block-tree divides a string into fixed-
size blocks and those appearing 

earlier are represented with pointers.

offset=1

AA BA offset=1 offset=0 CB offset=0Compression ratios close to 
Lempel-Ziv in practice 

and access to any 
subsequence.

AABAABBAABAACBBAinput =

A

A

Credits to A. Gómez-Brandón
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Block-trees

Bdlog� e > dlogne
<latexit sha1_base64="/KGc5rGgrVgv+3z8TAswGdcwQ6M="></latexit><latexit sha1_base64="/KGc5rGgrVgv+3z8TAswGdcwQ6M="></latexit><latexit sha1_base64="/KGc5rGgrVgv+3z8TAswGdcwQ6M="></latexit><latexit sha1_base64="/KGc5rGgrVgv+3z8TAswGdcwQ6M="></latexit>

B = O(logn/log� )
<latexit sha1_base64="3JpsgJfo88VOCHaaarwkSPUTqEw="></latexit><latexit sha1_base64="3JpsgJfo88VOCHaaarwkSPUTqEw="></latexit><latexit sha1_base64="3JpsgJfo88VOCHaaarwkSPUTqEw="></latexit><latexit sha1_base64="3JpsgJfo88VOCHaaarwkSPUTqEw="></latexit>

h = log n log�
logn

<latexit sha1_base64="aINNBFHga2hUicysK4Dil3fuyl8="></latexit><latexit sha1_base64="aINNBFHga2hUicysK4Dil3fuyl8="></latexit><latexit sha1_base64="aINNBFHga2hUicysK4Dil3fuyl8="></latexit><latexit sha1_base64="aINNBFHga2hUicysK4Dil3fuyl8="></latexit>

O(ti logn)
<latexit sha1_base64="gWd/WLbOo7VpDFDPWdpOYqq3ATY="></latexit><latexit sha1_base64="gWd/WLbOo7VpDFDPWdpOYqq3ATY="></latexit><latexit sha1_base64="gWd/WLbOo7VpDFDPWdpOYqq3ATY="></latexit><latexit sha1_base64="gWd/WLbOo7VpDFDPWdpOYqq3ATY="></latexit>

ti
<latexit sha1_base64="h+rx6DJJSa5Y1f/lVzQ9bSJ/61U="></latexit><latexit sha1_base64="h+rx6DJJSa5Y1f/lVzQ9bSJ/61U="></latexit><latexit sha1_base64="h+rx6DJJSa5Y1f/lVzQ9bSJ/61U="></latexit><latexit sha1_base64="h+rx6DJJSa5Y1f/lVzQ9bSJ/61U="></latexit>

log z
<latexit sha1_base64="GKLErO3ssLKuTdwhNwrxTCDklzg="></latexit><latexit sha1_base64="GKLErO3ssLKuTdwhNwrxTCDklzg="></latexit><latexit sha1_base64="GKLErO3ssLKuTdwhNwrxTCDklzg="></latexit><latexit sha1_base64="GKLErO3ssLKuTdwhNwrxTCDklzg="></latexit>

z logn
<latexit sha1_base64="/El4wQruEgLNQ2TjZy08Ka+ntoY="></latexit><latexit sha1_base64="/El4wQruEgLNQ2TjZy08Ka+ntoY="></latexit><latexit sha1_base64="/El4wQruEgLNQ2TjZy08Ka+ntoY="></latexit><latexit sha1_base64="/El4wQruEgLNQ2TjZy08Ka+ntoY="></latexit>

log n log�
z logn

<latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit><latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit><latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit><latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit>

O(z logn)
<latexit sha1_base64="Q7vZPcU1eDo3uqCgIZYeor7CQd4="></latexit><latexit sha1_base64="Q7vZPcU1eDo3uqCgIZYeor7CQd4="></latexit><latexit sha1_base64="Q7vZPcU1eDo3uqCgIZYeor7CQd4="></latexit><latexit sha1_base64="Q7vZPcU1eDo3uqCgIZYeor7CQd4="></latexit>

O(z logn log n log�
z logn )

<latexit sha1_base64="GuI8fsOd9wJRsKsvcd5jbcTFQS4="></latexit><latexit sha1_base64="GuI8fsOd9wJRsKsvcd5jbcTFQS4="></latexit><latexit sha1_base64="GuI8fsOd9wJRsKsvcd5jbcTFQS4="></latexit><latexit sha1_base64="GuI8fsOd9wJRsKsvcd5jbcTFQS4="></latexit>

n
<latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit><latexit sha1_base64="54xB9bxtl9GBQXUhdlwANDpb6Gk="></latexit>

�
<latexit sha1_base64="VdTUT9ozay0Vmujujxr5ThUjYYU="></latexit><latexit sha1_base64="VdTUT9ozay0Vmujujxr5ThUjYYU="></latexit><latexit sha1_base64="VdTUT9ozay0Vmujujxr5ThUjYYU="></latexit><latexit sha1_base64="VdTUT9ozay0Vmujujxr5ThUjYYU="></latexit>

size of the string

alphabet size

Stop recursion when

z
<latexit sha1_base64="Wkhh1sY0r8KS9myLI53ZpDYRNR0="></latexit><latexit sha1_base64="Wkhh1sY0r8KS9myLI53ZpDYRNR0="></latexit><latexit sha1_base64="Wkhh1sY0r8KS9myLI53ZpDYRNR0="></latexit><latexit sha1_base64="Wkhh1sY0r8KS9myLI53ZpDYRNR0="></latexit>

At level i
nodes take

bits

log n log�
z logn

<latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit><latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit><latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit><latexit sha1_base64="cyr484ZtkEmTSJLlVvzsSyal0aU="></latexit>

+

= bits

nodes
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Two-Dimensional Block Trees, 
Brisaboa, Gagie, Gómez-Brandón, Navarro, 
DCC 2018

2D Block-trees

A hybrid between the k2-tree to 
exploit the clustering of the 0s 
and the block tree to exploit the 
repetitiveness of the adjacency 
matrix.

1 0
1 0 1 0

1 0

TargetSource

A source block may overlap up to 4 adjacent blocks.

Credits to A. Gómez-Brandón
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Two-Dimensional Block Trees, 
Brisaboa, Gagie, Gómez-Brandón, Navarro, 
DCC 2018

2D Block-trees

A hybrid between the k2-tree to 
exploit the clustering of the 0s 
and the block tree to exploit the 
repetitiveness of the adjacency 
matrix.

1 0
1 0 1 0

1 0

TargetSource

A source block may overlap up to 4 adjacent blocks.

Pointer

Offset(0,0) (1,0)

(0,1) (1,1)

Credits to A. Gómez-Brandón
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2D Block-trees
0 0 0 0 0 0 0 0

0 1 0 0 0 1 0 0
1 1 0 0 1 1 0 0

0 1 0 0 0 1 0 0

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0

1 0 1 1 0 0 0 0
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2D Block-trees
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0 1 0 0 0 1 0 0
1 1 0 0 1 1 0 0

0 1 0 0 0 1 0 0

0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0

1 0 1 1 0 0 0 0

0 0 0 0
0 1 0 0
1 1 0 0
0 1 0 0

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

0 0 0 0
0 1 0 0
1 1 0 0
0 1 0 0
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On Web graphs, we 
are not exploiting the 

“empty” zones 
of zeroes as k2-trees.
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2D Block-trees on Web graphs
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2D Block-trees on Web graphs
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Introduce a new 
type of node to 

mark empty zones.
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2D Block-trees on Web graphs
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2D Block-trees on Web graphs
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2D Block-trees on Web graphs
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2D Block-trees on Web graphs

Up to 50% 
reduction wrt the 

k2-tree.
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2D Block-trees on Web graphs
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2D Block-trees on Web graphs

3-6X slower 
wrt the k2-tree. 
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Summing up

k2-trees support direct and reverse navigation;  
good trade-off between space and time; 
do not exploit repetitiveness.

2D-block-trees combines the capturing-spareness behaviour 
of k2-trees with the capturing-repetitiveness of block-trees. 
Up to 50% reduction in space, but 3-6X slower than k2-trees.

Block-trees compress (1D) strings to compression 
ratios close to LZ and support efficient random access 
to any substring.

WebGraph supports efficient extraction of direct 
neighbours in excellent compressed space.
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Take home messages

k2-trees achieve a good trade-off between space 
and time when both direct and reverse navigation is 
needed.

2D-block-trees are even smaller than k2-trees but much 
slower.

WebGraph is still the most compact representation 
if only direct navigation is allowed.
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Thanks for your attention, 
time, patience!

Any questions?


