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Object

Can we give a categorical
account of the operational
semantics of logic programs?



Inspiration
S-semantics

Non-ground atoms
Answer substitutions

S-semantics by Falaschi, Levi, Palamidessi and Martelli



Operational semantics



Logic program

logic signature:
>, operation symbols
11 predicate symbols

atoms: A = P(t1,....t,)
goals: G = A4, ..., A;

P 3 set of Horn clauses H : — B




Operational semantics

P=G=,F



Operational semantics

H:-BeP o=mgu(A,p(H))
A=, a(p(B)

p(H) and p(B) have no variable in common with A



Operational semantics

PEG=,F
PEGG =, F,o(G")



Canonical predicate

{x1,...,z,} canonical set of variables

P(tl, ...,tn) dS O't(P(I‘l, ,I‘n))
Ot . {$1, 7$n} — TE(X) with O't(QEZ’) = {;

we write P for P(x1,...,z,)



Unification as a pushout

mgu(a(P), B(Q))?
P=Q
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Operational semantics
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P (a,(,01,02) is a pushout

a(P):-B

-
P = 6(P) — 0 0'1(B)

no need of creating new variables



Coalgebras



Coalgebras

F:C—>C (X,a: X — F(X))

or, - Set — Set a:S — (L x5S)
or(X)=p(LxX) a(s)={(t,1)] s>t}






Final coalgebra

V(X,a). At (X, a) = (T, 1)

p~ q<t(p) =t(q)



Algebraic structure of states



The theory of monoids

a sort M
oM x M — M
— M

r-(y-z)=(x-y) 2

L - — &L = L




The theory of substitutions

a countable set of sorts {n | n € N}
o:n—mforevery o:{zx1,....,x,} = Tx({x1, ..., T;m })

7(a(r)) = T00(x)

idy, (2)
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The theory of substitutive
monoids

Just a product theory!

a countable set of sorts {n | n € N}
g:n—mforevery o:{x1,...,z,} = Tx({x1, ..., T })

n M X N — N
n -7 N1

7(o(z)) =To0(x) id, (z) = a
Tn(Ynz)=(@ny) nz t'n—n="nnd=4=
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The theory of I'l-substitutive
monoids

Add to the theory of substitutive monoids

P :— n for every P € 11,



Initiality of the goal algebra

Al LA,

01(P1) n (- n (Ok—1(Pr—1) 'n ok(FPk)) - - )

A syntax for states



Coalgebraic semantics



De Simone rules

o(P): —B P ~iso
P = v(B)

G -+ B (r,0,0',7") is a pushout

r(G) = 7'(B)

G 25 B G 2 B

G -G - B-o(@) G -G oG B



Induced coalgebra

(terms of II-substitutive monoids)

(no axioms)

I
p G- ¢
| <~
I /
B(TZ) P=G=,G

p(t) = {(0, t'): t = t' is a derivable sequent}



Homomorphism

(surjective) (terms up-to axioms)

T T o G (goal algebra)




Lifting




Structured coalgebra

i8> A (z (axioms bisimulate)
implies
p p’ (unique coalgebra)
Y Y
(Ix) ——= B(G)



Finality

T T -G T
P p’ T
Y Y Y
(Ts) 5= BG) BT

Coalg(B) has a final object



Examples



P~S5

isomorphic LTSs




P~Q~R

perpetual processes
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Conclusion

Algebraic structure of goals: substitutive monoids
Operational semantics: structured coalgebra
Bisimilarity is a congruence





