
 
 

 
 
 
Università  degli Studi di Pisa 
Corso di Laurea Magistrale in Informatica 
 
Anno Accademico 2021-2022 
 
 
 

Insegnamento di 
 

 
Foundation of Computing 

 
Pagina del corso: http:/pages.di.unipi.it/montanari/FOC.html 

 
 
 

Note di 
 

Logic Programming 
 

 

 

 

 

 

 

 

 

 

 

 

 
a cura di 

Ugo Montanari 
Dipartimento di Informatica 
Università  degli Studi di Pisa 

ugo@di.unipi.it 



A coalgebraic approach 
to unification semantics 

of logic programming
 Ugo Montanari (UNIPI)

 IFIP WG 1.3, Massa Marittima, Jan.14-16, 2020

 Giorgio Mossa (UNIPI)           Roberto Bruni (UNIPI)



Object

Can we give a categorical 
account of the operational 
semantics of logic programs?
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Non-ground atoms
Answer substitutions

S-semantics by Falaschi, Levi, Palamidessi and Martelli



Operational semantics



Logic program

P a set of Horn clauses
<latexit sha1_base64="VfsT0/jq9qbdRxxcj2AM2m3JzY4=">AAACHXicbVC7SgNBFJ2N7/UVtbQZjII2YZOAjy5oYxnBaCAJ4e7kJg7OPpi5K4Ql3+An+BW2WtmJrVj4L86uQXyd6nDOfR4/VtKQ5705hanpmdm5+QV3cWl5ZbW4tn5hokQLbIpIRbrlg0ElQ2ySJIWtWCMEvsJL//ok8y9vUBsZhec0irEbwDCUAymArNQr7qUdM3C3OwHQle+njfE2B26QeDTgp5EOuVCQGDTuuFcseWUvB/9LKhNSYhM0esX3Tj8SSYAh2SHGtCteTN0UNEmhcOx27NwYxDUMsW1pCAGabpq/NOY7iQGKeIyaS8VzEb93pBAYMwp8W5mdbn57mfif105ocNhNZRgnhKHIFpFUmC8yQkubFfK+1EgE2eXIpc0ANBChlhyEsGJiw3PzPI4y7H99/5dcVMuVWrl2Vi3VjyfJzLNNtsV2WYUdsDo7ZQ3WZILdsnv2wB6dO+fJeXZePksLzqRng/2A8/oBhHChQw==</latexit>

H : �B
<latexit sha1_base64="p26Ms6C7ocXgprhw+uSvsuuF3t0=">AAAB+HicbVDLTgJBEJz1CfhCPXqZSEy8SHYl8XUieOGIiTwibMjs0ODI7CMzvUYk/INXPHkznkz8Gw9+i+4uxKhYp0pVd7q6nEAKjab5bszNLywuLafSmZXVtfWN7OZWTfuh4lDlvvRVw2EapPCgigIlNAIFzHUk1J3+eezXb0Fp4XuXOAjAdlnPE13BGUZSrUzPDmipnc2ZeTMBnSXWlOSK6WB89Xr3WWlnP1odn4cueMgl07ppmQHaQ6ZQcAmjTCvUEDDeZz1oRtRjLmh7mKQd0b1QM/RpAIoKSRMRfm4Mmav1wHWiSZfhtf7rxeJ/XjPE7ok9FF4QIng8PoRCQnJIcyWiGoB2hAJEFicHKjzKmWKIoARlnEdiGPWSSfo4jXH0/f0sqR3mrUK+cGHliiUyQYrskF2yTyxyTIqkTCqkSji5IQ9kTB6Ne+PJeDZeJqNzxnRnm/yC8fYFxR6Wcg==</latexit>

logic signature:
⌃ operation symbols
⇧ predicate symbols

<latexit sha1_base64="6mtH4K1+GJp+oWS/l5Z9pNTG9Jc="></latexit>

atoms: A ⌘ P (t1, ..., tn)
goals: G ⌘ A1, ..., Ak

<latexit sha1_base64="yV15uVhqxnAm3b1E9HG8zAWzNGs="></latexit>



Operational semantics

P |= G )� F
<latexit sha1_base64="3B69zU8h8F/fHHptxVL67jGg0Kw="></latexit>
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Table 1: Inference rules for SLD-resolution.

H : -B 2 P � = mgu(A, ⇢(H))

P |= A )� �(⇢(B)) Atomic goal
where ⇢ is a variable renaming such that
⇢(H) and ⇢(B) have no variable in common with A

P |= G )� F

P |= G
0
, G )� �(G0), F

P |= G )� F

P |= G,G
0 )� F,�(G0) Conjunctive goal

where the goal G0 and F have no variable in common

This relation induces a preorder on the substitutions.

Definition 5 (Most general unifier I). Given two terms/atoms/goals t1 and
t2 over the same set of variables, a unifier for them is a substitution � such
that �(t1) = �(t2). A most general unifier for t1 and t2 is a unifier that is most
general in the sense of definition 4.

Remark 2. The mgu’s are unique up isomorphism, meaning that if � and �
0 are

two mgu’s for the same terms there is a unique substitution � such that �0 = ���
and this � is an isomorphism in the above mentioned category of substitutions.

Next we introduce logic programs and their operational semantics.

Definition 6 (Horn clauses, logic programs). A Horn clause is an expres-
sion of the form H : -B where H is an atom and B is a goal called respectively
the head and the body of the clause. Without loss of generality we assume the
head and body are formulas over the same set of variables. A finite set of Horn
clauses is called a logic program.

A Horn clause is basically a formula stating that the head is a logical con-
sequence of the body, i.e., that every valuation satisfying the body satisfies the
head too. In particular any clause whose body is the empty goal ⇤ is a formula
stating that the head is satisfied by all valuations.

Logic programs are able to express computations; they do so via the (op-
erational) SLD-reduction semantics. This semantics is described in Table 1 via
inference rules that describe the transitions G )� F of a labelled transition
system whose states are goals and whose labels are substitutions.

Each sequent of the form P |= G )� F asserts that the program P produces
a computation step from a state G to a state F with an observation �. These
computation steps represent the classical behavior of logic program systems,
in which at each point of a computation the system selects an atom from the
current goal, it tries to unify the selected atom with the head of a clause in the
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Canonical predicate

P (t1, ..., tn) as �t(P (x1, ..., xn))
<latexit sha1_base64="iaAVJBPmbdUWebfqwD8RaHfL5d0="></latexit>

�t : {x1, ..., xn} ! T⌃(X) with �t(xi) = ti
<latexit sha1_base64="rNJmSC1B9PttFtp2wcfxCulwkFQ="></latexit>

we write P for P (x1, ..., xn)
<latexit sha1_base64="OjHQ7wGWbLj59dYzcqMrGyTmtjQ="></latexit>

{x1, ..., xn} canonical set of variables
<latexit sha1_base64="acfEKyDKRAlE9Yn2jzGCGM67xZo="></latexit>



Unification as a pushout
mgu(↵(P ),�(Q))?

<latexit sha1_base64="wGP9w820n6DbIOBfaS+FdYpQ/Uk="></latexit>

P = Q
<latexit sha1_base64="XdJ3+cxFRzhMfdQEPjxvjUpbBqc=">AAAB9XicbVC7SgNBFJ2NrxhfUUtFBoNgFXYN+CiEoI1lguYByRJmJzdxyOyDmbtKWFJa2mplJ7a2+RULv8CfcHcTxNepDufcyz33OIEUGk3zzcjMzM7NL2QXc0vLK6tr+fWNuvZDxaHGfemrpsM0SOFBDQVKaAYKmOtIaDiD88Rv3IDSwveucBiA7bK+J3qCM4yly8pptZMvmEUzBf1LrCkplLfH1Y+7nXGlk39vd30euuAhl0zrlmUGaEdMoeASRrl2qCFgfMD60Iqpx1zQdpRGHdG9UDP0aQCKCklTEb5vRMzVeug68aTL8Fr/9hLxP68VYu/YjoQXhAgeTw6hkJAe0lyJuAOgXaEAkSXJgQqPcqYYIihBGeexGMal5NI+ThIcfn3/l9QPilapWKpahfIZmSBLtsgu2ScWOSJlckEqpEY46ZN78kAejVvjyXg2XiajGWO6s0l+wHj9BJ6/ldo=</latexit>
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Fig. 1: Mgu’s via pushout

program (up to a renaming with fresh names), and then it updates the current
goal, replacing the atom with the body of the clause and then applying the
computed unifier.

From a logic point of view the sequent P |= G )� F states that every
substitution � which makes the goal �(F ) a consequence of the axioms in P
makes also �(�(G)) a consequence of P.

We stress the fact that in logic programming we are always interested in uni-
fying goals and clauses with distinct names, which is the reason for the renaming
in the atomic goal rule in Table 1. It is possible to avoid this variable renaming
changing the definitions of unifiers and mgu’s.

Definition 7 (Most general unifier II). Given a pair of terms/atoms/goals
t1 and t2, a unifier for them is a pair of substitutions (�1,�2) such that �1(t1) =
�2(t2). Given two unifiers � = (�1,�2) and �

0 = (�0
1,�

0
2) we say that � is more

general than �
0 if there is a substitution � such that �

0
i = � � �i for i = 1, 2.

As before, the relation of being more general induces a preorder on the unifiers.
A most general unifier (mgu) for the terms t1 and t2 is a unifier which is most
general among all the possible unifiers.

The notion of unifier and mgu admit a nice categorical description.

Remark 3. Every atom P (t1, . . . , tn) can be written in the form �t(P (x1, . . . , xn))
where {x1, . . . , xn} is a canonical set of variables, �t : {x1, . . . , xn} ! T⌃(X) is
the unique substitution such that �t(xi) = ti for each i (where X is the set of
variables over which P (t1, . . . , tn) is defined).

Remark 3 provides a canonical decomposition of an atom as the result of a sub-
stitution to a canonical predicate, namely P (x1, . . . , xn). As a matter of notation,
in what follows we write just P for P (x1, . . . , xn).

Remark 4 (Mgu’s via pushout). Two atoms ↵(P ) and �(Q) unify only when
P = Q, and in this case a unifier for them is a pair of substitutions � = (�1,�2)
such that �1 � ↵ = �2 � �, i.e. such that the square in Fig. 1a commutes in the
category of substitutions. Such a square is an mgu if for any other commuting
square of the form in Fig. 1b there is a, necessarily unique, � which makes
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commute the diagram in Fig. 1c. This is equivalent to say that (↵,�,�1,�2) is
a pushout square. So, unifiers are commutative squares in the form above and
mgu’s are those squares that are pushouts.

Using this characterization of unification via pushouts we can modify the
Atomic goal rule of Table 1 with the following rule:

↵(P ) : -B 2 P (↵,�,�1,�2) is a pushout

P |= �(P ) )�2 �1(B)
.

In this way the LTS is not changed, but there is no need of creating new variables.

2.2 LTSs as coalgebras.

Definition 8 (F -coalgebra). Given a category C and an endofunctor F : C !
C a coalgebra for the functor F , or F -coalgebra for short, is a pair hX,↵i with
X an object of C and ↵ : X ! F (X). Given two coalgebras hX,↵i and hY,�i
a cohomomorphism h from hX,↵i to hY,�i, written as h : hX,↵i ! hY,�i, is
given by a morphism h : X ! Y such that the following diagram commutes.

X Y

F (X) F (Y )

h

↵ �

F (h)

F -coalgebras and relative cohomomorphisms form the category Coalg(F ).
Coalgebras provide an elegant way to encode di↵erent notions of dynamic

systems in a categorical framework. As an example we can consider the case of
LTSs. We recall that a labeled transition system is a triple hS,L,�!i where
S is a set of states, L is a set of labels, and �!⇢ S ⇥ L ⇥ S is a transition
relation. Every LTS hS,L,!i can be regarded as a coalgebra for the endofunctor
PL : Set ! Set defined on objects as PL(X) = P(L⇥X) where P is the powerset
functor. If hS,L,�!i is an LTS, the relation �!✓ S ⇥L⇥ S gives the function

p : S ! PL(S) that sends every s 2 S into the set p(s) =
n
(l, t) | s l�! t

o
.

One of the most interesting thing about coalgebras is that they give an ab-
stract semantics for dynamic systems in term of final objects: if hX,hi is a
coalgebra, we say that two states, i.e. two elements of X, are bisimilar if they
have the same image via the unique cohomomorphism t : hX,hi ! hT, ⌧i into
a final coalgebra hT, ⌧i. This definition of bisimilarity generalizes the classical
one for transition systems, meaning that two states are bisimilar in the classical
sense if and only if they are bisimilar in the coalgebraic sense.

The advantage of coalgebras over classical LTS is that the states’ space now
can be an object of a generic category, not just a set. Hence coalgebras allow
to work with states that have an additional structure. This justifies the name
structured coalgebras for coalgebras over categories of structures, in particular
we will be interested in coalgebras over categories of algebras.

no need of creating new variables
<latexit sha1_base64="XH8LDc8PF9pcwNWp8gvU37N7jMU=">AAACG3icbVC7TgMxEPSFd3gFKGksIgRVdEkkHh2ChhIkQpCSKNpzNsGKz3ey90DolE/gE/gKWqjoEC0FBf+C74gQr6lGMzte7wSxkpZ8/80rTExOTc/MzhXnFxaXlksrq+c2SozAhohUZC4CsKikxgZJUngRG4QwUNgMhkeZ37xCY2Wkz+gmxk4IAy37UgA5qVvaStu2z3XENWKPR30uXJqkHjjhml+BkeCesqNuqexX/Bz8L6mOSZmNcdItvbd7kUhC1CQUWNuq+jF1UjAkhcJRsZ1YjEEMYYAtRzWEaDtpftCIbyYWKOIxGi4Vz0X8nkghtPYmDNxkCHRpf3uZ+J/XSqi/10mljhNCLbJFJBXmi6ww0jWFvCcNEkH2c+RScwEGiNBIDkI4MXH9FPM+9jPsfF3/l5zXKtV6pX5aKx8cjpuZZetsg22zKttlB+yYnbAGE+yW3bMH9ujdeU/es/fyOVrwxpk19gPe6weZVaF2</latexit>
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F : C ! C
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hX,↵ : X ! F (X)i
<latexit sha1_base64="ZTU/9LMjaRgrlCQlbnGeVrmV2NU="></latexit>

}L : Set ! Set
<latexit sha1_base64="RMA9MsXSZA5NfcKhKAXnvpIzVGc=">AAACGXicbVC7SgNBFJ31GeNr1VKRwRCwCrsGfFVBGwuLiEYD2RBmJzc6ZPbBzF0lLCmt/AS/wi5oZSe2VhZ+gT/h7iqixlMdzrmXe+5xQyk0WtarMTI6Nj4xmZvKT8/Mzs2bC4unOogUhxoPZKDqLtMghQ81FCihHipgnivhzO3up/7ZJSgtAv8EeyE0PXbui47gDBOpZRadq7B1SHep4zG8cDvxMWCfOhj8ElpmwSpZGegwsb9IobIyOHq/Xh1UW+ab0w545IGPXDKtG7YVYjNmCgWX0M87kYaQ8S47h0ZCfeaBbsbZO31ajDRLAoSgqJA0E+HnRsw8rXuem0ymGfVfLxX/8xoRdrabsfDDCMHn6SEUErJDmiuR9AS0LRQgsjQ5UOFTzhRDBCUo4zwRo6S4fNbHTorN7++HyelGyS6Xykd2obJHPpEjy2SNrBObbJEKOSBVUiOc3JA7ck8ejFvj0Xgynj9HR4yvnSXyC8bLBxtPpEw=</latexit>

}L(X) = }(L⇥X)
<latexit sha1_base64="pSJXwUBwtBQU07iSZ0azXQff3cw=">AAACDXicbVC7SgNBFJ31GeMraiU2g0FIEMKugo9CCNpYpFAwJpBdltnJTRwy+2DmrhKC+Ak2/oKtVnZi6zdY+C/uboKo8VSHc+7l3Hu8SAqNpvlhTExOTc/M5uby8wuLS8uFldVLHcaKQ52HMlRNj2mQIoA6CpTQjBQw35PQ8Honqd+4BqVFGFxgPwLHZ91AdARnmEhuYd2+idxaqVmmRzShpZqNwgdNm2W3UDQrZgY6TqwRKVY37e2Hj2r/zC182u2Qxz4EyCXTumWZEToDplBwCbd5O9YQMd5jXWglNGBJjjPIXrilW7FmGNIIFBWSZiL83BgwX+u+7yWTPsMr/ddLxf+8VoydA2cggihGCHgahEJCFqS5Ekk3QNtCASJLLwcqAsqZYoigBGWcJ2KclJXP+jhMsff9/Ti53KlYu5Xdc6tYPSZD5MgG2SQlYpF9UiWn5IzUCSd35JE8kWfj3ngxXo234eiEMdpZI79gvH8BybGdVw==</latexit>

↵ : S ! }(L⇥ S)
<latexit sha1_base64="OAvTLmy/x+ac7IWyOeubw2NVSDk=">AAACEXicbVDLSgNBEJz1bXxFPYowGISIEHYVfJ2CXjx4UDQmkA2hd2x1cHZ3mOlVQvDkJ+hPeNWTN/HqF3jwX9xdRdRYp6Kqm+quQCtpyXXfnL7+gcGh4ZHRwtj4xORUcXrm2MaJEVgTsYpNIwCLSkZYI0kKG9oghIHCenCxk/n1SzRWxtERdTS2QjiL5KkUQKnULs77oPQ58C1+yH2KuX+ly3s+yRAtP1xqF0tuxc3Be4n3RUrVBX/57q3a2W8X3/2TWCQhRiQUWNv0XE2tLhiSQuF1wU8sahAXcIbNlEaQ5rS6+RvXfDGxkJ6g0XCpeC7iz40uhNZ2wiCdDIHO7V8vE//zmgmdbrS6MtIJYSSyIJIK8yArjEz7QX4iDRJBdjlyGXEBBojQSA5CpGKSFlbI+9jMsPb9fS85Xql4q5XVA69U3WafGGFzbIGVmcfWWZXtsn1WY4LdsHv2wB6dW+fJeXZePkf7nK+dWfYLzusH/OqfFA==</latexit>

↵(s) = {(`, t) | s `�! t}
<latexit sha1_base64="TuxQX5E49Pmx0NuBv87pTPSbfFc="></latexit>
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commute the diagram in Fig. 1c. This is equivalent to say that (↵,�,�1,�2) is
a pushout square. So, unifiers are commutative squares in the form above and
mgu’s are those squares that are pushouts.

Using this characterization of unification via pushouts we can modify the
Atomic goal rule of Table 1 with the following rule:

↵(P ) : -B 2 P (↵,�,�1,�2) is a pushout

P |= �(P ) )�2 �1(B)
.

In this way the LTS is not changed, but there is no need of creating new variables.

2.2 LTSs as coalgebras.

Definition 8 (F -coalgebra). Given a category C and an endofunctor F : C !
C a coalgebra for the functor F , or F -coalgebra for short, is a pair hX,↵i with
X an object of C and ↵ : X ! F (X). Given two coalgebras hX,↵i and hY,�i
a cohomomorphism h from hX,↵i to hY,�i, written as h : hX,↵i ! hY,�i, is
given by a morphism h : X ! Y such that the following diagram commutes.

X Y

F (X) F (Y )

h

↵ �

F (h)

F -coalgebras and relative cohomomorphisms form the category Coalg(F ).
Coalgebras provide an elegant way to encode di↵erent notions of dynamic

systems in a categorical framework. As an example we can consider the case of
LTSs. We recall that a labeled transition system is a triple hS,L,�!i where
S is a set of states, L is a set of labels, and �!⇢ S ⇥ L ⇥ S is a transition
relation. Every LTS hS,L,!i can be regarded as a coalgebra for the endofunctor
PL : Set ! Set defined on objects as PL(X) = P(L⇥X) where P is the powerset
functor. If hS,L,�!i is an LTS, the relation �!✓ S ⇥L⇥ S gives the function

p : S ! PL(S) that sends every s 2 S into the set p(s) =
n
(l, t) | s l�! t

o
.

One of the most interesting thing about coalgebras is that they give an ab-
stract semantics for dynamic systems in term of final objects: if hX,hi is a
coalgebra, we say that two states, i.e. two elements of X, are bisimilar if they
have the same image via the unique cohomomorphism t : hX,hi ! hT, ⌧i into
a final coalgebra hT, ⌧i. This definition of bisimilarity generalizes the classical
one for transition systems, meaning that two states are bisimilar in the classical
sense if and only if they are bisimilar in the coalgebraic sense.

The advantage of coalgebras over classical LTS is that the states’ space now
can be an object of a generic category, not just a set. Hence coalgebras allow
to work with states that have an additional structure. This justifies the name
structured coalgebras for coalgebras over categories of structures, in particular
we will be interested in coalgebras over categories of algebras.



Final coalgebra

hT, ⌧i
<latexit sha1_base64="0yl6hFGSZadeJiZcLEhZc6pbRTQ=">AAACCXicbVDLSgNBEJz1bXxFxZOXwSAISthV8HELevEYwZhANoTeSScOzs4uM71CWPwCr/6AVz15E69+hQf/xd2NiK86VVd1090VxEpact03Z2x8YnJqema2NDe/sLhUXl65sFFiBDZEpCLTCsCikhobJElhKzYIYaCwGVyd5H7zGo2VkT6nYYydEAZa9qUAyqRuec1XoAcK+fmOT5D4pqi65YpbdQvwv8T7JJXahr9991Yb1rvld78XiSRETUKBtW3PjamTgiEpFN6U/MRiDOIKBtjOqIYQbSctzr/hm4kFiniMhkvFCxG/T6QQWjsMg6wzBLq0v71c/M9rJ9Q/7KRSxwmhFvkiktmr+SIrjMxyQd6TBokgvxy51FyAASI0koMQmZhkQZWKPI5y7H99/5dc7Fa9veremVepHbMRZtg622BbzGMHrMZOWZ01mGApu2cP7NG5dZ6cZ+dl1DrmfM6ssh9wXj8AItydLw==</latexit>

8hX,↵i. 9!t : hX,↵i ! hT, ⌧i
<latexit sha1_base64="IzCWShXui7KnHpO3JTUTAJoDcpM="></latexit>

p ⇠ q , t(p) = t(q)
<latexit sha1_base64="msJ97ECGoQAC9DWNNqybgtHXfEM="></latexit>
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The theory of monoids
a sort M
· : M ⇥M ! M
⇤ :! M

<latexit sha1_base64="g7CqLXQicAiZl93dxG9ox2vgXU8="></latexit>

x · (y · z) = (x · y) · z
<latexit sha1_base64="aZghprCjdurbJxaw4vtbd0CFIqU=">AAACHHicbVDJSgNBEO2JW4zbqEcvjUFIEMKMAZeDEPTiUcGYQBJCT6cSm/QsdNeIk5Bf8OTZr/CqJ2/iVfDgvzgzCcHtXerxXhVV9ZxACo2W9WFkZmbn5heyi7ml5ZXVNXN940r7oeJQ5b70Vd1hGqTwoIoCJdQDBcx1JNSc/mni125AaeF7lxgF0HJZzxNdwRnGUtss3NIm7/hIC9G4Dor0mE7VqDghg7aZt0pWCvqX2BOSr2w3d+8/KtF52/xsdnweuuAhl0zrhm0F2BoyhYJLGOWaoYaA8T7rQSOmHnNBt4bpRyO6E2qGPg1AUSFpKsL3iSFztY5cJ+50GV7r314i/uc1QuwetobCC0IEjyeLUEhIF2muRBwV0I5QgMiSy4EKj3KmGCIoQRnnsRjG2eXSPI4S7E+//0uu9kp2uVS+sPOVEzJGlmyRbVIgNjkgFXJGzkmVcHJHHskTeTYejBfj1Xgbt2aMycwm+QHj/Qtm7KLw</latexit>

x ·⇤ = x = ⇤ · x
<latexit sha1_base64="hGfYrr7CAnf8phSnOBeHp/D2qps=">AAACGXicbVDJSgNBEO1xd9yiHr00BsFTmFFwOQRFLx4jmCgkIdR0KrGxZ7G7RhJCvsBP8OgXeNWTJ8WrB/HgvzgzUXF70PDqvSqq63mRkoYc59UaGh4ZHRufmLSnpmdm53LzCxUTxlpgWYQq1CceGFQywDJJUngSaQTfU3jsne2n/vEFaiPD4Ii6EdZ9aAeyJQVQIjVyKx1eE82QeM2cx6CRF3kneZ/VwOs0cnmn4GTgf4n7QfI7D3Yxun6xS43cW60ZitjHgIQCY6quE1G9B5qkUNi3a7HBCMQZtLGa0AB8NPVedk6fr8QGKOQRai4Vz0T8PtED35iu7yWdPtCp+e2l4n9eNabWVr0ngygmDES6iKTCbJERWiY5IW9KjUSQ/hy5DLgADUSoJQchEjFOgrOzPLZTbHxd/5dU1gruemH90M3v7rEBJtgSW2arzGWbbJcdsBIrM8Eu2Q27ZXfWlXVvPVpPg9Yh62Nmkf2A9fwO7Oui3w==</latexit>



The theory of substitutions

a countable set of sorts {n | n 2 N}
� : n ! m for every � : {x1, ..., xn} ! T⌃({x1, ..., xm})

<latexit sha1_base64="ecrrTY3o0+gf5tZ0SoyqFPKh9WY="></latexit>

⌧(�(x)) = ⌧ � �(x)
<latexit sha1_base64="tR5bYba2CM23pQnazntq7Dentrc="></latexit>

idn(x) = x
<latexit sha1_base64="ZWiMyGOlmoK0ivENzqX2ZWoacnw=">AAACFHicbVC7SgNBFJ31GeMraiVaDAYhacKuAZ8IQRvLCCYKSQizk6sOmZ1dZu5KwpLW1s6vsNXKTmztLfwXdzdBfJ3qcM493HuPG0hh0LbfrbHxicmp6cxMdnZufmExt7RcN36oOdS4L3194TIDUiiooUAJF4EG5rkSzt3uceKf34A2wldn2A+g5bErJS4FZxhL7RxthqoDOolHTY/htfYi0Rm01aDQK9JD2mvn8nbJTkH/EmdE8pXi3eb66sF+tZ37aHZ8HnqgkEtmTMOxA2xFTKPgEgbZZmggYLzLrqARU8U8MK0o/WRAN0PD0KcBaCokTUX4noiYZ0zfc+PJ5Fjz20vE/7xGiJe7rUioIERQPFmEQkK6yHAt4oqAdoQGRJZcDlQoyplmiKAFZZzHYhh3lk372Euw/fX9X1LfKjnlUvnUyVeOyBAZskY2SIE4ZIdUyAmpkhrh5JY8kEfyZN1bz9aL9TocHbNGmRXyA9bbJ1AZoLo=</latexit>



The theory of substitutive 
monoids

a countable set of sorts {n | n 2 N}
� : n ! m for every � : {x1, ..., xn} ! T⌃({x1, ..., xm})
·n : n⇥ n ! n
⇤n :! n

<latexit sha1_base64="trj/BXdadf1jTbkivDo6mAW999I="></latexit>
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logic programming. Again the goals provide examples of this substitutive struc-
ture in which the operations of �Sub are interpreted with their corresponding
substitutions.

As seen above, goals mix together monoidal and substitutive structures, but
these structures interact with each other in a specific way. Their interaction gives
rise to a di↵erent algebraic structure which is captured by the so called tensor
product of the two theories.

Using the machinery of algebraic theories we can build a new theory as
the tensor product of �Mon and �Sub, which we call the theory of substitutive
monoids and denote by �SM. We will not describe the construction in details
(see e.g. [14]), instead we describe the resulting theory.

Definition 11 (The theory of substitutive monoids). The theory of sub-
stitutive monoids �SM = (SSM,⌃SM, ESM) has sorts those of �Sub, that is
SSM = SSub, each operation � : n ! m in ⌃Sub is also an operation of ⌃SM

with the same arity and for every sort n 2 SSM we have a binary typed operation
·n : n⇥n ! n and a constant ⇤n : n. The axioms in ESM contain those in ESub,
with the addition, for every sort n, of the following monoid axioms

x ·n (y ·n z) = (x ·n y) ·n z x ·n ⇤n = ⇤n ·n x = x

and of axioms of the form

�(x ·n y) = �(x) ·m �(y) �(⇤n) = ⇤m

for every substitution operation � : n ! m in ⌃SM \⌃Sub.

We call the �SM-algebras substitutive monoids or also SM-algebras. An al-
gebra for �SM is basically a countable family of monoids (parametrized by the
sorts) with a family of monoid homomorphisms between them (parametrized
by the substitutions), whence the name substitutive monoids. Another way to
see these algebras is as functors from the above mentioned category of substi-
tutions into the category of monoids. Goals provide algebras for this algebraic
theory, the sorts are interpreted by sets of goals with fixed-finite sets of vari-
ables, the monoidal operations are given by conjunction operations and finally
the substitution operations are given by the variable substitutions.

Definition 12 (The theory of ⇧-substitutive monoids). The theory of ⇧-
substitutive monoids �⇧ -SM = (S⇧ -SM,⌃⇧ -SM, E⇧ -SM) has sorts and equa-
tions as those of �SM but the operation symbols are given by ⌃⇧ -SM = ⌃SM[⇧,
that is they are those of ⌃SM plus the predicates of the logic signature. Each pred-
icate P 2 ⇧ with arity n is interpreted as a constant symbol of type P : n. The
other operators, inherited from ⌃SM, keep the signature they have in �SM.

The algebras of �⇧ -SM are substitutive monoids with selected constants
parametrized by predicates. In the next section we focus on the most important
⇧ -SM-algebra, the algebra of goals: this will show how �⇧ -SM is actually the
theory of goals, meaning that it characterizes the algebraic structure of goals.
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⌧(�(x)) = ⌧ � �(x)
<latexit sha1_base64="tR5bYba2CM23pQnazntq7Dentrc="></latexit>

idn(x) = x
<latexit sha1_base64="ZWiMyGOlmoK0ivENzqX2ZWoacnw=">AAACFHicbVC7SgNBFJ31GeMraiVaDAYhacKuAZ8IQRvLCCYKSQizk6sOmZ1dZu5KwpLW1s6vsNXKTmztLfwXdzdBfJ3qcM493HuPG0hh0LbfrbHxicmp6cxMdnZufmExt7RcN36oOdS4L3194TIDUiiooUAJF4EG5rkSzt3uceKf34A2wldn2A+g5bErJS4FZxhL7RxthqoDOolHTY/htfYi0Rm01aDQK9JD2mvn8nbJTkH/EmdE8pXi3eb66sF+tZ37aHZ8HnqgkEtmTMOxA2xFTKPgEgbZZmggYLzLrqARU8U8MK0o/WRAN0PD0KcBaCokTUX4noiYZ0zfc+PJ5Fjz20vE/7xGiJe7rUioIERQPFmEQkK6yHAt4oqAdoQGRJZcDlQoyplmiKAFZZzHYhh3lk372Euw/fX9X1LfKjnlUvnUyVeOyBAZskY2SIE4ZIdUyAmpkhrh5JY8kEfyZN1bz9aL9TocHbNGmRXyA9bbJ1AZoLo=</latexit>

Just a product theory!



The theory of Π-substitutive 
monoids

P :! n for every P 2 ⇧n
<latexit sha1_base64="pJN+R4cBOEo2ocW0lro8V5nYTvs="></latexit>

Add to the theory of substitutive monoids



Initiality of the goal algebra

A1, ..., Ak
<latexit sha1_base64="lekvS1bxRz+ZgH0mRUnwrsApVJk=">AAAB/XicbVDJSgNBFOyJW4xb1KMijUHwEIYZAy63RC8eEzALJCH0dF5ik56F7jdCCMGTn+BVT97Eq/kVD36BP+HMJIhbnYqq93j1ygmk0GhZb0Zqbn5hcSm9nFlZXVvfyG5u1bQfKg5V7ktfNRymQQoPqihQQiNQwFxHQt0ZXMR+/QaUFr53hcMA2i7re6InOMNIapY6dt40zXypM+hkc5ZpJaB/iT0jueLupPJxtzcpd7Lvra7PQxc85JJp3bStANsjplBwCeNMK9QQMD5gfWhG1GMu6PYoiTymB6Fm6NMAFBWSJiJ83xgxV+uh60STLsNr/duLxf+8Zoi90/ZIeEGI4PH4EAoJySHNlYi6ANoVChBZnByo8ChniiGCEpRxHolhVE4m6eMsxvHX939J7ci0C2ahYueK52SKNNkh++SQ2OSEFMklKZMq4cQn9+SBPBq3xpPxbLxMR1PGbGeb/IDx+gm+wpgK</latexit>
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3.2 The goal algebra as the initial ⇧ - SM-algebra

Definition 13 (The goal algebra). Goals form a ⇧ -SM-algebra G such that

– G interprets sort n 2 S⇧ -SM into the set Gn of the goals with free variables
in the canonical set {x1, . . . , xn};

– each predicate symbol P : n is interpreted in the atomic formula

P
G = P (x1, . . . , xn);

– each substitution symbol � : n ! m is interpreted in the corresponding sub-
stitution operation �

G = � : Gn ! Gm;
– each monoid operation ·n is interpreted into goal conjunction, i.e. ·Gn =

^ : Gn ⇥Gn ! Gn;
– each ⇤n is interpreted into the empty goal in Gn.

It is easy to prove that these data satisfy the axiom of �⇧ -SM hence that G
is indeed as ⇧ -SM-algebra.

Remark 5. It is not hard to see that every atomic formula P (t1, . . . , tn) can be
uniquely represented as the element �t

G(PG), where �t is the unique substitution
sending the variable xi into the term ti (see Remark 3).

In the same way, if we have a goal G in the form G = A1 ^ · · · ^ Ak with
Ai = Pi(ti1, . . . , t

i
ni
) we have the representation

G = A
G
1 ·Gn (. . . (AG

k�1 ·Gn A
G
k ) . . . ) ,

where we put AG
i = �ti

G(PG
i ).

This representation allows us to express any goal as a canonical term in the
language of �⇧ -SM, more specifically as a term in the form

�1(P1) ·n (· · · ·n (�k�1(Pk�1) ·n �k(Pk)) . . . ) .

In particular, the atomic formulas of the form P (x1, . . . , xn) can be expressed
via the term idn(P ). We will exploit this representation in what follows.

The algebra of goals has an important characterization.

Theorem 1 (Initiality of G). The algebra G is the initial ⇧ -SM-algebra.

Proof. We prove that for any other ⇧ -SM-algebra A there is a unique homo-
morphism fA : G ! A.

We start observing that for every goal G 2 Gn in the form

G = �1(P1) ·n · · · ·n �k(Pk)

every homomorphism f : G ! A should satisfy the following equation

f(G) = �1
A(PA

1 ) ·An · · · ·An �k
A(PA

k ) .

So the only possible homomorphism is given by the family of maps fA
n : Gn ! An

defined by the equation

f
A
n (�1(P1) ·n · · · ·n �k(Pk)) = �1

A(PA
1 ) ·An · · · ·An �k

A(PA
k ) .

By calculations it is easy to prove that this indeed is an homomorphism. ut

A syntax for states



Coalgebraic semantics



De Simone rules
�(P ) : �B 2 P � iso

<latexit sha1_base64="7BqWx7VVq0MjajL4wojngCtSBB8="></latexit>

P
�����! �(B)

<latexit sha1_base64="XNIeU+2VBd+rLWjrURkkbJL0oWI="></latexit>
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Table 2: SOS-rules for ⌃⇧ -SM algebras.

�(P ) : -B 2 P � 2 Th(⌃)[m,m] is an isomorphism

P
����! �(B)

(constant-rule)

where � 2 Th(⌃)[n,m] is a substitution, P 2 ⇧ has arity n and B 2 (T⌃⇧ -SM)m

G
��! B (⌧,�,�0

, ⌧
0) is a pushout

⌧(G)
�0
�! ⌧

0(B)

(substitution-rule)

G
��! B

G ·G0 ��! B · �(G0)

G
��! B

G
0 ·G ��! �(G0) ·B

(monoid-rule)

where G and G
0 are terms of the same type

4 Coalgebraic Semantics

In this section we introduce a structured coalgebra that provides the operational
semantics for logic programs. To this aim we proceed as follows: First we provide
a set of SOS rules which describe how to generate the transitions of the semantics
and then using the abstract machinery of structured coalgebras, developed by
Plotkin and Turi [25] (see also [9]), we show how the transitions form a structured
coalgebra over the algebra of goals G. In order to do that we need to prove that
the axioms of �⌃⇧ -SM bisimulate; this is an important property that we have
to prove, because our state-space is an algebra satisfying some axioms and not
just a syntactic (term) algebra. Next we prove that our SOS-rules generate the
transitions of the classical operational semantics for logic programs. Finally we
prove the existence of a terminal coalgebra: this result allows us to use the
coalgebraic-bisimulation semantics described in Section 2.

4.1 SOS rules and coalgebras

In what follows we work in the categoryAlg(⌃⇧ -SM) of ⌃⇧ -SM-algebra, that is
those algebras for the algebraic theory obtained by �⇧ -SM dropping the axioms.
Working in this larger category allows us to reuse the results of Plotkin-Turi for
automatically generate endofunctors and coalgebras from an SOS specification.
This machinery does not generalize well to categories of algebras satisfying ax-
ioms, hence the choice to drop the axioms.

Table 2 provides a set of SOS rules. These rules are in De Simone format [11],
whence the following result.

Proposition 1. The SOS-rules in Table 2 induce a functor BP : Alg(⌃⇧ -SM) !
Alg(⌃⇧ -SM) and a coalgebra p : T⌃⇧ -SM ! BP(T⌃⇧ -SM).
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Induced coalgebra

T⌃

p

✏✏
B(T⌃)
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The functor BP associates with each ⌃⇧ -SM-algebra A the algebra BP(A)
that interprets each sort n with the set

BP(A)n = Pf

  
a

m

Th(⌃)[n,m]⇥Am

!
qAn

!

whose elements are sets of substitutions’ labeled transitions (i.e. pairs of the
form (�, a) 2

`
m Th(⌃)[n,m]⇥Am) and unlabeled (idle) transitions.

The coalgebra p associates with each term t in T⌃⇧ -SM , the initial ⌃⇧ -SM-
algebra, the set

p(t) =
n
(�, t0) : t

��! t
0 is a derivable sequent

o
[ {t} .

The goal algebra G is a ⌃⇧ -SM-algebra and so it has a natural (unique)
homomorphism ⇡ : T⌃⇧ -SM ! G from the initial algebra T⌃⇧ -SM . Since G is the
initial �⌃⇧ -SM -algebra (as shown in Theorem 1), G is obtained from T⌃⇧ -SM

quotienting for the axioms in �⌃⇧ -SM and ⇡ is a surjective homomorphism.
Since ⇡ : T⌃⇧ -SM ! G is a surjective homomorphism, there can be at most

only one p
0 : G ! BP(G) such that the diagram below commutes

T⌃⇧ -SM G

BP(T⌃⇧ -SM) BP(G)

⇡

p p0

BP(⇡)

and such p
0 exists if and only if the morphism BP(⇡) � p respects the axioms of

�⌃⇧ -SM , that is if and only if for every equation t = t
0 derivable from the axioms

of �⌃⇧ -SM the sets BP(p(t)) and BP(p0(t0)) are equal.
By the definitions of the functor BP and the homomorphism p, this amounts

to prove that for every �⌃⇧ -SM -derivable equation t = t
0 and every s 2 T⌃⇧ -SM

such that t
��! s is derivable from the rules in Table 2, there is a s

0 such that
t
0 ��! s

0 is also derivable and s = s
0 is an equation provable from the axioms

in �⌃⇧ -SM , and the symmetric property holds for every transition t
0 ��! s

0. We
say that an equation t = t

0 bisimulates if it satisfies this property.

Theorem 2. Let � be an algebraic theory and let R be a set of SOS rules defined
over the signature of � . If every closed instance of the axioms in � bisimulates,
then every � -derivable equation bisimulates as well.

Proof. Since every � -derivable closed equation can be derived by reflexivity,
symmetry, transitivity, and congruence by the axioms, we can prove the thesis
by induction on these inference rules.

The proof is straightforward for all the rules with the exception of congruence,
which is the rule requiring that SOS-rules are in De Simone Format [11], that
is why we will focus only on this case.

(no axioms)
<latexit sha1_base64="pRRr4gzRCmM3cLZbDCtMO4bxQ+4=">AAACGnicbVC7TsNAEDzzJrwSKGlOREjQRA6ReHQRNJQgkQQpsaL1ZQMnzmfrbg2JrPwJtPAfdIiWht/gC7BNhIAw1Whmd2c1fqSkJdd9d6amZ2bn5hcWC0vLK6trxdJ604axEdgQoQrNpQ8WldTYIEkKLyODEPgKW/7NSea3btFYGeoLGkboBXClZV8KoFTqFktJx/b5jg45DGQY2N1Rt1h2K24OPkmqY1JmY5x1ix+dXijiADUJBda2q25EXgKGpFA4KnRiixGIG7jCdko1BGi9JH99xLdjCxTyCA2Xiuci/txIILB2GPjpZAB0bf96mfif146pf+glUkcxoRZZEEmFeZAVRqadIO9Jg0SQfY5cai7AABEayUGIVIzTkn4dBaW8ZDAcFfKSjjLsf1cySZp7lWqtUjvfK9ePx3UtsE22xXZYlR2wOjtlZ6zBBLtjD+yRPTn3zrPz4rx+jU45450N9gvO2yckEaES</latexit>
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Theorem 4 (SLD-reduction as a coalgebra). The LTS underlying the coal-
gebra p

0 : G ! BP(G) is the same generated by the rules for the SLD derivation.

Proof. The LTS generated by the SLD-reduction is the one generated by the
SOS-rules obtained via the application of the syntactic transformation that turns
every sequent of the form P |= G )� G

0 into a sequent of the form G
��! G

0.
It can be shown that these SOS-rules can be derived by the SOS-rules of

Table 2 and vice versa. ut

4.2 Final BP-coalgebra

We conclude this section with a proof of the existence of the terminal BP-
coalgebra. This allows to use the bisimulation semantics via terminal-coalgebra
as described in Section 2. We need the following result.

Theorem 5. For every locally presentable category C and every accessible end-
ofunctor B : C ! C the forgetful functor VB : Coalg(B) ! C is a left adjoint.

Proof. The proof is basically the same as the one presented in [3, Theorem 1.2].
It follows from the Special Adjoint Functor Theorem using the fact that C and
Coalg(B) are locally small and locally presentable, hence cocomplete and with
a generating set, that Coalg(B) is cowellpowered, for [1, Theorem 1.58], and
that the forgetful functor VB preserves colimits. ut

Corollary 2. With the hypothesis of Theorem 5, if C has a terminal object,
Coalg(B) has a terminal object as well.

Proof. If FB : C ! Coalg(B) is the right adjoint of VB , which exists for Theo-
rem 5, it preserves limits and so, letting T 2 C be a terminal object, FB(T ) is
a terminal object too. ut

Theorem 6 (BP is accessible). The functor BP is accessible.

Proof. Since Alg(⌃⇧ -SM) is an algebraic category BP is accessible if and only
if for every sort n 2 S⌃⇧ -SM the functor BP

n : Alg(⌃⇧ -SM) �! Set such that

BP
n(A) = BP(A)n is accessible. Remember that

BP
n(A) = Pf

  
a

m

Th(⌃)[n,m]⇥Am

!
qAn

!
.

This equation shows that BP
n is obtained combining the valuation functors (those

the sends algebras in their carriers), that are accessible, with accessible functors,
namely the finite powerset Pf and the multiplication functors Th(⌃)[n,m]⇥�.
Since these functors are composed via coproduct and functor composition, that
preserve accessibility, it follows that BP

n is accessible as well.
Since this holds for every n 2 S⌃⇧ -SM , by the above mentioned property of

algebraic categories, it follows that BP is accessible. ut

By Theorem 6 with Corollary 2 it follows that

Proposition 3 (Finality). The category Coalg(BP) has a terminal object.

,
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(terms of ⇧-substitutive monoids)
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Homomorphism

T⌃

p

✏✏

⇡ // G

B(T⌃)
<latexit sha1_base64="2aHAez678qAaQ0Ga6XM0/l0PTLc="></latexit>

(goal algebra)
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Lifting

T⌃

p

✏✏

⇡ // G

B(T⌃) B(⇡)
// B(G)
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Structured coalgebra

T⌃

p

✏✏

⇡ // G

p0

✏✏
B(T⌃) B(⇡)

// B(G)
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(axioms bisimulate)
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Finality

T⌃

p

✏✏

⇡ // G

p0

✏✏

T

⌧

✏✏
B(T⌃) B(⇡)

// B(G) B(T )
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Coalg(B) has a final object
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4.3 Examples

We conclude this section by showing some examples of (in)equivalence.

Example 1. Let us consider the logic program:

P (x, y, z) : - Q(x, y), R(y, z) S(x, y, z) : - T (x, y, z)
Q(a, c) : - ⇤ T (a, c, z) : - V (z) V (b) : - ⇤
R(c, b) : - ⇤ T (x, c, b) : - U(x) U(a) : - ⇤

The goals P (x, y, z) and S(x, y, z) are bisimilar: they yield isomorphic LTSs.

Example 2. Let us consider the logic program:

P (f(x)) : - P (x) Q(f(x)) : - R(x) R(f(x)) : - Q(x)

The goals P (x), Q(x) and R(x) are all bisimilar. They are logic perpetual pro-
cesses [21]: even with the impossibility to terminate, at each transition new
substitutions of the form f(y)/z are computed to approximate the result.

Example 3. Let us consider the logic program:

P (a, y) : - Q(y) Q(b) : - ⇤ S(a, y) : - T (y) T (b) : - ⇤
P (a, y) : - R(y) R(c) : - ⇤ T (c) : - ⇤

The goals P (x, y) and S(x, y) have the same answer substitutions but are not
bisimilar, because the choice to substitute b or c for y is done by P implicitly at
the first step while it is postponed to the second transition by S.

5 Conclusion

When exploiting LP as a process description language defined by an LTS, it is
natural to look for a structured coalgebraic semantics.

In the paper, states, i.e. goals, are represented as the substitutive monoids
freely generated by predicate symbols, and transitions are goal reductions via
unification. The construction guarantees the existence of a final coalgebra yield-
ing the abstract semantics. More precisely, coalgebras live in the category of al-
gebras equipped with the operations of substitutive monoids, but without their
axioms. Thus goal bisimulations respect monoidal and substitution operations.

In [4] the authors introduced a structured coalgebra that models the opera-
tional semantics of logic programming in order to apply the theory of reactive
systems [20]. Their coalgebra uses a presheaf to model the state-space, which
can be viewed as a multisorted-algebra having only unary-typed operations in-
dexed by a family of substitutions. We have chosen a di↵erent algebraic structure
that seems closer to the natural structure of goals of logic programming. For in-
stance, to define the coalgebraic endofunctor we refer to an original, suggestive
SOS specification quite close to the rules for SLD derivation (see Table 1). Nev-
ertheless the two approaches are related. It is possible to obtain two forgetful

P ⇠ S
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isomorphic LTSs
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4.3 Examples

We conclude this section by showing some examples of (in)equivalence.

Example 1. Let us consider the logic program:

P (x, y, z) : - Q(x, y), R(y, z) S(x, y, z) : - T (x, y, z)
Q(a, c) : - ⇤ T (a, c, z) : - V (z) V (b) : - ⇤
R(c, b) : - ⇤ T (x, c, b) : - U(x) U(a) : - ⇤

The goals P (x, y, z) and S(x, y, z) are bisimilar: they yield isomorphic LTSs.

Example 2. Let us consider the logic program:

P (f(x)) : - P (x) Q(f(x)) : - R(x) R(f(x)) : - Q(x)

The goals P (x), Q(x) and R(x) are all bisimilar. They are logic perpetual pro-
cesses [21]: even with the impossibility to terminate, at each transition new
substitutions of the form f(y)/z are computed to approximate the result.

Example 3. Let us consider the logic program:

P (a, y) : - Q(y) Q(b) : - ⇤ S(a, y) : - T (y) T (b) : - ⇤
P (a, y) : - R(y) R(c) : - ⇤ T (c) : - ⇤

The goals P (x, y) and S(x, y) have the same answer substitutions but are not
bisimilar, because the choice to substitute b or c for y is done by P implicitly at
the first step while it is postponed to the second transition by S.

5 Conclusion

When exploiting LP as a process description language defined by an LTS, it is
natural to look for a structured coalgebraic semantics.

In the paper, states, i.e. goals, are represented as the substitutive monoids
freely generated by predicate symbols, and transitions are goal reductions via
unification. The construction guarantees the existence of a final coalgebra yield-
ing the abstract semantics. More precisely, coalgebras live in the category of al-
gebras equipped with the operations of substitutive monoids, but without their
axioms. Thus goal bisimulations respect monoidal and substitution operations.

In [4] the authors introduced a structured coalgebra that models the opera-
tional semantics of logic programming in order to apply the theory of reactive
systems [20]. Their coalgebra uses a presheaf to model the state-space, which
can be viewed as a multisorted-algebra having only unary-typed operations in-
dexed by a family of substitutions. We have chosen a di↵erent algebraic structure
that seems closer to the natural structure of goals of logic programming. For in-
stance, to define the coalgebraic endofunctor we refer to an original, suggestive
SOS specification quite close to the rules for SLD derivation (see Table 1). Nev-
ertheless the two approaches are related. It is possible to obtain two forgetful

P ⇠ Q ⇠ R
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perpetual processes
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