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A dynamic concurrent stack
of equal cells

o \57 ‘\57 \5 ol

Four ports for communicating with left and right cells.
Leftmost cell can communicate with external components
Rightmost cell can communicate only on the left



A CELL can be in one of four different states
according to the number of data items
(natural numbers) it contains

CELL;(v) & @y.CELLy(y,v) + 7v.CELL,

CELL;(u,v) & Bv.CELL, (1)

CELLy & 5x.if x = $ then ENDCELL else CELL, (x)

ENDCELL & qz.(CELL,(z) ZENDCELL) + 73.nil

a new bottom cell




75 S E . -

.
(CELL;(1) Z ENDCELL)\B\0 receiving the value 3 on channel o

CELL,(v) & ay.CELL, (y,v) + 7»CELLg

(CELL»(3,1) Z ENDCELL)\B\ 6 before right-shifting the value 1

CELL, (u,v) & Bv.CELL, (u)

ENDCELL & ¢z, (CELL, (z) ZENDCELL) +  75.nil
—_—

a new bottom cell

CELL,(3) = CELL,(1) ~ ENDCELL\S\&
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11.3 Operational Semantics of CCS 235

Example 11.2 (Derivation). We show an example of the use of the derivation rules
we have introduced. Let us take the (guarded) CCS process: ((p | q) | r)\ ¢, where:

p &l e x. (ax+B.x) q & rec x. (ax+7y.x) r & rec x. @.x.

First, let us focus on the behaviour of the simpler, deterministic agent r. We have:

— 2 — — A
rec x. 0C.x = r' NRec @.(rec x.o.x) =7
}\Act, A=W, r'=rec x. A.x

where we have annotated each derivation step with the name of the applied rule.

Thus, r < r and since there are no other rules applicable during the above derivation,
the LTS associated with » consists of a single state and one looping arrow with
label a. Correspondingly, the agent is able to perform the action @ indefinitely.
However, when embedded in the larger system above, then the action @ is blocked
by the topmost restriction -\ ¢c. Therefore, the only opportunity for r to execute a
transition is by synchronising on channel o with either one or the other of the two
(nondeterministic) agents p and g. In fact the synchronisation on & produces an
action T which is not blocked by -\ &. Note that p and g are also available to interact
with some external agent on other non-restricted channels (f or y).
By using the rules of the operational semantics of CCS we have, e.g.:

u u _
((pla) [\ —s NRes, s=\a (P1@)|r=s', p#oa
A A
\Com, u=t, s'=s"|r; P | q— S”, r—r
A 1
\Par,s”:p|q] q—q, r—n
A A
r\Rec &q+Yqg—q, r—ri
A A
Nsum &9 —=q1, r—=r]
a.
NAct, A=a, gi=g " =71

NRec Q.7 LN
}\Act, ry=r U

From which we derive:
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s
w\ B----- l ————— a\ B
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a\ 15}
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Fig. 11.8: Graphically illustration of the concatenation operator p _ g

rp=r =rec Xx. 0.X
gi=q=recx.ax+yx
5" :p | q1 = (rec x. a.x+f.x) | rec x. ¢.x+y.x
s = = ((rec x. v.x+ B.x) | (rec x. a.x+7y.x)) | rec x. G.x

\a ((rec x. a.x+ B.x) | (rec x. a.x+7v.x)) | rec x. &.x)\ o
u

T

and thus:

((pla) |\ ((pla) | \e

Note that during the derivation we had to choose several times between different
rules which could have been applied; while in general it may happen that wrong
choices can lead to dead ends, our choices have been made so to complete the
derivation satisfactorily, avoiding any backtracking. Of course other transitions are
possible for the agent ((p | ¢) | r)\a: we leave it as an exercise to identify all of them
and draw the complete LTS (see Problem [TT.1)).

Example 11.3 (Dynamic stack: linking operator). Let us consider again the extensible
stack from Example We show how to formalise in CCS the linking operator _
We need two new channels ¥ and 17, which will be private to the concatenated cells.
Then, we let:

pZq=(plopsllalay)\0\n

where @ 5 is the relabelling that switches 8 with ¥, § with 17 and is the identity
otherwise, while ¢4y switches o with ¥, y with 17 and is the identity otherwise.
Notably, ¥ and 7 are restricted, so that their scope is kept local to p and ¢, avoiding
any conflict on channel names from the outside. For example, messages sent on 3 by
p are redirected to ¥ and must be received by g that views ¢ as . Instead, messages
sent on 3 by g are not redirected to ¥ and will appear as messages sent on 3 by the
whole process p _ g (see Figure[T1.8).
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Exercise

Given a finite Petri net N with set of places S and set of transitions 17 let CLNV] be its case
erapl. Interpret C[N| as a coalgebra 157 — P, (I x5 ) in Set. where Py, is the finite
powerscet functor and X% is the commutative monoid freely generated by X As an exaniple.
show that if S = {a,b.¢} and T = {t: « @ b — ¢}, than o and the empty marking 1 are
bisimilar. Notice however that markings a @ b and b are not bisimilar, i.e. bisimilarity s not a
congruence w.r.t the monoidal operation . Conclude that the above coalgebra camiot be seen
as a coalgebra ¢S — Qi (T7 % S7) in Algycare,. with TV the theory of commntative
monoids and Q;, some poweralgebra functor. Show instead {optional) that this is possible for
the class of Petri nets where the precondition *f of cach transition £ is a singleton. and this
that. for this class of nets, bisimilarity 18 a congruence.

cied - 4 o

a q
. v
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