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Converting a RE to an Automata

• We can convert a RE to an ε-NFA 
– Inductive construction 
– Start with a simple basis, use that to build more 

complex parts of the NFA
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R=ε
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Next slide: More complex RE’s

RE to ε-NFA

• Basis:
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RE to ε-NFA Example

• Convert R= (ab+a)* to an NFA 
– We proceed in stages, starting from simple elements and 

working our way up 
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RE to ε-NFA Example (2)

ε
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Esercizio 1.9. Si provino o refutino le seguenti identità:

(1) r + s = s + r

(2) r(st) = (rs)t
(3) r

⇤(r + t)⇤ = (r + t)⇤

(4) ;⇤ = "

Soluzione.

(1) r + s = s + r.

Siano R e S gli insiemi associati alle espressioni regolari r e s. Per defi-

nizione si ha che x 2 R + S se e solo se x 2 R _ x 2 S, che equivale a

dire x 2 R + S se e solo se x 2 R [ S. Possiamo perciò concludere che

r + s implica R [ S e che s + r implica S [ R, dove R [ S = S [ R per la

commutatività dell’unione.

(2) r(st) = (rs)t.
Siano R, S e T gli insiemi associati alle espressioni regolari r, s e t. Si deve

mostrare che R(ST) = (RS)T , ovvero che x 2 R(ST) se e solo se x 2 (RS)T :

x 2 R(ST) , x = ry con r 2 R, y 2 ST

, x = rst con r 2 R, s 2 S, t 2 T

, x = vt con v 2 RS, t 2 T

, x 2 (RS)T

(3) r
⇤(r + t)⇤ = (r + t)⇤.

Siano R e T gli insiemi associati alle espressioni regolari r e t. Si deve

mostrare che R
⇤(R + T)⇤ = (R + T)⇤. Per ottenere questo verifichiamo

l’inclusione nei due sensi. Dimostriamo (R + T)⇤ ✓ R
⇤(R + T)⇤ Sia x 2

(R + T)⇤ allora x = x" 2 R
⇤(R + T)⇤. Dimostriamo invece R

⇤(R + T)⇤ ✓
(R + T)⇤. Se x 2 R

⇤(R + T)⇤ allora x = ru con r 2 R
⇤

e u 2 (R + T)⇤,
allora r 2 R

⇤
vuol dire che r = w1 . . . wm con wi 2 R e u 2 (R + T)⇤

vuol dire che u = v1 . . . vn dove vi 2 R oppure vi 2 T . Quindi si ha

che x = ru = (w1 . . . wmv1 . . . vn) 2 (R + T)⇤. Si è quindi dimostrata

l’uguaglianza.

(4) ;⇤ = ".

L’uguaglianza non è vera, dato che ;⇤ è l’insieme vuoto, mentre " = {"} è

l’insieme che contiene unicamente la striga vuota " (quindi è non vuoto).

2

Esercizio 1.10. Si determini l’automa deterministico minimo per il linguaggio
denotato dall’espressione regolare: (0⇤ + 1

⇤ + (01)⇤).

Soluzione. Costruiamo l’"-NFA che riconosce tale linguaggio:

2

'2 ^ display2 = s.x/x .’vendor := ’vendor2’’)

(('1 ^ display1 = s.x ) _

('2 ^ display2 = s.x ))

¬(x = baseUrl) ^ x 2 display1 _ x 2 display2

L =
�

x
�� 9n 2 N. x = 0n _ x = 1n _ x = (01)n
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GFED@ABC?>=<89:;q1

0
⌦⌦

GFED@ABCq0

"

OO

"
//

"

✏✏

GFED@ABC?>=<89:;q2

1
⌦⌦

GFED@ABC?>=<89:;q3

0
++ GFED@ABCq4

1

kk

formalmente abbiamo M = h{q0, q1, q2, q3, q4}, {0, 1, "}, �, q0, {q1, q2, q3}i. La di-

mostrazione che questo automa e↵ettivamente riconosce il linguaggio desiderato è

banale e deriva dal teorema di equivalenza tra linguaggi denotati da espressioni

regolari e linguaggi regolari.

Ricaviamo dall’"-NFA, l’NFA equivalente. Si ricorda che dato un "-NFA definito

come M = hQ, ⌃, �, q0, Fi esiste sempre un NFA M
0 = hQ, ⌃, �

0
, q0, F

0i tale che

L(M) = L(M 0) dove

• F
0 =

�
F [ {q0} Se "-closure(q0) \ F 6= ;
F altrimenti

• �
0(q, a) = �̂(q, a).

Definiamo la matrice di transizione di M
0
come

0 1

q0 {q1, q4} {q2}
q1 {q1} ;
q2 ; {q2}
q3 {q4} ;
q4 ; {q3}

Disegnamo M
0
:

GFED@ABC?>=<89:;q1

0
⌦⌦

GFED@ABC?>=<89:;q0

0

OO

1
//

0

  

BB
BB

BB
BB

BB
B

GFED@ABC?>=<89:;q2

1
⌦⌦

GFED@ABC?>=<89:;q3 0
++ GFED@ABCq4

1

kk

che formalmente si scrive M
0 = h{q0, q1, q2, q3, q4}, {0, 1}, �, q0, {q0, q1, q2, q3}i.

Dato l’NFA si ricava il DFA equivalente come visto nell’Esercizio 1.5. Definiamo

la matrice di transizione per il DFA, ottenuta rinominando gli stati nel seguente

!-NFA

Esempio: from RE to !-NFA



What have we shown?

• Regular expressions, finite state automata and regular grammars 
are really  different ways of expressing the same thing.   

• In some cases you may find it easier to start with one and move 
to the other 
– E.g., the language of an even number of one’s is typically 

easier to design as a NFA or DFA and then convert it to a 
RE



Not all languages are regular!

• L={ anbn | n ∈ Nat }



k0

∀z∈Lu v w

∈Lv v

v v v ∈L

∈L

Pumping Lemma

Given L an infinite regular language then there exists an integer k such  

that for any string                            it is possible  to split z  into 3 
substrings 

             z = uvw with |uv|  k, |v| > 0 such that 8i 2 N, uviw 2 L

<latexit sha1_base64="SVExWsqr0NO/XDaRJeOs0m70rKc="></latexit>

z 2 L.|z| � k

<latexit sha1_base64="ozge/dzxHemHOzK/lOWUBxod5BM=">AAAB/HicbVDLSsNAFJ3UV42vaJduBovgKiQiqLuiGxcuKtgHtKFMppN26GQSZyZCmtZfceNCEbd+iDv/xkmbhbYeuHA4517uvcePGZXKcb6N0srq2vpGedPc2t7Z3bP2D5oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8kfXud96JELSiN+rNCZeiAacBhQjpaWeVRl3KYe39mQ86Q7IAxyZptmzqo7tzACXiVuQKihQ71lf3X6Ek5BwhRmSsuM6sfIyJBTFjEzNbiJJjPAIDUhHU45CIr1sdvwUHmulD4NI6OIKztTfExkKpUxDX3eGSA3lopeL/3mdRAUXXkZ5nCjC8XxRkDCoIpgnAftUEKxYqgnCgupbIR4igbDSeeUhuIsvL5Pmqe2e2Zd3Z9XaVRFHGRyCI3ACXHAOauAG1EEDYJCCZ/AK3own48V4Nz7mrSWjmKmAPzA+fwCU0ZNw</latexit>



Negating the PL
The PL gives a necessary condition, that can be used to prove that a 
language is not regular! 

   If                                                  for all possible splitting 

    then L is not a regular language!

8k 2 N 9z 2 L.|z| � k

<latexit sha1_base64="CKk8OryWzeVG3+41VvmxjXt/Hgk=">AAACIHicbVBNS8NAEN34bfyqevSyWARPJRFBxYvoxYNIBVuFppTNdlKXbjZxdyLW2J/ixb/ixYMietNf46b24NcsC4/3Zpg3L0ylMOh5787I6Nj4xOTUtDszOze/UFpcqpsk0xxqPJGJPg+ZASkU1FCghPNUA4tDCWdh96DQz65AG5GoU+yl0IxZR4lIcIaWapW2gijRTEraDYSiAcI1hlF+3KfBrn1wbR0YelNoR5Xbm9ugA5e067puq1T2Kt6g6F/gD0GZDKvaKr0F7YRnMSjkkhnT8L0UmznTKLiEvhtkBlLGu6wDDQsVi8E088GBfbpmmTa1Tu1XSAfs94mcxcb04tB2xgwvzG+tIP/TGhlG281cqDRDUPxrUZRJigkt0qJtoYGj7FnAuBbWK+UXTDOONtMiBP/3yX9BfaPib1Z2TjbLe/vDOKbIClkl68QnW2SPHJIqqRFO7sgDeSLPzr3z6Lw4r1+tI85wZpn8KOfjE/Ajois=</latexit>

z = uvw with |uv|  k, |v| > 0 9i 2 N such that uviw 62 L

<latexit sha1_base64="LQD8IwH35c2PNgVb8XlgZK/ANCg="></latexit>



u v w

ak bk

z∈L,  |v|=i,

|uv| > k

Esempio

• L={ anbn | n ∈ Nat }, consider  k ∈ N 
• Let z = akbk



✴ Sia L={ anbn | n ∈ Nat }, prendiamo k ∈ Nat 

✴ Sia z = akbk

u v w

ak bk

z∈L,  |v|=i,

v2

ak+ibk ∈L
i ≠ 0

Esempio

• L={ anbn | n ∈ Nat }, consider  k ∈ N 
• Let z = akbk



Exercises

Prove that the following are not regular languages

<latexit sha1_base64="Cm9TTqbhS52TKXS19zXYsaf4yEc=">AAACBHicbVC7TsMwFHV4lvIKMHaxaJGYqqRCwIJUwcLAUCT6kJoQOa7TWnWcYDtIVcjAwq+wMIAQKx/Bxt/gthmg5UhXOjrnXt17jx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7wY++17IiSN+I0axcQNUZ/TgGKktOSZpcqVl1rZmZNC65bbuh640yd3tpNVPLNsVa0J4Dyxc1IGORqe+eX0IpyEhCvMkJRd24qVmyKhKGYkKzqJJDHCQ9QnXU05Col008kTGTzQSg8GkdDFFZyovydSFEo5Cn3dGSI1kLPeWPzP6yYqOHVTyuNEEY6ni4KEQRXBcSKwRwXBio00QVhQfSvEAyQQVjq3og7Bnn15nrRqVfu4enRdK9fP8zgKoAT2wSGwwQmog0vQAE2AwSN4Bq/gzXgyXox342PaumDkM3vgD4zPH4vElsU=</latexit>

L0 = {0n10n|n � 1}

<latexit sha1_base64="7N0ujZbYsTi+h3EfSnIVFysL5xc=">AAACBHicbVC7TgJBFJ3FF+ILtaSZCCZWZJcYtTEh2lhYYCKPhF02s8MAE2Zm15lZE7JS2PgrNhYaY+tH2Pk3DrCFgie5yck59+bee4KIUaVt+9vKLC2vrK5l13Mbm1vbO/ndvYYKY4lJHYcslK0AKcKoIHVNNSOtSBLEA0aawfBy4jfviVQ0FLd6FBGPo76gPYqRNpKfL5Su/cQZn7sJtDvC6fAH4TJyB7k7Lvn5ol22p4CLxElJEaSo+fkvtxvimBOhMUNKtR070l6CpKaYkXHOjRWJEB6iPmkbKhAnykumT4zhoVG6sBdKU0LDqfp7IkFcqREPTCdHeqDmvYn4n9eOde/MS6iIYk0Eni3qxQzqEE4SgV0qCdZsZAjCkppbIR4gibA2ueVMCM78y4ukUSk7J+Xjm0qxepHGkQUFcACOgANOQRVcgRqoAwwewTN4BW/Wk/VivVsfs9aMlc7sgz+wPn8A2HmW9g==</latexit>

L1 = {0n1m|n  m}



Property of Regular languages
The regular languages are closed with respect to the union, 
concatenation and Kleene closure. 
 
The complement of a regular language is always regular.

• The regular language are closed under intersection  

Decision Properties: 
Approximately all the properties are decidable in case of finite 
automaton. 

(i) Emptiness  
(ii) Non-emptiness  
(iii) Finiteness  
(iv) Infiniteness  
(v) Membership  



DFA Minimization

● Some states can be redundant: 
— The following DFA accepts (a|b)+ 
— State s1 is not necessary



DFA Minimization

● The task of DFA minimization, then, is to automatically transform 
a given DFA into a state-minimized DFA 
— Several algorithms and variants are known



DFA Minimization Algorithm

● Recall that a DFA M=(Q, Σ, δ, q0, F) 

● Two states p and q are distinct if 
— p in F and q not in F or vice versa, or 
— for some α in Σ, δ(p, α) and δ(q, α) are distinct 

● Using this inductive definition, we can calculate which states are 
distinct



DFA Minimization Algorithm

● Create lower-triangular table DISTINCT, initially 
blank 

● For every pair of states (p,q): 
— If p is final and q is not, or vice versa 

→ DISTINCT(p,q) = ε 

● Loop until no change for an iteration: 
— For every pair of states (p,q) and each symbol α  

→ If DISTINCT(p,q) is blank and  
DISTINCT( δ(p,α), δ(q,α) ) is not blank 
▪ DISTINCT(p,q) = α 

● Combine all states that are not distinct 



s0
s1

s2

s0 s1 s2

Very Simple Example



s0
s1 ε
s2 ε

s0 s1 s2

Label pairs with ε where one is a final state and the other is not

Very Simple Example



s0
s1 ε
s2 ε

s0 s1 s2

Main loop (no changes occur)

Very Simple Example

→ DISTINCT(p,q) is blank and  
DISTINCT( δ(p,α), δ(q,α) ) is not blank 
▪ DISTINCT(p,q) = α 



s0
s1 ε
s2 ε

s0 s1 s2

DISTINCT(s1, s2) is empty, so s1 and s2 are equivalent states

Very Simple Example



Merge s1 and s2

Very Simple Example

a,b



More Complex Example



More Complex Example

● Check for pairs with one state final and one 
not:



More Complex Example

● First iteration of main loop:



More Complex Example
● Second iteration of main loop:



More Complex Example
● Third iteration makes no changes 
— Blank cells are equivalent pairs of states



More Complex Example

● Combine equivalent states for minimized DFA:



Conclusion

● DFA Minimization is a fairly understandable process, and is 
useful in several areas 
— Regular expression matching implementation 
— Very similar algorithm is used for compiler 

optimization to eliminate duplicate 
computations 

● The algorithm described is O(kn2) 
— John Hopcraft describes another more 

complex algorithm that is O(k (n log n) )



Exercises

*

0 1
A B A
B A C
C D B
D D A
E D F
F G E
G F G
H G H

0 1
A B E
B C F
C D H
D E H
E F I
F G B
G H B
H I C
I A E

Minimize the following automata

*

*

*


