The fix point THEORY



POSET (Partially ordered set, PO)
(P, E) CCPxP

reflexive Vp e P. pLCp
antisymmetry Vp,q€ P. pLg AN qLp = p=gq
transitive Vp,ggreP. pCqg N qEr = pCr

[
P=9" means that p is less than (or equal to0) g

|

p PCg means PEqg A p#q



Total Order

APO (P,C) istotal iff

Vp,ge P. pEq V qEp

A PO where every two elements are comparable

e Hasse diagram notation

/ (omit: reflexive arcs,

® transitive arcs)

/



Discrete orders

(P,C) PO

discrete Vp,gqe P. pLqg&p=q

any element is comparable only to itself



Flat orders
(P,C) PO

flat Vpge P. pCq < p=q V p=_1

any element is comparable only to itself
and with a distinguished (smaller) element L



Exercise

(N, <) PO?  Total? Discrete? Flat?

9 9 Q Q




Exercise

(p(5), C) PO?  Total? Discrete? Flat?
& |SI<2 sS=0p |5]<2

example: S = {a,b,c}

{a'7b7c} a Q %
| {a,b} . b, c}

la,b}  Ha,cp  {bcj

PavaY

fa) [p) fe) 1a}

~

0

10}

[N



Exercise

(N, =) PO?  Total? Discrete? Flat?

9 O < Q



Exercise

(NU{L},{(L,n)|neN} )
PO? Total? Discrete? Flat?

9 O % <



Exercise

(NU {00}, <) PO?  Total? Discrete? Flat?
@ © X X

O

3




Exercise

(N, <)
(Z, <)

(Z U {—00, 00}, <)

(N, #)

PO?

O 0O &0 O

Total?

o

<
<
Q

Discrete?

o

X
Q
Q

Flat?

QO 0 O



Element properties
(least, minimal, ...)



Least element

(P,C) PO QCP teQ
¢ is aleast element of Q if Vge Q. (L g

TH. (uniqueness of least element)
(P,E)PO Q C P /1,05 least elements of @ implies 1 = {2



Bottom

(P,E) PO the least element of P
(if it exists) is called bottom and denoted |

sometimes written Lp

Examples
PO bottom?
(NU {00}, <) 0
(9(S5), C) o

(Z, <) (%,



Minimal element
(P,C) PO QCP

m € Q)

m is a minimal element of @ if Vg€ Q. ¢Em=qg=m
(no smaller element can be found in )

least vgeQ. ¢(Cq

minimal Y¢€Q. ¢Cm=qg=m

unique

minimal

not necessarily unique

not necessarily least
can be least



Reverse order

TH. (P,E) PO  implies (P,J) PO

(P,C) PO QCP

greatest element: least element of Q w.rt. (P, 3)

top element: T greatest element of P (if it exists) becomes |
maximal element: minimal element of @Q w.rt. (P, 2)



Upper bound
(P,E) PO QCP wueP

u is an upper boundof Q@ if V¢€Q. ¢Cu

(all the elements of @ are smaller than ©)

() may have many upper bounds




Least upper bound
(P,E) PO QCP per
p is the least upper bound (lub) of @ if

1. it is an upper bound of ( Vge Q. qCp
2. it is smaller than any other upper bound of @
Vue P. VgqeQqZu)=pCu

we write p = lub Q)

intuitively, it is the least element
that represents all of ()

P not necessarily an element of @



Exercise

Upper bounds of {a,b} ? {f,h,i, T}

/\ lub? f
/\/\
><><

\/



Exercise

Upper bounds of {b,c} ? {h,i, T}

/ \ lub?  no lubl
/ \ / \
>< ><

\/



Exercise

(N,<X) QCN |ub? if Q finite lub Q = maxQ
otherwise no lub




Exercise
(9(5),S) Q< p(S) Ilub?

{a,b,c}
{a,b}  Ha,c; {b,c}

PeYaN

{a} {b} {c}

~

0

wb Q= || T

TeqQ

lub {{a},{b}} = {a,b}



Complete partial orders
(CPO)



Completeness: the idea

D a domain

C away to compare elements e
(

rL Y =z isa(less precise) approximation of ¥
x and Y are consistent,
but¥ is more accurate thanx

J

roLaxy Lagl--- Ly -

T T(n+1)’rh approximation
third approximation

second approximation

first approximation
does any sequence of approximations tend to some limit?



Chain
(P,C) po  {di}ien isachainif Vi € N. d; C d;

any chain is an infinite list

finite chain: there are only finitely many distinct elements

or equivalently
e N.Vi > k. d; = dy



<...<2n < - is an infinite chain

<3<5<---<H5< -+ isafinite chain

any chain has infinite length



Limit of a chain

(P,C) PO {d; }ien a chain

we denote by | | di the lub of {di}ien if it exists

1€N

and call it the limit of the chain



Limit illustrated




Example

0<2<4<-..<2n< - has ho lub
(empty set of upper bounds)

0<1<3<3<5<---<5< -+ has lub 5

(which upper bounds?)



Lemma on finite chains

Lemma (any finite chain has a limit)

(P,C€) PO {di}ien afinite chain = Ll d; exists
iEN



Complete partial order

(P,C) PO P is complete if each chain has a limit (lub)

TH. Any finite chain has a limit
(the last element in the sequence)

If P has only finite chains it is complete

If P is finite it is complete

Any discrete order is complete

Any flat order is complete



Example

(N, <) is not complete
(it is enough to exhibit a chain with no limit)

has no lub

0<2<4<...<2n <+
(empty set of u.b.)



Exercise
(NU {00}, <) complete? &

00 any infinite chain has limit oo
(set of u.b. {0} )




Exercise

(9(5), <) complete? @

{Sz'}iEN Ll S; = U S; = {ZC ’ dk € N.x € Sk}

1€N 1€N

34



Exercise

(NU {oo1,002},<) complete? €3

007 009 any infinite chain has no limit
(set of u.b. {oc01,002})

» D

» N

o ——



Partial functions



Partial functions

D=(A—~B)=Pf(A,B)={f: A— B} partial functions

fC g iff(a)is defined, g(a) is definedand g(a) = f(a)
but g(a) can be defined when f(a) is not

if we see partial functions as relations

Uz, f(@) | flx)# L} € AxB

S E 9 meansessentiadlly fCg



Example
Pf(N,N)

[ n/2 ifn even
fn) = { 1 otherwise

F={



Example

if n even

n/2

2-n otherwise

- -~
——~ O <A
AN O —H
— ™M 1O D~
~_ — —
_n o o =

S —~H AN M

O N < © -

— ~— — —v .

(2k, k), (1 + 2k, 2 + 4k),



Example

Pf(N,N)

n/2 if n even n/2 if n even
gin) = { 2-n otherwise fin) = { 1 otherwise
g=A E0,0;,ELQ;, f={ EO O;

2,1),(3,6), 2.1
(4,2),(5,10, JE9’ @ (4,2),
(6,3), (7, 14), 9C 7 Q (6,3),
(2K, k), (1+ 2%, 2 + 4k), (2%, k),



Example

Pf(N,N)
PC{(0,0)}C {(0,0, C ..
(1,1) }

which function(s) are we approximating?



Example

Pf(N, N)
p={(0,0)} C {(0,0, C {(0,0), C ...
(1,1) } (1,1),
2

which function(s) are we approximating?



Example
Pf(N,N)

»E4{(0,0)} C {(0,0, E{(0,0, C {(0,0, C.
(1,1) } (1,1), (1,1),
(2,2) } (2,2),
(3,3) }

which function(s) are we approximating?



Example
Pf(N, N)

PEL0.0)} T {00, C{(00), C{(©00), C{(©0
DY N, @, (1)

22} (22, (22

@3} (33

(4,4

which function(s) are we approximating?

N N N N N
- [ - -

N



Example

Pf(N, N)
pC={O1)}C {(©,1), C{(,1), C ..
(1,1) } (1,1),
(2,2) }

which function(s) are we approximating?



Example

Pf(N,N)
pE{(0,1)} E {(,1), E{(,1), E{(,1), L.
(1,1) } (1,1) (1,1),
(2,2) } (2,2),
(3,6) }

which function(s) are we approximating?



Example
Pf(N, N)

DELONFE {01, E{©O1), E{O1), E{(©),
(1,1) } (1,1), (1,1), (1,1),

(2,2) } (2,2), (2,2),

(3,6) } (3,6),

(4,24

which function(s) are we approximating?

) }

N



Pf is complete?

Pf(A,B)={f:A— B} partial functions

(Pf(A,B),C) is a PO with bottom
what is bottom?
IS it complete?

the empty relation
(the function always undefined)

yes!
Given a chain {f;}ien let us consider U fi CAx B
iEN

| ) f: € P£(A, B)

1€N



pictorially

is the limit in @ ?




Example

Pf(N, N)

IRIANARIARIONIS

{(0,1) £

{(0,1),(1,1)} 1,
{(0,1),(1,1),(2,2)} £,
{(0,1),(1,1),(2,2),(3,6)}
{(0,1),(1,1),(2,2), (3,6), (4,24)} /5

U Ji is (maybe) the factorial function

1€N

note: the limit of partial functions can be a total function



Monotone functions



Monotone function
(D,Cp) po (E,Eg)PO f:D—E

f is monotone if Vdi,d> € D. dy CEp ds = f(d1) Eg f(ds)

Monotone = Order preserving

{d;};en achainin D |

= {f(d;)}ien achainin E
f monotone

When D =F wesay f:D — D isa functionon D



Monotonicity illustrated

a chain

a chain
(by monotonicity)



Example

(NU {0}, <) fn (NU{oc}, <)
50 »
e
g -3
g 2
b -1



Exercise

3 3
D e T .2



Exercise

(NU {oo}, <) f(n) =n/2 (NU {oo}, <)

~a.
~..
.

s
~
S~
-~




Exercise
(NU {0}, <) }C(n) =n % 2 (N U {oo}, <)

. A
---------------- A

~..



Exercise

(NU {oo}, <) f(n) =2 (NU {oo}, <)

e
~
S
~




Exercise

............
‘‘‘‘‘‘‘‘‘‘

-------------------------- monotone? €9 -
D f:D—=D D
f(L)=f(0)=0

f(1) =1



Composition

TH. Any composition of monotone function is monotone

f: D — E monotone h=gof:D—F
—
g : £ — F monotone monotone



Continuous functions



Continuous function

(D,Ep) cPO (E,Eg) CPO f: D — E monotone

f is continuous if V{di}ien- f <|_| di) = |_| f(d;)

chain i€N i€EN

limit in  limit in
D E

Continuous = limit preserving



Continuity Illustrated

w Ll °f <|_| di> u.b.

(by monotonicity)

ieN
dy T ~ f(d2)
achain | e a chain
T . f(dl) (by monotonicity)
Clo ------------------------------------------------------- * f(d())



lub Ll i

Continuity illustrated
Lf <

1€N
: Uf(di) EEf(Udi

ieN ieN
follows from
------------------------------------------------ monotonicity
do " s f(d
y JB) - (and cPO)
a chain 6{1 """"""""""""""""""""""""""""""""""""" . f(dl)
""" » f(do)



Continuity illustrated




Lemma

CPO

(Da ED) . hai
no infinite chains f:DSE _ 1
(E,Cg) PO monotone continuous



Example

(NU {o0}, <) fln)—n+1 (NU {o0}, )
o 50
< continuous >
g T .3
g 2
I -1



Exercise

(NU {o0}, <) f(n)=2-n (NU {00}, <)
floo) =0 .
oI . 50
continuous? &
3 | 3
R 2



Example

(NU {00}, <) f(n) =n/2
f(

~.
~.o
.

e
~
ey
-~




Example

(NU {00}, <) monotone function, not continuous

- o f(z) = { 0 ifxzéeN

1 ifx=0o0

, . .
K4 * . Phd
. L4 ’ -
N . 4 .’
, . .
. . R L L.
. . . Pid .”
. .
': e N . Pid
oL e PEag
P



Composition

TH. Any composition of continuous function is continuous

(D,Ep) cPO
(E,CEg) CPO

f:D — E continuous jh:gof:D%F
g: E — F continuous continuous



Kleene's fixpoint theorem



Repeated application
f:D—D

d
f(f*(d))

£°(d)
FrH ()

)
£

n times

—

frd)y = f(---(f(d))---)
f*:D—D



Lemma

(D,C) PO, f:D— D monotone = {f" (L) bnen
IS a chain



Towards Kleene's theo.

when (D,C) isa CPO, {f"(d) }nen
: . not necessarily
n(| "
then {/"(L)}nen is a chain o chainl
it must have a limit

Kleene's fix point theorem states that
if f is continuous, then the limit of the above chain
is the least fixpoint of f



Pre-fixpoints

(D,C) PO f:D — D monotone

fixpoint  p€D fp)=0p

pre-fixpoint p € D f(p)Cp

Clearly any fixpoint is also a pre-fixpoint



Tarsky's theorem

gfp(f) =

Fix(f) ={ 1 €L | f{)=1}

Ifp(f) =glb{leL|f(l)=<I}



Kleene's theorem
(D,C) CPO, f:D — D continuous

let fiz(f) = | | FM(0)

neN

1. fir(f) is a fix point of f
flfiz(f)) = fix(f)

2. fix(f) is the least pre-fixpoint of
Vde D. f(d)Cd= fir(f) T d

if d is apre-fixpoint then fiz(f) is smaller than d



Kleene's theorem

fo(f) = 1./ (T)

Ifp(f) = L, /™ (L)




Example

n=2-n (NU {00}, <) 1=0 CPO,
fl(n)=2-n monotone? ok
f(o0) = o0 continuous? ok

f0(0) =0

f1(0)=£(0)=2-0=0

fixpoint reached!



Example

n=n++1 (NU{oo}, <) 1 =0
f(n)=n+1  monotone? ok
f(oo) =00 continuous? ok
f2(0) =0
FL0)=f0)=0+1=1
F200) = f(fH0)) = f1) =14+1=2
£200) = f(f2(0)) = f(2) =2+ 1 =

CPO



Example

X =XnNn{l} (p(N), C) 1 =0 CPO,L

monotone? ok

e = 2 continuous? ok

@) =0
FF0)=f0)=0n{1}t=0

fixpoint reached!



Example

X=N\X (p(N), C) 1 =10 CPO

monotone? NO

FIX)=NAX the larger X the smaller f(X)
f(0) =10
f1@) = f(0) =N\0=N
f20) = f(£1(0) = f(N) =N\N=¢



Example

X =Xu{l} (p(N), C) 1L=¢ CPOL

monotone? ok

f(X) =X U} continuous? ok

(@) =0
f10)=f0)=0u{1}={1}
f20) = f(F0) = f{1h) ={1}u{1} = {1}

fixpoint reached!



