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Code Optimization in Compilers

 



Control flow graph

• Program commands are encoded by nodes in a control flow 
graph 

• If a command S may be directly followed by a command T 
then the control flow graph must include a direct arc from 
the node encoding S to the node encoding T



  [ input n; ]1  

[ m:= 1; ]2  
  [ while n>1 do ]3   

[ m:= m * n; ]4  

  [ n:= n - 1; ]5  

[ output m; ]6 

input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;
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We will see data-flow analyses: 
-Liveness analysis 
- Reaching definitions  analysis 
-Available Expressions analysis

Data-Flow analyses



Liveness or Live Variables Analysis

• We need to translate the source program in the 
intermediate representation IR that can use a large 
(potentially unbounded) number of registers.  

• but the program will be  executed by a processor with 
a (finite and) small number of registers 

• Two variables a and b can be stored in the same 
register when it turns out that a and b are never 
simultaneously “used”



IR: Three Address Code

Three-address instruction has at most three operands 
and is typically a combination of an assignment and a 
binary operator.  
For example: t1 := t2 + t3. 

The name derives from the use of three operands in 
these statements even though instructions with fewer 
operands may occur.
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IR: Three Address Code example



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

a = 0; 
do { 
  b = a+1;  
  c += b; 
  a = b*2; 
} 
while (a<N); 
return c;

We want to know if a and b are  
simultaneously used.

Example



Live Variables Analysis
• A compiler needs to analyze programs in IR in order to 

find out which variables are simultaneously used 

• A variable X is live at the exit of a command C if X stores 
a value which will be actually used in the future, that is, 
X will be used as R-value with no previous use as L-value 

• A variable X which is not live at the exit of C is also 
called dead (this information can be used for dead code 
elimination) 

• This is an undecidable property



b:= a+1;

a:= 0;
1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Back to the example 

• A variable X is live when it stores a value 
which will be later used with no prior 
assignment to X 

• The “last” use of the variable b as r-value is in  
command 4 

• The variable b is used in command 4: it is 
therefore live along the arc 3 → 4 

• Command 3 does not assign b, hence b is live 
along  2 → 3 

• Command 2 assigns b. This means that the 
value of b along 1 → 2 will not be used later 

• Thus, the “live range” of b turns out to be: {2 
→ 3, 3 → 4}



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Live variables

•a is live along 4 → 5 and 5 → 2 

• a is live along 1 → 2 
• a is not live along 2 → 3 and 3 → 4 

• Even if the variable a stores a value in node 
3, this value will not be later used, since 
node 4 assigns a new value to the variable 
a.



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

• c is live along all the arcs  
• By the way: liveness analysis can be 

exploited to deduce that if c is a 
local variable then c will be used with 
no prior initialization (this 
information can be used by compilers 
to raise a warning message)

More on live variables



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6 6

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;

➔ Two registers are enough: variables a and b will be 
never simultaneously live along the same arc



ab:= 0;

ab:= ab+1;

1

2

c:= c+ab;
3

ab:= ab*2;
4

ab<N;
5

return c;
6

Variables a and b will be 
never simultaneously live 
along the same arc. Hence, 
instead of using two distinct 
variables a and b we can 
correctly employ a single 
variable ab



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

We need a way to compute live variables

• A CFG has outgoing edges (out-edges) that lead to 
successor nodes, and ingoing edges (in-edges) that 
originate from predecessor nodes.  

• pre[n] and post[n] denote, respectively, the 
predecessor and successor nodes of some node n. 

• As an example, in this CFG: 
— 2 and 6 are successors of node 5 because 

5 → 6 and 5 → 2 are the out-edges of 5 
— 1 and 5  predecessor 2 since        

    5 → 2 and 1 → 2 are the in-edges of 2 
— pre[2]={1,5}; post[5]={2,6}.



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

• An assignment to some variable (a use of the 
variable as L-value) is called a definition of the 
variable 

• A use of some variable as R-value in a command is 
called a use of this variable 

• def[n] denotes the set of variables that are 
defined in the node n 

• use[n] denotes the set of variables that are used 
in the node n 

• As an example, in this CFG: 
• def[3]={c}, def[5]= 
• use[3]={b,c}, use[5]={a}

Notation

;
<latexit sha1_base64="XyJA1P140YrPYWC/Se2PL5fLl4Q=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFvBU0nqQY9FLx4r2A9IQ9lsJ+3S3STsToQQ+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W6WNza3tnfJuZW//4PCoenzS1XGqGHRYLGLVD6gGwSPoIEcB/UQBlYGAXjC9m/u9J1Cax9EjZgn4ko4jHnJG0UhefQAywUwD1ofVmtNwFrDXiVuQGinQHla/BqOYpRIiZIJq7blOgn5OFXImYFYZpBoSyqZ0DJ6hEZWg/Xxx8sy+MMrIDmNlKkJ7of6eyKnUOpOB6ZQUJ3rVm4v/eV6K4Y2f8yhJESK2XBSmwsbYnv9vj7gChiIzhDLFza02m1BFGZqUKiYEd/XlddJtNtyrRvOhWWvdFnGUyRk5J5fEJdekRe5Jm3QIIzF5Jq/kzULrxXq3PpatJauYOSV/YH3+APXUkQk=</latexit>



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Formalization

• Of the property: A variable x is live along an arc 
e→f if there exists a real execution path P from the 
node e to some node n such that: 
—e→f is the first arc of such path P 
—x   use[n]  
—for any node n'≠e and n'≠n in the path P, 

x∉def[n’] 

• A variable x is live-out in some node n if x is live 
along some (i.e., at least one) out-edge of n 

• A variable x is live-in in some node n if x is live 
along any in-edge of n 

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



As an example, in this CFG: 

a is live along 1 → 2, 4 → 5 and 5 → 2 

b is live along 2 → 3, 3 → 4 

c is live  along any arc 

a is live-in in node 2, while it is not live-out in node 2 

a is live-out in node 5

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Example



Computing Liveness

Let us define the following notation:  

in[n] is the set of variables that the static analysis 
determines to be live-in at node n  

out[n] is the set of variables that the static analysis 
determines to be live-out at node n 

 



y:= x+z+2;
n

in[n] ⊇ use[n] 

Computing Liveness

 Liveness information:  the sets in[n] and out[n]  is computed 
as an over-approximation in the following way 

1. If a variable x   use[n] then x is live-in in node n.  
In other terms, if a node n uses a variable x as R-value then 
this variable x is live along each arc that enters into n.

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

 n node of the CFG



y:= w+z*2; n

in[n] ⊇ out[n] - def[n] 

Computing Liveness

2. If a variable x is live-out in a node n and x ∉ def[n] then the 
variable x is also live-in in this node n.  
If a variable x is live for some arc that leaves a node n and x is 
not assigned in n then x is live for all the arcs that enter in n 



y:= x+z*2;
m

n2n1

out[n1] ⊇ U{in[m] | m ∈ post[n1]} 
out[n2] ⊇ U{in[m] | m ∈ post[n2]}  

Computing Liveness

3. If a variable x is live-in in a node m then x is live-out for all the 
nodes n such that m∈post[n]. 

 This is clearly correct by definition.



Dataflow Equations

 The previous three rules of liveness analysis can be 
thus formalized by two equations for each node n: 

1. in[n] = use[n] U (out[n] - def[n])  (rules 1 and 2) 

2. out[n] = U{in[m] | m ∈ post[n]}  (rule 3)



This definition of liveness analysis in[n] and out[n] is correct: 
 If x is concretely live-in (live-out) in some node n then the 
static analysis will detect that x   in[n]  (x  out[n]): 

in[n] ⊇ live-in[n] 
out[n] ⊇ live-out[n] 

In other terms, no actually live variable is neglected by liveness 
analysis.  

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

Correctness of Liveness

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



Correctness in Dragon Book



Liveness analysis is approximate: 

 it assumes that each path of the CFG is a feasible path 
while this hypothesis is obviously not true 

Computing Liveness



Liveness analysis is approximate: it assumes that each path 
of the CFG actually is a feasible path while this hypothesis 
is obviously not true.  

a:=b*b;

c:=a+b;

c>=b
3

return c return a

The analysis determines that a is live-in in 
5, and therefore a is live-out in 3. 
However, no real execution path from 3 to 
5 exists (because b+b*b<b is always false) 
so that a is not really live when exiting 3! 

1

2

4 5

Computing Liveness



        1.  in[n] = use[n] U (out[n] - def[n]) 

 2.  out[n] = U {in[m] | m ∈ post[n]} 

Correctness tells us that in[n] ⊇ live-in[n] and out[n] ⊇ live-
out[n] 

But we need a way to compute  Live variable analysis

How can we  compute a solution to 1 and 2?



How can we  compute a solution to 1 and 2?

   
We need to compute a least fix point  

• but how can we be sure that such fix-points exist? 
It depends on the domain and on the function!

1. in[n] = use[n] U (out[n] - def[n]) 
2. out[n] = U {in[m] | m ∈ post[n]}



• Let Vars be the finite set of variables that occur in the program P to 
analyze. Let N be the number of nodes of the CFG of P. 

 Thus, the map Live:  
          (     (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

 Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm>

is a monotonic (and therefore continuous) function on the finite lattice   
               <(  (Vars)x (Vars) )N,         > and therefore Live has  
                                             
                                    a  least fixpoint

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>
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<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>
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<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[

m2post[1]
<latexit sha1_base64="v6gm6NLaDYrTO7gh0Rq5h63utzk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQudFl047KCfUASwmQ6aYfOI8xMhBK6cOOvuHGhiFs/wp1/47TNQlsPXDiccy/33pNkjGrjed/O2vrG5tZ2Zae6u7d/cOgeHXe1zBUmHSyZVP0EacKoIB1DDSP9TBHEE0Z6yfhm5vceiNJUinszyUjE0VDQlGJkrBS7tTAIEzrEeRYXPKQCZlKbwI+mMIxit+41vDngKvFLUgcl2rH7FQ4kzjkRBjOkdeB7mYkKpAzFjEyrYa5JhvAYDUlgqUCc6KiYPzGFZ1YZwFQqW8LAufp7okBc6wlPbCdHZqSXvZn4nxfkJr2KCiqy3BCBF4vSnEEj4SwROKCKYMMmliCsqL0V4hFSCBubW9WG4C+/vEq6zYZ/0WjeNeut6zKOCqiBU3AOfHAJWuAWtEEHYPAInsEreHOenBfn3flYtK455cwJ+APn8wdgG5fn</latexit>

[

m2post[N ]
<latexit sha1_base64="xzpu6+fjaJFiSBTBdSo2sgXGh6E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVlgLGChQkViT6kJIoc122t2o5lO0hV1IGFX2FhACFWPoKNv8FtM0DLka50dM69uveeRDKqjed9O6W19Y3NrfJ2ZWd3b//APTzq6DRTmLRxylLVS5AmjArSNtQw0pOKIJ4w0k3G1zO/+0CUpqm4NxNJIo6Ggg4oRsZKsVsNgzChQ5zJOOchFVCm2gS30RSGUezWvLo3B1wlfkFqoEArdr/CfoozToTBDGkd+J40UY6UoZiRaSXMNJEIj9GQBJYKxImO8vkTU3hqlT4cpMqWMHCu/p7IEdd6whPbyZEZ6WVvJv7nBZkZXEY5FTIzRODFokHGoEnhLBHYp4pgwyaWIKyovRXiEVIIG5tbxYbgL7+8SjqNun9eb9w1as2rIo4yqIITcAZ8cAGa4Aa0QBtg8AiewSt4c56cF+fd+Vi0lpxi5hj8gfP5A4ygmAQ=</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

The fix point in this case 



The fix point THEORY



POSET (Partially ordered set, PO) 

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

v ✓ P ⇥ P

<latexit sha1_base64="tBxmIR6pDiiqC5T7sWBCRIM+EiQ=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhV2JaBm0sVzBPCAbwuzkJg6ZfWTmrhCWfICf4FfYamUntpYW/ouTdQVNPNXhnHO59x4/lkKjbX9YhaXlldW14nppY3Nre6e8u9fUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3Q581t3oLSIwhucxNAN2DAUA8EZGqlXrqSeHuvE14AwnlLvh9LU9VAEoKk7NSm7amegi8TJSYXkcHvlT68f8SSAELlkWnccO8ZuyhQKLmFa8hINMeMjNoSOoSEze7pp9syUHiWaYURjUFRImonweyJlgdaTwDfJgOGtnvdm4n9eJ8HBeTcVYZwghHy2CIWEbJHmSpiWgPaFAkQ2uxyoCClniiGCEpRxbsTE1FYyfTjz3y+S5knVqVVPr2uV+kXeTJEckENyTBxyRurkirikQTi5J4/kiTxbD9aL9Wq9fUcLVj6zT/7Aev8Czl2geA==</latexit>

8p 2 P.

<latexit sha1_base64="gQpQd5FN38alnEBl1TjQNvQg1u8=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTE6nJnMFoSbSwxESQBQuaWATfsfWR3zoRcKP0VtlrZGVt/iIX/xeWkUPBVL+/NZN68IFHSkOd9OoWV1bX1jeJmaWt7Z7dc2dtvmTjVApsiVrFuB2BQyQibJElhO9EIYaDwLhhfzfy7B9RGxtEtTRLshTCK5FAKICv1K+XuMNagFE+6MuINt1+peq6Xgy8Tf06qbI5Gv/LVHcQiDTEiocCYju8l1MtAkxQKp6VuajABMYYRdiyNIETTy/LgU36cGqCYJ6i5VDwX8fdGBqExkzCwkyHQvVn0ZuJ/Xiel4UUvk1GSEkZidoikwvyQEVraRpAPpEYimCVHbp8XoIEIteQghBVTW1HJ9uEvfr9MWqeuX3PPbmrV+uW8mSI7ZEfshPnsnNXZNWuwJhMsZU/smb04j86r8+a8/4wWnPnOAfsD5+Mbn6SXCw==</latexit>

p v p

<latexit sha1_base64="RVnL9Ox6Cl+e/lE9k+/nAILlbGc=">AAACA3icbVC7TgJBFJ3FF+KDVUubicTEiuwajZZEG0tM5JEAIbPDBSfMzg4zd0zIhtKvsNXKztj6IRb+iwtSKHiqk3PuzT33RFoKi0Hw6eVWVtfWN/Kbha3tnd2iv7dft4kzHGo8kYlpRsyCFApqKFBCUxtgcSShEQ2vp37jAYwVibrDsYZOzAZK9AVnmEldv6hp246siywgjKju+qWgHMxAl0k4JyUyR7Xrf7V7CXcxKOSSWdsKA42dlBkUXMKk0HYWNONDNoBWRhWLwXbSWfAJPXaWYUI1GCoknYnweyNlsbXjOMomY4b3dtGbiv95LYf9y04qlHYIik8PoZAwO2S5EVkjQHvCACKbJgcqFOXMMEQwgjLOM9FlFRWyPsLF75dJ/bQcnpXPb89Klat5M3lySI7ICQnJBamQG1IlNcKJI0/kmbx4j96r9+a9/4zmvPnOAfkD7+MbfvyXmg==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

p v q ^ q v p ) p = q

<latexit sha1_base64="5hoGV1+jO35hIxiz4z2Nq+QiW/E="></latexit>

p v q ^ q v r ) p v r

<latexit sha1_base64="ISIWNkC0Qftl0d7sziIM2Y+klfA="></latexit>

8p, q, r 2 P.

<latexit sha1_base64="vJQDhNXCB838fuO0qYZ8O7wmw98=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxQMiuweiR6MUjJvJIWEJ6hwYnzD6c6TUhhA/wK7zqyZvx6md48F9c1j0oWKdKVXe6urxISUO2/WnlVlbX1jfym4Wt7Z3dveL+QcuEsRbYFKEKdccDg0oG2CRJCjuRRvA9hW1vfDX32w+ojQyDW5pE2PNhFMihFECJ1C+W3GGoQSkeVe4r2pUBb1T7xbJdtVPwZeJkpMwyNPrFL3cQitjHgIQCY7qOHVFvCpqkUDgruLHBCMQYRthNaAA+mt40DT/jx7EBCnmEmkvFUxF/b0zBN2bie8mkD3RnFr25+J/XjWl40ZvKIIoJAzE/RFJhesgILZNWkA+kRiKYJ0eePC9AAxFqyUGIRIyTmgpJH87i98ukdVp1atWzm1q5fpk1k2eH7IidMIedszq7Zg3WZIJN2BN7Zi/Wo/VqvVnvP6M5K9spsT+wPr4BNh6Ybg==</latexit>

reflexive

antisymmetry

transitive

p v q

<latexit sha1_base64="H3kh/OCgq7PDBYMFpdOfYQ7JmJo=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUmOh82YRTzmfnbg8pitLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ2glgKg6776RSWlldW14rrpY3Nre2d8u5e00RWc2jwSEa6HTADUihooEAJ7VgDCwMJrWB0lfqtB9BGROoWJzH4IRsqMRCcYSLdxV0zNjYwgDCm41654lbdDHSReDmpkBz1Xvmr24+4DUEhl8yYjufG6E+ZRsElzEpdayBmfMSG0EmoYiEYf5qlntEjaxhGNAZNhaSZCL83piw0ZhIGyWTI8N7Me6n4n9exOLjwp0LFFkHx9BAKCdkhw7VI6gDaFxoQWZocqFCUM80QQQvKOE9Em/RTSvrw5r9fJM2TqndaPbs5rdQu82aK5IAckmPikXNSI9ekThqEE02eyDN5cR6dV+fNef8ZLTj5zj75A+fjG655l0A=</latexit>

means that p is less than (or equal to) q

p @ q

<latexit sha1_base64="bvKISxJ2Cz+755VlLv77hXo5N30=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOduXuzVSZEXiK2ihokO0/AoF/4JtXEDCVKOZXe3s+EoKg7b9aZVWVtfWN8qbla3tnd296v5Bx0Sx5tDmkYx0z2cGpAihjQIl9JQGFvgSuv7kOvO7D6CNiMI7nCnwAjYOxUhwhqnkKtdMTewbQDodVGt23c5Bl4lTkBop0BpUv9xhxOMAQuSSGdN3bIVewjQKLmFecWMDivEJG0M/pSELwHhJnnlOT2LDMKIKNBWS5iL83khYYMws8NPJgOG9WfQy8T+vH+Po0ktEqGKEkGeHUEjIDxmuRVoG0KHQgMiy5EBFSDnTDBG0oIzzVIzTdippH87i98ukc1Z3GvXz20ateVU0UyZH5JicEodckCa5IS3SJpwo8kSeyYv1aL1ab9b7z2jJKnYOyR9YH98MN5ZW</latexit>

p v q ^ p 6= q

<latexit sha1_base64="y0pPCxf+d3eTDmsngegDVWOeXhc=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoCMoIGsogkYcUR9H5sgmnnM+XuzUoilLzCXwFLVR0iJaagn/BDikgMNVoZle7M6GWwqLnfTi5hcWl5ZX8amFtfWNzy93eqds4MRxqPJaxaYbMghQKaihQQlMbYFEooREOLjK/cQvGilhd40hDO2J9JXqCM0yljruvAzu0SWgBYUiHNKDBHXT7EFBNA5VJHbfolbwp6F/iz0iRzFDtuJ9BN+ZJBAq5ZNa2fE9je8wMCi5hUggSC5rxAetDK6WKRWDb42mUCT1MLMOYajBUSDoV4efGmEXWjqIwnYwY3th5LxP/81oJ9s7aY6F0gqB4dgiFhOkhy41IOwLaFQYQWfY5UKEoZ4YhghGUcZ6KSVpaIe3Dn0//l9SPS365dHJVLlbOZ83kyR45IEfEJ6ekQi5JldQIJ/fkkTyRZ+fBeXFenbfv0Zwz29klv+C8fwFM3Z5w</latexit>

means



Total Order

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

A PO where every two elements are comparable

A PO                   is total iff

p v q _ q v p

<latexit sha1_base64="8pEPZsrimfVRjAbwya3XtPj9umg=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkoCMoIGsogkYcUW9H5sgmnnO3L3TpSZOUP+AS+ghYqOkRLQ8G/YIcUIWGq0cyudmd8JYVB2/6yciura+sb+c3C1vbO7l5x/6BholhzqPNIRrrlMwNShFBHgRJaSgMLfAlNf3CT+c0RaCOi8B7HCryA9UPRE5xhKnWKp8o1QxP7BhCGdEhd6o4A3IzN6apTLNllewq6TJwZKZEZap3it9uNeBxAiFwyY9qOrdBLmEbBJUwKbmxAMT5gfWinNGQBGC+Z5pnQk9gwjKgCTYWkUxHmNxIWGDMO/HQyYPhgFr1M/M9rx9i78hIRqhgh5NkhFBKmhwzXIi0KaFdoQGTZ50BFSDnTDBG0oIzzVIzT5gppH85i+mXSOC87lfLFXaVUvZ41kydH5JicEYdckiq5JTVSJ5w8kmfyQl6tJ+vNerc+fkdz1mznkPyB9fkDyvCg4g==</latexit>



Examples

(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjzzwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

Hasse diagram notation 
(omit: reflexive arcs, 
          transitive arcs) 

PO? Total?
Yes Yes



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

PO? Total?

Yes |S|<2

Examples



0 1 2 3 …

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

Examples

PO? Total?

Yes No



Examples

0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>

PO? Total?
Yes No



PO with bottom

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

A   PO             that has a least element   e, i.e,  

8p 2 P.e v p

<latexit sha1_base64="ZD9PARfUbFES17oda3joBsrik7I=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5BIQb0VvXisYD+gCWWznbRLN5t0dyOU0pMX/4oXD4p49Td489+4bXPQ1gcDj/dmmJkXppwp7brfVmFldW19o7hZ2tre2d2z9w8aKskkhTpNeCJbIVHAmYC6ZppDK5VA4pBDMxzcTP3mA0jFEnGvRykEMekJFjFKtJE69rEfJZJwjlOfCVxzwFdDlYUKNAxx2rHLruPOgJeJl5MyylHr2F9+N6FZDEJTTpRqe26qgzGRmlEOk5KfKUgJHZAetA0VJAYVjGdvTPCpUbrY3GNKaDxTf0+MSazUKA5NZ0x0Xy16U/E/r53p6DIYM5FmGgSdL4oyjnWCp5ngLpNANR8ZQqhk5lZM+0QSqk1yJROCt/jyMmmcO17FubqrlKvXeRxFdIRO0Bny0AWqoltUQ3VE0SN6Rq/ozXqyXqx362PeWrDymUP0B9bnD8p2mLc=</latexit>

e is often indicates as  ?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>



(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjzzwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

PO with    ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

Yes

Examples



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

PO with     ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

Yes

Examples



0 1 2 3 …

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

PO with     ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

No

Examples



0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>

PO with     ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

Yes

Examples



A special structure arises when every pair of elements 
in a poset has a least upper bound  (lub) and a a 
greatest lower (glb)

d

c

Lattice

a

b

e

f



 A lattice is a PO in which every pair of elements 
has both a lub and a glb 

Lattice Definition

b

a

c

d

e



(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjzzwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

Lattice ?
Yes

Examples



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

Lattice ?

Yes

Examples



0 1 2 3 …

Lattice ?

No

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

Examples



0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>

Lattice ?
No

Examples



a
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• No, because the pair {b,c} 
does not have a least upper 
bound

Example 

• Is this  a lattice? 



a

b d

g h

i

f

e
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• Yes, because for any pair, 
there is a lub & a glb

Example 

• What if we modified it as shown here



Ascending chains

• A sequence (ln)n∈N of elements in a partial order L is an 
ascending chain if  
   n ≤ m ⇒  ln≤ lm 

• A sequence (ln)n∈N converges if and only if 
 
  ∃ n0∈N : ∀ n∈N : n0 ≤ n ⇒  ln0 = ln 

• A partial order (L,≤) satisfes the ascending  chain condition 
(ACC) iff each ascending chains converges. 
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Example

• The PO                  does not   satisfy the ascending chain 
condition, 

(N,v)

<latexit sha1_base64="FcAVCQU5MyAgo7DxLKIHQjF0Ugc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpRECuqt6MWTVLAf0Iay2U7apZtNursplNB/4sWDIl79J978N27bHLT1wcDjvRlm5vkxZ0o7zreVW1vf2NzKbxd2dvf2D+zDo4aKEkmhTiMeyZZPFHAmoK6Z5tCKJZDQ59D0h3czvzkGqVgknvQkBi8kfcECRok2Ute2Sw8XuKNGKvEVaBidd+2iU3bmwKvEzUgRZah17a9OL6JJCEJTTpRqu06svZRIzSiHaaGTKIgJHZI+tA0VJATlpfPLp/jMKD0cRNKU0Hiu/p5ISajUJPRNZ0j0QC17M/E/r53o4NpLmYgTDYIuFgUJxzrCsxhwj0mgmk8MIVQycyumAyIJ1SasggnBXX55lTQuy26lfPNYKVZvszjy6ASdohJy0RWqontUQ3VE0Rg9o1f0ZqXWi/VufSxac1Y2c4z+wPr8AXYAku4=</latexit>



Example
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(N [ {1},v)

<latexit sha1_base64="fOvn5MfZdaxc+4HjXv2geGf3/z8=">AAACCXicbVBNS8NAEN34WetX1aOXxSJUkJJIQb2JXjxJBatCE8pmO7FLN5u4OxFC6NWLf8WLB0W8+g+8+W/c1h60+mDg8d4MM/PCVAqDrvvpTE3PzM7NlxbKi0vLK6uVtfVLk2SaQ4snMtHXITMghYIWCpRwnWpgcSjhKuyfDP2rO9BGJOoC8xSCmN0oEQnO0EqdCq2dUZ9nKfULX6gIc3+wS31za7LQAMLtTqdSdevuCPQv8cakSsZodioffjfhWQwKuWTGtD03xaBgGgWXMCj7mYGU8T67gbalisVggmL0yYBuW6VLo0TbUkhH6s+JgsXG5HFoO2OGPTPpDcX/vHaG0UFQCJVmCIp/L4oySTGhw1hoV2jgKHNLGNfC3kp5j2nG0YZXtiF4ky//JZd7da9RPzxvVI+Ox3GUyCbZIjXikX1yRE5Jk7QIJ/fkkTyTF+fBeXJenbfv1ilnPLNBfsF5/wKP2Zmo</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

satisfies  the ACC condition



Complete Partial Order

A poset (P, ⊑) is called a complete partial order (CPO)  
if and only if any of its chains has a lub 

If (P, ⊑) has  a  bottom  element and any of its chains  
has a lub  then  (P, ⊑) is called a  
 complete partial order (CPO) with bottom 

• (N, ≤) has bottom 0 but is not complete:  
the chain 0 ≤ 1 ≤ 2 ≤ … ≤ n ≤ … has no upper bound in N.  

•  (N, ≥) is a CPO but has no bottom.



 0
 1
 2
 3

 4

 5
 6

(N [ {1},v)

<latexit sha1_base64="fOvn5MfZdaxc+4HjXv2geGf3/z8=">AAACCXicbVBNS8NAEN34WetX1aOXxSJUkJJIQb2JXjxJBatCE8pmO7FLN5u4OxFC6NWLf8WLB0W8+g+8+W/c1h60+mDg8d4MM/PCVAqDrvvpTE3PzM7NlxbKi0vLK6uVtfVLk2SaQ4snMtHXITMghYIWCpRwnWpgcSjhKuyfDP2rO9BGJOoC8xSCmN0oEQnO0EqdCq2dUZ9nKfULX6gIc3+wS31za7LQAMLtTqdSdevuCPQv8cakSsZodioffjfhWQwKuWTGtD03xaBgGgWXMCj7mYGU8T67gbalisVggmL0yYBuW6VLo0TbUkhH6s+JgsXG5HFoO2OGPTPpDcX/vHaG0UFQCJVmCIp/L4oySTGhw1hoV2jgKHNLGNfC3kp5j2nG0YZXtiF4ky//JZd7da9RPzxvVI+Ox3GUyCbZIjXikX1yRE5Jk7QIJ/fkkTyTF+fBeXJenbfv1ilnPLNBfsF5/wKP2Zmo</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

is CPO with bottom

Example



      If  (P, ⊑)   has only finite chains it is complete 

    If  (P, ⊑)   is finite then it is complete

Some complete PO



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

 CPO with bottom



0 1 2 3 …

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

CPO without bottom



0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

CPO with bottom

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>



 
A lattice L is called a complete lattice if every subset 
S of L admits  a lub in L.

Equivalent Definitions of Complete Lattices

 
A lattice L is called a complete lattice if every subset 
S of L admits  a glb in L. 

A lattice L is called a complete lattice if every subset 
S of L admits  a glb and a lub in L.



The idea: assume we just have lui



 0
 1
 2
 3

 4

 5
 6

L= N ∪ { ! } 
     total order on N ∪ { ! } 
lub = max 
glb = min 

This is a complete lattice

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

Example


<latexit sha1_base64="88Jce4pym3TGLYqSf5fmO1vf1D4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5AG8pmO2mXbjZxdyOU0N/gxYMiXv1B3vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYMWyyUISq41GNgktsGm4EdiKFNPAEtr3xdea3H1BpHso7M4nQDehQcp8zalKp2RN4X+qXK3bVnoEsEicnFcjR6Jc/eoOQxQFKwwTVuuvYkXETqgxnAqelXqwxomxMh9hNqaQBajeZHTslR6kyIH6o0pKGzNSfEwkNtJ4EXtoZUDPSf71M/M/rxsa/cBMuo9igZPNFfiyICUn2ORlwhcyISUooUzy9lbARVZSZNJ95CJcZzr5fXiStk6pTq9ZuTyv1qzyOIhzAIRyDA+dQhxtoQBMYcHiEZ3ixpPVkvVpv89aClc/swy9Y719jeY6L</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>



 2  3  4 1 0 -1 -2 -3 -4

⊥

 T

L= N∪ {T,⊥} 
∀ n ∈ N : ⊥<n ◃ T 

This is a complete lattice, with infinite elements

Example of complete lattice



Lattices and ACC

• If L is a lattice with a bottom element and  ACC, then L is a 
complete lattice 

• If L is a finite lattice then it satisfies the ACC and therefore it 
also is complete.



Let  (P,≤P) and (Q,≤Q) be PO.  
A function φ from P to  Q  is monotone iff 

p1 ≤P p2⇒ φ(p1)  ≤Q φ(p2)

Monotone functions on partial orders

 ϕ1(a)

 ϕ1(d)
 ϕ1(b)=ϕ1(c)

 d

 a

 b

 c

 ϕ2(b)= ϕ2(d) 

 ϕ2(c)

 ϕ2(a)

• ϕ1 is not monotone

• ϕ1 is  monotone



d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain 
(by monotonicity)

a chain

Monotonicity



S
ϕ(S)

(P,≤P) (Q,≤Q)ϕ

Continuity

• Given two partial orders (P,≤P) and (Q,≤Q), a functoin ϕ from P to 
Q is continuous if for every chain S in P  

   ϕ(lub(S)) = lub{ ϕ(x) | x∈S }

• if f is  monotone on an  ACC  lattice then f is continuous



Continuous function

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

=



Fixpoints

• Consider a monotone function f: (P,≤P) → (P,≤P) on a partial order P 

• An element x of P is a fixpoint of f if f(x)=x 

• The set of fixpoints of f is a subset of P called Fix(f):  
 
   Fix(f) ={ x ∈ P  |  f(x)=x}

Fix(f)={b,c}



Least and greatest Fixpoints

Consider a monotone function f: (P,≤P) → (P,≤P) on a partial order P 

• a point x ∈ Fix(f) is a minimal fix point if for all  y ∈ Fix(f),   x ≤ y.

If the minimal  fix point exists and it is unique call it a least fix point 

and it is indicated as lfp(f) 

• a point x ∈ Fix(f) is a maximal fix point if for all  y ∈ Fix(f),   y ≤ x.

If the maximal  fix point exists and it is unique call it a greatest fix point 

and it is indicated as gfp(f) 

lfp(f)={c} 
gfp(f)={d}



Example of Fixpoints

I    N<latexit sha1_base64="7q+dWVQu3UBi3lzFNaevjFwrMKs=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LLaCp5IUQY9FLx4rWFtoQtlsJ+3SzSbuh1BC/4YXDwri1R/jzX/jps1BWx8MPN6bYWZemHKmtOt+O6W19Y3NrfJ2ZWd3b/+genj0oBIjKXRowhPZC4kCzgR0NNMceqkEEoccuuHkJve7TyAVS8S9nqYQxGQkWMQo0Vby674yoQINj/XKoFpzG+4ceJV4BamhAu1B9csfJtTEIDTlRKm+56Y6yIjUjHKYVXyjICV0QkbQt1SQGFSQzW+e4TOrDHGUSFtC47n6eyIjsVLTOLSdMdFjtezl4n9e3+joKsiYSI0GQReLIsOxTnAeAB4yCVTzqSWESmZvxXRMJKHaxpSH4C2/vEq6zYZ30fC8u2atdV3kUUYn6BSdIw9doha6RW3UQRSl6Bm9ojfHOC/Ou/OxaC05xcwx+gPn8wevxpFD</latexit>✓

f(I)= I    {1,2}   lfp? gfp?
<latexit sha1_base64="Ok9thqeXJfPr4WTWTHgXd9OZDMY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rWFtoQ9lsJ+3SzSbuboRS+ie8eFAQr/4cb/4bN20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjBx2nimGLxSJWnYBqFFxiy3AjsJMopFEgsB2MbzK//YRK81jem0mCfkSHkoecUWOlTrXH0oRUS/1yxa25c5BV4uWkAjma/fJXbxCzNEJpmKBadz03Mf6UKsOZwFmpl2pMKBvTIXYtlTRC7U/n987ImVUGJIyVLWnIXP09MaWR1pMosJ0RNSO97GXif143NeGVP+UySQ1KtlgUpoKYmGTPkwFXyIyYWEKZ4vZWwkZUUWZsRFkI3vLLq6Rdr3kXNc+7q1ca13keRTiBUzgHDy6hAbfQhBYwEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD/ASPFw==</latexit>[

f(I)= I    {1,2}   lfp? gfp?
<latexit sha1_base64="MKnUqqDUxv99RR70BbwHFgYnQIk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rWFtoQ5lsN+3SzSbuboRS+ie8eFAQr/4cb/4bN20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjBx2nirIWjUWsOgFqJrhkLcONYJ1EMYwCwdrB+Cbz209MaR7LezNJmB/hUPKQUzRW6lR7FBNSLfXLFbfmzkFWiZeTCuRo9stfvUFM04hJQwVq3fXcxPhTVIZTwWalXqpZgnSMQ9a1VGLEtD+d3zsjZ1YZkDBWtqQhc/X3xBQjrSdRYDsjNCO97GXif143NeGVP+UySQ2TdLEoTAUxMcmeJwOuGDViYglSxe2thI5QITU2oiwEb/nlVdKu17yLmufd1SuN6zyPIpzAKZyDB5fQgFtoQgsoCHiGV3hzHp0X5935WLQWnHzmGP7A+fwB3VCPAw==</latexit>\

f(I)= N\ I   lfp? gfp?



Fixpoint on Complete Lattices

• Consider a monotone function f:L→L on a complete lattice L.  

• Tarski Theorem: 
Let L be a complete lattice. If f:L→L is monotone then  
   lfp(f)  = glb{ l ∈ L  |  f(l) ≤ l }  
   gfp(f) = lub{ l ∈ L  |  l ≤ f(l) }  



Fix(f) ={ l ∈ L  |  f(l)=l}

 prefixpoints 
{ l ∈ L  |  f(l) ≤P l}

 postfixpoints 
{ l ∈ L  |  l ≤P f(l)}

lfp(f)  = glb{ l ∈ L | f(l) ≤ l }

gfp(f) = lub{ l ∈ L | l ≤ f(l) }

Fixpoints on Complete Lattices



• Let f be a monotone function: (P,≤P) → (P,≤P) on a complete lattice 
P.  
Let α=   n≥0 f n(⊥)  

– If α∈Fix(f) then α= lfp(f)

Function monotone on complete lattice



lfp(f)  = glb

gfp(f) = lub{ l ∈ L | l ≤ f(l) }

Fixpoints on Complete Lattices

tnf
n(?)

<latexit sha1_base64="Puxzm1M1Jrdmn5Itn8F2ekGRL2o=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqJqSmpu2u6MZlBfuANobJdNIOnUzizEQspb/ixoUibv0Rd/6N04fi68CFwzn3cu89QcKoVLb9biwtr6yurWc2sptb2zu75l6uKeNUYNLAMYtFO0CSMMpJQ1HFSDsRBEUBI61geD71W7dESBrzKzVKiBehPqchxUhpyTdzXXmD08TnMLzmhW4Qq2PfzBctewZoW45drpRONXGdquva8NPKgwXqvvnW7cU4jQhXmCEpO0U7Ud4YCUUxI5NsN5UkQXiI+qSjKUcRkd54dvsEHmmlB8NY6OIKztTvE2MUSTmKAt0ZITWQv72p+J/XSVVY8caUJ6kiHM8XhSmDKobTIGCPCoIVG2mCsKD6VogHSCCsdFxZHYJtVadwv17+S5onVtGxnMtSvna2iCMDDsAhKIAiKIMauAB10AAY3IF78AiejInxYDwbL/PWJWMxsw9+wHj9AMQMlGk=</latexit>

unf
n(>)

<latexit sha1_base64="2vV6gv6U4eh+U5GcTfyFJqM5mFs=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwMxkGBNkR3bjERB4JIOmUDjR02rHtGAnhV9y40Bi3/og7/8YOoPF1kpucnHNv7r3HjxhV2nXfraXlldW19dRGenNre2fX3ss0lIglJnUsmJAtHynCKCd1TTUjrUgSFPqMNP3ReeI3b4lUVPArPY5IN0QDTgOKkTZSz8501A1GUY/D4JrnOlpExz07m3fcGaDrFD33xPMMKVUqXrEMP60sWKDWs986fYHjkHCNGVKqnXcj3Z0gqSlmZJruxIpECI/QgLQN5SgkqjuZ3T6FR0bpw0BIU1zDmfp9YoJCpcahbzpDpIfqt5eI/3ntWAen3QnlUawJx/NFQcygFjAJAvapJFizsSEIS2puhXiIJMLaxJU2IbhOJUHp6+W/pOE5+YJTuCxmq2eLOFLgAByCHMiDMqiCC1ADdYDBHbgHj+DJmloP1rP1Mm9dshYz++AHrNcPsrGUXg==</latexit>

?
<latexit sha1_base64="fZGHlzL5jCb8PK91XjuQuKLI3OA=">AAAB63icbVDLSsNAFJ3UV62vqks3g0VwFRJT03ZXdOOygn1AG8pkOmkHZyZhZiKU0F9w40IRt/6QO//GSVvF14ELh3Pu5d57woRRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh7WXud++IVDQWN3qakICjsaARxUjn0iCM9bBccW1nDujYnlOrV88N8b2G7zvw06qAJVrD8ttgFOOUE6ExQ0r1XSfRQYakppiRWWmQKpIgfIvGpG+oQJyoIJvfOoMnRhnBKJamhIZz9ftEhrhSUx6aTo70RP32cvE/r5/qqB5kVCSpJgIvFkUpgzqG+eNwRCXBmk0NQVhScyvEEyQR1iaekgnBsRs5/K+X/5LOme16tnddrTQvlnEUwRE4BqfABTXQBFegBdoAgwm4B4/gyeLWg/VsvSxaC9Zy5hD8gPX6AYU8jrQ=</latexit>

>
<latexit sha1_base64="ZS18b2Y9Ee4+hivkrODlpdhJ0kg=">AAAB63icbVDLTgJBEJzFF+IL9ehlIjHxtNldEORG9OIRExES2JDZYRYmzGMzM2tCCL/gxYPGePWHvPk3zgIaX5V0UqnqTndXlDCqjee9O7mV1bX1jfxmYWt7Z3evuH9wq2WqMGlhyaTqREgTRgVpGWoY6SSKIB4x0o7Gl5nfviNKUyluzCQhIUdDQWOKkcmknpFJv1jyXW8O6LmVwDsLAkuq9XpQqcFPqwSWaPaLb72BxCknwmCGtO76XmLCKVKGYkZmhV6qSYLwGA1J11KBONHhdH7rDJ5YZQBjqWwJA+fq94kp4lpPeGQ7OTIj/dvLxP+8bmri83BKRZIaIvBiUZwyaCTMHocDqgg2bGIJworaWyEeIYWwsfEUbAieW89Q/Xr5L7kNXL/slq8rpcbFMo48OALH4BT4oAYa4Ao0QQtgMAL34BE8Odx5cJ6dl0VrzlnOHIIfcF4/AJMnjr0=</latexit>

  prefixpoints 
   { l ∈ L | f(l) ≤ l }

  postfixpoints 
       {l ∈ L | l ≤ f(l) } 

{ l ∈ L | f(l) ≤ l }



Kleene Theorem  
If f is continuous on a complete CPO with bottom then the least 
fixpoint of f exists  and it is equal to α

recall that 

• if f is  monotone on an  ACC  lattice then f is continuous

Kleene Theorem



lfp(f)  =

gfp(f) = 

Fixpoints on CPO with bottom when f is continuous 

tnf
n(?)

<latexit sha1_base64="Puxzm1M1Jrdmn5Itn8F2ekGRL2o=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqJqSmpu2u6MZlBfuANobJdNIOnUzizEQspb/ixoUibv0Rd/6N04fi68CFwzn3cu89QcKoVLb9biwtr6yurWc2sptb2zu75l6uKeNUYNLAMYtFO0CSMMpJQ1HFSDsRBEUBI61geD71W7dESBrzKzVKiBehPqchxUhpyTdzXXmD08TnMLzmhW4Qq2PfzBctewZoW45drpRONXGdquva8NPKgwXqvvnW7cU4jQhXmCEpO0U7Ud4YCUUxI5NsN5UkQXiI+qSjKUcRkd54dvsEHmmlB8NY6OIKztTvE2MUSTmKAt0ZITWQv72p+J/XSVVY8caUJ6kiHM8XhSmDKobTIGCPCoIVG2mCsKD6VogHSCCsdFxZHYJtVadwv17+S5onVtGxnMtSvna2iCMDDsAhKIAiKIMauAB10AAY3IF78AiejInxYDwbL/PWJWMxsw9+wHj9AMQMlGk=</latexit>

?
<latexit sha1_base64="fZGHlzL5jCb8PK91XjuQuKLI3OA=">AAAB63icbVDLSsNAFJ3UV62vqks3g0VwFRJT03ZXdOOygn1AG8pkOmkHZyZhZiKU0F9w40IRt/6QO//GSVvF14ELh3Pu5d57woRRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh7WXud++IVDQWN3qakICjsaARxUjn0iCM9bBccW1nDujYnlOrV88N8b2G7zvw06qAJVrD8ttgFOOUE6ExQ0r1XSfRQYakppiRWWmQKpIgfIvGpG+oQJyoIJvfOoMnRhnBKJamhIZz9ftEhrhSUx6aTo70RP32cvE/r5/qqB5kVCSpJgIvFkUpgzqG+eNwRCXBmk0NQVhScyvEEyQR1iaekgnBsRs5/K+X/5LOme16tnddrTQvlnEUwRE4BqfABTXQBFegBdoAgwm4B4/gyeLWg/VsvSxaC9Zy5hD8gPX6AYU8jrQ=</latexit>

>
<latexit sha1_base64="ZS18b2Y9Ee4+hivkrODlpdhJ0kg=">AAAB63icbVDLTgJBEJzFF+IL9ehlIjHxtNldEORG9OIRExES2JDZYRYmzGMzM2tCCL/gxYPGePWHvPk3zgIaX5V0UqnqTndXlDCqjee9O7mV1bX1jfxmYWt7Z3evuH9wq2WqMGlhyaTqREgTRgVpGWoY6SSKIB4x0o7Gl5nfviNKUyluzCQhIUdDQWOKkcmknpFJv1jyXW8O6LmVwDsLAkuq9XpQqcFPqwSWaPaLb72BxCknwmCGtO76XmLCKVKGYkZmhV6qSYLwGA1J11KBONHhdH7rDJ5YZQBjqWwJA+fq94kp4lpPeGQ7OTIj/dvLxP+8bmri83BKRZIaIvBiUZwyaCTMHocDqgg2bGIJworaWyEeIYWwsfEUbAieW89Q/Xr5L7kNXL/slq8rpcbFMo48OALH4BT4oAYa4Ao0QQtgMAL34BE8Odx5cJ6dl0VrzlnOHIIfcF4/AJMnjr0=</latexit>

unf
n(>)

<latexit sha1_base64="2vV6gv6U4eh+U5GcTfyFJqM5mFs=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwMxkGBNkR3bjERB4JIOmUDjR02rHtGAnhV9y40Bi3/og7/8YOoPF1kpucnHNv7r3HjxhV2nXfraXlldW19dRGenNre2fX3ss0lIglJnUsmJAtHynCKCd1TTUjrUgSFPqMNP3ReeI3b4lUVPArPY5IN0QDTgOKkTZSz8501A1GUY/D4JrnOlpExz07m3fcGaDrFD33xPMMKVUqXrEMP60sWKDWs986fYHjkHCNGVKqnXcj3Z0gqSlmZJruxIpECI/QgLQN5SgkqjuZ3T6FR0bpw0BIU1zDmfp9YoJCpcahbzpDpIfqt5eI/3ntWAen3QnlUawJx/NFQcygFjAJAvapJFizsSEIS2puhXiIJMLaxJU2IbhOJUHp6+W/pOE5+YJTuCxmq2eLOFLgAByCHMiDMqiCC1ADdYDBHbgHj+DJmloP1rP1Mm9dshYz++AHrNcPsrGUXg==</latexit>



   
We need to compute a fix point  

• but how can we be sure that such fix-points exist? 
   

We can apply  the fix point theory results ! 
  
We need to check that we have  
a) a continuous function on 
b)  a CPO with bottom 

1. in[n] = use[n] U (out[n] - def[n]) 
2. out[n] = U {in[m] | m ∈ post[n]}

Back to our example

Kleene’s Theorem



Point b first 

Vars is the  (finite) set of variables occuring in the program P. 
Let N be the number of nodes of the CFG of P.  

<(  (Vars)x (Vars) )N,     >   is  a finite domain. 
•  Example Vars={a,b} e N=2  
  
             

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b} ;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="kR7ZMdX9nwofA+1bodRb+VTadPk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REFD0WvXisYG2hCWWznbRLN5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnZBqFFxiy3AjsJMqpHEosB2Obqd++wmV5ol8MOMUg5gOJI84o8ZKbT+nZ6E/6VVrbt2dgSwTryA1KNDsVb/8fsKyGKVhgmrd9dzUBDlVhjOBk4qfaUwpG9EBdi2VNEYd5LNzJ+TEKn0SJcqWNGSm/p7Iaaz1OA5tZ0zNUC96U/E/r5uZ6DrIuUwzg5LNF0WZICYh099JnytkRowtoUxxeythQ6ooMzahig3BW3x5mTye173Lunt/UWvcFHGU4QiO4RQ8uIIG3EETWsBgBM/wCm9O6rw4787HvLXkFDOH8AfO5w8QH49j</latexit>

{a, b}
<latexit sha1_base64="SrjZ+0pvkk3AQaYrNyatgWcXSJY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl262Q27E6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8l/udJ6YNV/IRJykLEjKUPOaUoJU6/VGk0FQG1ZpX9+ZwV4lfkBoUaA6qX/1I0SxhEqkgxvR8L8VgSjRyKtis0s8MSwkdkyHrWSpJwkwwnZ87c8+sErmx0rYkunP198SUJMZMktB2JgRHZtnLxf+8XobxTTDlMs2QSbpYFGfCReXmv7sR14yimFhCqOb2VpeOiCYUbUJ5CP7yy6ukfVH3r+rew2WtcVvEUYYTOIVz8OEaGnAPTWgBhTE8wyu8Oanz4rw7H4vWklPMHMMfOJ8/7eWPTA==</latexit>. . .



CPO with bottom?  
<(  (Vars)x (Vars) )N,     >  P

<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Yes! Because it is finite

Point b



Point a

Live(<{}{}{}{}>)=<{}{}{a}{}>  
Live(<{}{}{a}{}>)=<{}{a}{a}{}> 
Live(<{}{a}{a}{}>)=<{}{a}{a}{}> 

def(1)={a}, use(1)={} 
def(2)={b}, use(2)={a} 

[

m2post[1]
<latexit sha1_base64="v6gm6NLaDYrTO7gh0Rq5h63utzk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQudFl047KCfUASwmQ6aYfOI8xMhBK6cOOvuHGhiFs/wp1/47TNQlsPXDiccy/33pNkjGrjed/O2vrG5tZ2Zae6u7d/cOgeHXe1zBUmHSyZVP0EacKoIB1DDSP9TBHEE0Z6yfhm5vceiNJUinszyUjE0VDQlGJkrBS7tTAIEzrEeRYXPKQCZlKbwI+mMIxit+41vDngKvFLUgcl2rH7FQ4kzjkRBjOkdeB7mYkKpAzFjEyrYa5JhvAYDUlgqUCc6KiYPzGFZ1YZwFQqW8LAufp7okBc6wlPbCdHZqSXvZn4nxfkJr2KCiqy3BCBF4vSnEEj4SwROKCKYMMmliCsqL0V4hFSCBubW9WG4C+/vEq6zYZ/0WjeNeut6zKOCqiBU3AOfHAJWuAWtEEHYPAInsEreHOenBfn3flYtK455cwJ+APn8wdgG5fn</latexit>

•  Example 

[

m2post[N ]
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The map Live:  
          ( (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

 Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm> 

P
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P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

Note that Live is monotone!



is continuous? 

The map Live:  
          ( (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

 Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm> 

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

[
<latexit sha1_base64="iPeUSRupFvwrYe88/MCcyNF4Rlc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBhPBU9iNBz0GvXiMYB6QLGF2MpsMmZ0d5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VSc608f1vr7CxubW9U9wt7e0fHB6Vj0/aOrWK0BZJeaq6EdaUM0FbhhlOu1JRnEScdqLJ3dzvPFGlWSoezVTSMMEjwWJGsHFSp9onVqLqoFzxa/4CaJ0EOalAjuag/NUfpsQmVBjCsda9wJcmzLAyjHA6K/WtphKTCR7RnqMCJ1SH2eLcGbpwyhDFqXIlDFqovycynGg9TSLXmWAz1qveXPzP61kT34QZE9IaKshyUWw5Mima/46GTFFi+NQRTBRztyIyxgoT4xIquRCC1ZfXSbteC65q9Yd6pXGbx1GEMziHSwjgGhpwD01oAYEJPMMrvHnSe/HevY9la8HLZ07hD7zPHy94js4=</latexit>

Yes! because it is monotone on a finite domain 

Point a

[
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in[n] ⊇ live-in[n] and out[n] ⊇ live-out[n] 

Why  a least  fixpoint

• Live is a possible  analysis, 

i.e., if a  variable x will be really live in a node n during some program 
execution then x belongs to in[n] of all the fixpoints of the function Live  
  
All fixpoints of the equation system is an over-approximation of really live 
variables.  

We want the least fixpoint ( more precise over approximations) 



Conservative Approximation

• How to interpret the output of this static analysis? 
• Correctness tells us that: 
 in[n] ⊇ live-in[n] and out[n] ⊇ live-out[n] 

If the variable x will be really live in some node n during some 
program execution then x belongs to in[n] of all the fixpoints of the 
function Live (least fixpoint)  

• The converse does not hold: the analysis can tell us that x is in the 
computed set out[n], but this does not imply that x will be necessarily 
live in n during some program execution 

• In liveness analysis “conservative approximation” means that the analysis may 
erroneously derive that a variable is live, while the analysis is not allowed to 
erroneously derive that a variable is “dead” (i.e., not live). 

★if x    in[n] then x could be live at program point n. 
★if x∉in [n] then x is definitely dead at program point n.
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Live1 Live2 Live3

use def in out in out in out
1 a a a
2 a b a a b c a c b c
3 b c c b c b c b b c b
4 b a b b a b a
5 a a a a a c a c a c
6 c c c c

for all n 
 in[n]:= {} out[n]:={}; 
repeat 
 for all n (1 to 6) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  in[n]:= use[n] U (out[n] - def[n]); 
  out[n]:= U { in[m] | m ∈ post[n]}; 
until (for all n: in'[n]=in[n] && out'[n]=out[n])

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6



Live3 Live4 Live5

use def in out in out in out
1 a a a c c a c
2 a b a c b c a c b c a c b c
3 b c c b c b b c b b c b
4 b a b a b a c b c a c
5 a a c a c a c a c a c a c
6 c c c c

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

for all n 
 in[n]:=?; out[n]:=?; 
repeat 
 for all n (1 to 6) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  in[n]:= use[n] U (out[n] - def[n]); 
  out[n]:= U { in[m] | m ∈ post[n]}; 
until (for all n: in'[n]=in[n] && out'[n]=out[n])



Live5 Live6 Live7

use def in out in out in out
1 a c a c c a c c a c
2 a b a c b c a c b c a c b c
3 b c c b c b b c b c b c b c
4 b a b c a c b c a c b c a c
5 a a c a c a c a c a c a c
6 c c c c

• The algorithm thus gives the following output:  
 out[1]={a,c}, out[2]={b,c}, out[3]={b,c}, out[4]={a,c}, 

out[5]={a,c} 
• In this case, the output of the analysis is precise

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6



for all n 
 in[n]:=?; out[n]:=?; 
repeat 
 for all n (6 to 1) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  out[n]:= U { in[m] | m ∈ post[n]}; 
  in[n]:= use[n] U (out[n] - def[n]); 
until (for all n: in'[n]=in[n] && out'[n]=out[n])

Improvement

 In this iterative computation, observe that we have to wait for the next 
iteration in order to exploit the new information computed for in and out 
on the nodes.  

 By a suitable reordering of the nodes and by first computing out[n] and 
then in[n], we are able to converge to the fixpoint in just 3 iteration 
steps.



Live1 Live2 Live3

use def out in out in out in
6 c c c c
5 a c a c a c a c a c a c
4 b a a c b c a c b c a c b c
3 b c c b c b c b c b c b c b c
2 a b b c a c b c a c b c a c
1 a ac c ac c ac c

for all n 
 in[n]:=?; out[n]:=?; 
repeat 
 for all n (6 to 1) 
  in'[n]:=in[n]; out'[n]:=out[n]; 
  out[n]:= U { in[m] | m ∈ post[n]}; 
  in[n]:= use[n] U (out[n] - def[n]); 
until (for all n: in'[n]=in[n] && out'[n]=out[n])



Backward Analysis

 As shown by the previous example, Live Variable 
Analysis is a “backward” analysis. This means that 
information propagates “backward” from terminal 
nodes to initial nodes:  

1. in[n] can be computed from out[n]; 
2. out[n] can be computed from in[m] for all the nodes m 

that are successors of n.



Application: Dead Code Elimination



Reaching Definitions (Reaching Assignment) Analysis
One of the more  useful data-flow analysis 

d1 : y := 3
d2 : x := y

d1 is a reaching definition for d2 
d1 : y := 3
d2 : y := 4
d3 : x := y

d1 is no longer a reaching definition for d3, because d2 kills its reach: 
the value defined in d1 is no longer available and cannot reach d3 

A definition d  at point i reaches a point p if there is a path from the 
point i to p such that d is not killed (redefined) along that  path 



Reaching definitions 

This information is very useful  
• The compiler can  know whether x is a constant at point p 
• The debugger can tell whether is possible that x is an undefined 

variable at point p



• Given a program point n, which  definitions are actual –  not 
successively overwritten by a different assignment – when the       
execution reaches n?  

 And when the execution leaves n? 

• A program point may clearly “generate” new definitions 

• A program point n may “kill” a definition: 
 if n is an assignment x:=exp then n kills all the assignments to the 
variable x which are actual in input to n 

• We are thus interested in computing input and output reaching 
definitions for any program point   

Reaching definitions



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3

4

5

Which is  the actual  
definition of m here? 
 Can m be initialised? 

The intuition: the factorial of n

Which are the points that are  reached by  
this definition of m? 

Which are the points that are  reached by  
this definition of m? 

Which is  the actual 
definition of n  
 here? Can n be 
initialised? Which are  the actual 

definition of n and m ? Can 
n or m be initialised? 



Formalization of the reaching definition property

• The property can be represented by sets of pairs: 
{(x,p) | x  Vars, p is a program point}      (Vars x Points) 
where (x,p) means that the variable x is assigned at 

program point p 
• For each program point, this dataflow analysis computes a 

set of such pairs  
• The meaning of a pair (x,p) in the set for a program point q 

is that the assignment of x at point p is actual at point q 
• ? is a special symbol that we add to Points and we use to 

represent the fact that a variable x is not initialized. 
• The set ι = {(x,?) | x  Vars} therefore denotes that all the 

program variables are not initialized.

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit> P

<latexit sha1_base64="Ll7pmb1rpin2JpzctZHrgI/bieA=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxGsA9oQ5lMJ+3QySTOTIQS+hNuXCji1t9x5984SYOo9cCFwzn3cu89fsyZ0rb9aZWWlldW18rrlY3Nre2d6u5eW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5DrzOw9UKhaJOz2NqRfikWABI1gbqZv2CebInQ2qNbtu50CLxClIDQq4g+pHfxiRJKRCE46V6jl2rL0US80Ip7NKP1E0xmSCR7RnqMAhVV6a3ztDR0YZoiCSpoRGufpzIsWhUtPQN50h1mP118vE/7xeooMLL2UiTjQVZL4oSDjSEcqeR0MmKdF8aggmkplbERljiYk2EVXyEC4znH2/vEjaJ3WnUW/cntaaV0UcZTiAQzgGB86hCTfgQgsIcHiEZ3ix7q0n69V6m7eWrGJmH37Bev8C0G6P9Q==</latexit>

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>



The domain for Reaching Definitions Analysis
Vars is the  (finite) set of variables occuring in the program P. 
Let N be the number of nodes of the CFG of P. 
Let Points={?,1,…N}. 

<(  (Vars x Points)x (Vars x Points) )N,           >    P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

<latexit sha1_base64="+5jFHxYzACAZl0YuV5EfjZCtRHw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRiyepYD+gTctmO2mXbjZxd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPrqd+8xGlYpG41+MYvZAMBAsYJdpI3Y5KfIUaH7pp5XbSK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOmlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvnZefurFS9yuLIwxEcwym4cAFVuIEa1IGChGd4hTfryXqx3q2PeWvOymYO4Q+szx+7YZKo</latexit>

✓2N

•  Example Vars={a,b} e N=1  

<latexit sha1_base64="SrjZ+0pvkk3AQaYrNyatgWcXSJY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl262Q27E6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8l/udJ6YNV/IRJykLEjKUPOaUoJU6/VGk0FQG1ZpX9+ZwV4lfkBoUaA6qX/1I0SxhEqkgxvR8L8VgSjRyKtis0s8MSwkdkyHrWSpJwkwwnZ87c8+sErmx0rYkunP198SUJMZMktB2JgRHZtnLxf+8XobxTTDlMs2QSbpYFGfCReXmv7sR14yimFhCqOb2VpeOiCYUbUJ5CP7yy6ukfVH3r+rew2WtcVvEUYYTOIVz8OEaGnAPTWgBhTE8wyu8Oanz4rw7H4vWklPMHMMfOJ8/7eWPTA==</latexit>. . .

<latexit sha1_base64="UYcEd0VYPdepgr18jFFOSrJh5D0=">AAACFXicbVDLSgMxFM3UVx1foy7dBItQYSgzoujCR9GNy0rtAzpDyaSZNjTzIMkIZehPuPFX3LhQxK3gzr8x0+lCWy8J99xz7iW5x4sZFdKyvrXCwuLS8kpxVV9b39jcMrZ3miJKOCYNHLGItz0kCKMhaUgqGWnHnKDAY6TlDW8yvfVAuKBReC9HMXED1A+pTzGSiuoa5jmsXzhpGZlXhyZUyc6Sl1eeqpyxqdfzc9k1SlbFmgScB/YUlMA0al3jy+lFOAlIKDFDQnRsK5ZuirikmJGx7iSCxAgPUZ90FAxRQISbTrYawwPF9KAfcXVDCSfs74kUBUKMAk91BkgOxKyWkf9pnUT6Z25KwziRJMT5Q37CoIxgZhHsUU6wZCMFEOZU/RXiAeIIS2WkrkywZ1eeB82jin1Sse6OS9XrqR1FsAf2QRnY4BRUwS2ogQbA4BE8g1fwpj1pL9q79pG3FrTpzC74E9rnD3MbmBo=</latexit>

< S = {(a, ?), (a, 1), (b, ?), (b, 1)}, S, S, S >

<latexit sha1_base64="ZeNYcDYoo4E584tXNADMwsnVs6U=">AAACE3icfZA9SwNBEIb3/IzxK2ppsxgEEQl3omghErSxjGA+IAlhbzOXLNnbO3bnhBDyH2z8KzYWitja2Plv3CRXaCK+sPDwzgyz8/qxFAZd98uZm19YXFrOrGRX19Y3NnNb2xUTJZpDmUcy0jWfGZBCQRkFSqjFGljoS6j6vetRvXoP2ohI3WE/hmbIOkoEgjO0Vit3eEEbEMbYN4BH/9JlK5d3C+5YdBa8FPIkVamV+2y0I56EoJBLZkzdc2NsDphGwSUMs43EQMx4j3WgblGxEExzML5pSPet06ZBpO1TSMfuz4kBC43ph77tDBl2zXRtZP5VqycYnDcHQsUJguKTRUEiKUZ0FBBtCw0cZd8C41rYv1LeZZpxtDFmbQje9MmzUDkueKcF9/YkX7xK48iQXbJHDohHzkiR3JASKRNOHsgTeSGvzqPz7Lw575PWOSed2SG/5Hx8A+Chns0=</latexit>

< ;, ;, ;, ; >



   {(x,q)  |q    Points and {x}=def[q] }      if {x}=def[p] 
• killRD[p] = 
                                               if     =def[p] 

   {(x,p)}                    if {x}=def[p] 
• genRD[p] = 
                                               if     =def[p] 

         
As usual, def[p] = {x} when the command in the point p is an assignment 
x:=exp

Specification

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit> ;

<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3

4

5

6

Kill and Gen

killRD genRD

1
2 (m,?)(m,2) 

(m,4)
(m,2)

3
4 (m,?)(m,2) 

(m,4)
(m,4)

5 (n,?) (n,5) (n,5)

6



• Reaching definitions analysis is 
specified by  equations: 
 
       {(x,?) | x     VARS}                           
  
RDentry(p)=     

                      U{RDexit(q)  |q    pre[p]}   
                                if p is not initial          

 

RDexit(p) =

 (RDentry(p) \ killRD[p] )  U  genRD[p]

Specification

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>

input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3

4

5

if p is initial



The solution of the previous system

Once again the solution for the  equations in the previous  system  
are require the existence of a fix point  

We can apply the Kleene theorem if we have 

a) a continuous function on 
b)  a CPO with bottom 



is a CPO with bottom?  

Yes! Because it is finite

Point b

<(  (Vars x Points)x (Vars x Points) )N,           > P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

<latexit sha1_base64="+5jFHxYzACAZl0YuV5EfjZCtRHw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRiyepYD+gTctmO2mXbjZxd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPrqd+8xGlYpG41+MYvZAMBAsYJdpI3Y5KfIUaH7pp5XbSK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOmlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvnZefurFS9yuLIwxEcwym4cAFVuIEa1IGChGd4hTfryXqx3q2PeWvOymYO4Q+szx+7YZKo</latexit>

✓2N



The map Reach:  
         <(  (Vars x Points)x (Vars x Points) )N-> <(  (Vars x Points)x (Vars x Points) )N  
defined by  

 (assuming 1 is the only initial node) 

Reach(<RDentry1,RDexit1,…,RDentryN,RDexitN>)= 
 < {(x,?) | x in VARS}, (RDentry1\killRD[1] )  U  genRD[1],  

U{RDexit2 |m in pre[2]} , (RDentry2\killRD[2] )  U  genRD[2], 

 ….,  
U{RDexitm  |m in pre[N]} , (RDentryN\killRD[N] )  U  genRD[N] > 

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>
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<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>
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<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

Point a: the map



Reach(<RDentry1,RDexit1,…,RDentryN,RDexitN>)= 
 < {(x,?) | x in VARS}, (RDentry1\killRD[1] )  U  genRD[1],  

U{RDexit2 |m in pre[2]} , (RDentry2\killRD[2] )  U  genRD[2] 

 ….,  
U{RDexitm  |m in pre[N]} , (RDentryN\killRD[N] )  U  genRD[N] > 

Reach(<{},{},{},{}>)=<{(a,?)(b,?)},{(a,1)(b,?)},{(a,1)(b,?)},{(a,1)(b,2)}>  
Reach(<{(a,?)(b,?)},{(a,1)(b,?)},{(a,1)(b,?)},{(a,1)(b,2)}>)= 
<{(a,?)(b,?)},{(a,1)(b,?)},{(a,1)(b,?)},{(a,1)(b,2)}> 
 

killRD(1)={(a,?)}, genRD(1)={(a,1)} 
killRD(2)={(b,?)}, genRD(2)={(b,2)} •  Example 

Note that Reach is monotone!

Point a 

 Since it is monotone on a finite domain  then it is continuous



RD analysis is possible,  
 if an assignment x:=a in some point q is really actual in entry  
to some point p then 
 (x,q)   RDentry(p)  

The vice versa does not hold 

All fixpoints of the above equation system is an over-approximation of 
really reaching definitions.  
Computing the least fixpoint  gives a more precise over approximation 

Why a least fix point

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;

output m;

1

2

3

4

5

RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2)} 

RDexit(3)={(n,?),(m,2)} 

RDentry(4)= {(n,?),(m,2)} 

RDexit(4)= {(n,?), (m,4)} 

RDentry(5)= {(n,?),(m,4)} 

RDexit(5)= {(n,5),(m,4)} 

RDentry(6)= {(n,?),(m,2)} 

RDexit(6)= {(n,?),(m,2)}

6

(m,?)(m,2) 
(m,4)

(m,2)

(m,4)(m,?)(m,2) 
(m,4)
(n,?) (n,5) (n,5)

2

4

5

First iteration:

RDentry(p) ={(x,?)|  x in  Vars}, if p is initial

kill gen



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;

output m;

1

2

3

4

5

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2)} 

RDexit(3)={(n,?),(m,2)} 

RDentry(4)= {(n,?),(m,2)} 

RDexit(4)= {(n,?), (m,4)} 

RDentry(5)= {(n,?),(m,4)} 

RDexit(5)= {(n,5),(m,4)} 

RDentry(6)= {(n,?),(m,2)} 

RDexit(6)= {(n,?),(m,2)}

6

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(3)={(n,?),(m,2),(n,5)(m,4)} 

RDentry(4)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(4)= {(n,?),(n,5)(m,4)} 

RDentry(5)={(n,?),(n,5)(m,4)} 

RDexit(5)={(n,5),(m,4)} 

RDentry(6)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(6)={(n,?),(m,2),(n,5)(m,4)}

(m,?)(m,2) 
(m,4)

(m,2)

(m,4)(m,?)(m,2) 
(m,4)
(n,?) (n,5) (n,5)

2

4

5

Second iteration: 

fix point!

RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 
RDentry(p) ={(x,?)|  x in  Vars}, if p is initial



• RD analysis is forward and possible,  
i.e., if an assignment x:=a in some point q is really actual in entry  
to some point p then 
 (x,q)   RDentry(p) (while the vice versa does not hold). 

How can we use this? 

-If the analysis tells us that a variable is undefined then it is 
-Loop invariant code motions 
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<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>

RD analysis



Consider a loop where:  
1.  m is the entry point 
2. an inner point n contains an  

assignment x:=exp 
3. if for any variable y occurring 

 in exp (i.e. y   vars(exp)) and for any program 
 point p, we have that 

  (y,p)   RDentry(m)            (y,p)    RDentry(n)  

 then, the assignment x:=exp can be correctly moved out as 
preceding the entry point of the loop

        

 x:=exp; 

        

n

m

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

Application: Loop invariant code motion

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit> ,

<latexit sha1_base64="oEhgJxJUjHarZJQY4MHCEVOnJlo=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjWBiRe6w0JJoY2GBiYAJELK37MGGvd3L7pyEnPwUGwuNsfWX2PlvXOAKBV8yyct7M5mZF8SCG/C8bye3tr6xuZXfLuzs7u0fuMXDplGJpqxBlVD6ISCGCS5ZAzgI9hBrRqJAsFYwup75rUemDVfyHiYx60ZkIHnIKQEr9dxiuXPLQtB8MASitRqXe27Jq3hz4FXiZ6SEMtR77lenr2gSMQlUEGPavhdDNyUaOBVsWugkhsWEjsiAtS2VJGKmm85Pn+JTq/RxqLQtCXiu/p5ISWTMJApsZ0RgaJa9mfif104gvOymXMYJMEkXi8JEYFB4lgPuc80oiIklhGpub8V0SDShYNMq2BD85ZdXSbNa8c8r1btqqXaVxZFHx+gEnSEfXaAaukF11EAUjdEzekVvzpPz4rw7H4vWnJPNHKE/cD5/APi0k88=</latexit>
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<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



y:=3; z:=5; 
for(int i=0; i<9; i++) { 
  x = y + z; 
  a[i] = 2*i + x; 
}

y:=3; z:=5; 
x = y + z; 
for(int i=0; i<9; i++) { 
  a[i] = 2*i + x; 
}

Application: Loop invariant code motion

Loop-invariant code motion



Available Expressions Analysis

Let p be a program point. For each execution path ending in p, 
we want track  the expressions that have already been 
evaluated and then  not modified.  
These are called available expressions



 
x:=a+b; 
y:=a*b;  
while y>a+b  
do (a:=a+1; 
      x:=a+b;) 

   when the execution reaches 3, the expression a+b 
is available, since it has been previously evaluated 
(in point 1 for the first iteration of the while-loop 
and in point 5 for the next iterations) and does 
not need to be evaluated again in 3 

• This analysis can be therefore used to avoid re-
evaluations of available expressions

Example

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



The domain

Let E={ e | e is a sub-expressions/expression appearing in P} 

(  (E)x (E) )N,     >   is  a finite domain P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Let N be the number of nodes of the CFG of P



• An expression e in E is killed in a program point p (e is in killAE(p))  
if a variable occurring in e is modified (i.e., it is defined by some assignment) 
by the command in p. 

killAE([x:=e’]p)= {e in E | x    vars(e)} 

• An expression e is generated in a program point p (e is in genAE(p))  
if e is evaluated in p and no variable occurring in e is modified in  p. 

     genAE([x:=e]p) ={e}              if x ∉ vars(e),                                  
genAE([x:=e]p) =                   if x   vars(e); 

           genAE([e1>e2]p)  = expr({e1, e2})   where expr(S) returns  
                                                       the subset of S that are expressions       

  KillAE  and GenAE

<latexit sha1_base64="UPgJz8j2m/13V1tj2vlM0uGX7q8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthbbUDbbSbt0swm7EyGE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqDi0ey1h3AmZACgUtFCihk2hgUSDhIRjfTP2HJ9BGxOoeswT8iA2VCAVnaKVH2oMowcwA9qs1t+7OQJeJV5AaKdDsV796g5inESjkkhnT9dwE/ZxpFFzCpNJLDSSMj9kQupYqFoHx89nFE3pilQENY21LIZ2pvydyFhmTRYHtjBiOzKI3Ff/zuimGV34uVJIiKD5fFKaSYkyn79OB0MBRZpYwroW9lfIR04yjDaliQ/AWX14m7bO6d1F3785rjesijjI5IsfklHjkkjTILWmSFuFEkWfySt4c47w4787HvLXkFDOH5A+czx+Qw5DZ</latexit>

; <latexit sha1_base64="ZetvKexAAemhATf6VP/teVRjcG8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLuM/VoFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8AaPIjfk=</latexit>2

<latexit sha1_base64="ZetvKexAAemhATf6VP/teVRjcG8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLuM/VoFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8AaPIjfk=</latexit>2



n killAE(n) genAE(n)

1 ∅ {a+b}
2 ∅ {a*b}
3 ∅ {a+b}
4 {a+b, a*b,a+1} ∅

5 ∅ {a+b}

Example
  
x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 
E = {a+b, a*b, a+1}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



Specification

• Available expressions analysis is specified by the following 
equations, for any program point p: 

       ∅          if p is initial  
   
AEentry(p) =   
         ∩{AEexit(q) |  q    pre[p]}   otherwise 

 
AEexit(p)= (AEentry(p) \ killAE(p))  U  genAE(p) 

2
<latexit sha1_base64="MObzohmu3AwC10wzTb5NcCUC88U=">AAAB7HicbVBNS8NAEJ34WetX1aOXxVbwVJIW/LgVvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btIgan0w8Hhvhpl5fsyZ0rb9aa2srq1vbJa2yts7u3v7lYPDjooSSahLIh7Jno8V5UxQVzPNaS+WFIc+p11/epP53QcqFYvEvZ7F1AvxWLCAEayN5NYGTNSGlapdt3OgZeIUpAoF2sPKx2AUkSSkQhOOleo7dqy9FEvNCKfz8iBRNMZkise0b6jAIVVemh87R6dGGaEgkqaERrn6cyLFoVKz0DedIdYT9dfLxP+8fqKDSy9lIk40FWSxKEg40hHKPkcjJinRfGYIJpKZWxGZYImJNvmU8xCuMpx/v7xMOo2606w37xrV1nURRwmO4QTOwIELaMEttMEFAgwe4RleLGE9Wa/W26J1xSpmjuAXrPcvHZqOXA==</latexit>



To find a solution to the previous equation system we need to apply 
Kleene Theorem 

b) (  (E)x (E) )N,     >   is  a finite domain therefore is a 
CPO, moreover, it has a  bottom element 

     a) The map      (  (E)x (E) )N   ->   (  (E)x (E) )N         defined by  
         (assuming 1 is the only initial node) 
       AE(<AEentry1,AEexit1,…,AEentryN,AEexitN>)   = 

 < ∅, (AEentry1 \ killAE(1))  U  genAE(1), 
∩{AEexitq |  q  in  pre[2]}, (AEentry2 \ killAE(2))  U  genAE(2), 
….. 
∩{AEexitq |  q  in  pre[N]}, (AEentryN \ killAE(N))  U  genAE(N)>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

Point a and b to apply Kleene Theorem



 a) The map    
         AE(<AEentry1,AEexit1,…,AEentryN,AEexitN>)   = 

 < ∅, (AEentry1 \ killAE(1))  U  genAE(1), 
∩{AEexitq |  q  in  pre[2]}, (AEentry2 \ killAE(2))  U  genAE(2), 
….. 
∩{AEexitq |  q  in  pre[N]}, (AEentryN \ killAE(N))  U  genAE(N)> 
is monotone on  the finite domain  

(  (E)x (E) )N,     > P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Point a

AE(<∅,∅,∅,∅,∅,∅> )= 
<∅,{a+b}, {}, {a*b}, {a*b}, {a+b, a*b}> 
AE(<∅,{a+b}, {}, {a*b}, {a*b}, {a+b, a*b}>)=  
<∅,{a+b}, {a+b}, {a+b,a*b}, {a+b,a*b}, {a+b,a*b}> 

x:= a+b;

y:= a*b;

1

2

x=a+b;
3

•  Example 



AE is a definite analysis:  
if e   AEentry(p) then e  is really available in entry to p  

the converse does not hold 

• Any fixpoint of the above equation system is an under-approximation  
of really available expressions. 

Between all fix points,  we are thus interested in computing  
the greatest fixpoint (the more precise approximation)  

Also, observe that this is a forward analysis. 

Which  fix point? 

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>



Computing the greatest fix point

x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 
E = {a+b, a*b, a+1}

The starting point, for all n  
AEentry(n)=AEexit(n)={a+b,a*b,a+1}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

n killAE(n) genAE(n)

1 ∅ {a+b}

2 ∅ {a*b}

3 ∅ {a+b}

4 {a+b, a*b,a+1} ∅

5 ∅ {a+b}

AEentry(1)= ∅                  AEexit(1)={a+b} 

AEentry(2)={a+b}         AEexit(2) ={a+b,a*b} 

AEentry(3)={a+b,a*b}   AEexit(3)={a+b,a*b} 

AEentry(4)={a+b,a*b}   AEexit(4)={} 

AEentry(5)={}               AEexit(5)={a+b}

AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)



AEexit(1)= AEentry(1) U {a+b} 

AEexit(2)= AEentry(2) U {a*b} 

AEexit(3)= AEentry(3) U {a+b} 

AEexit(4)= AEentry(4) - {a+b, a*b, a+1} 

AEexit(5)= AEentry(5) U {a+b}

n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b,a*b} {a+b,a*b}
4 {a+b,a*b} ∅

5 ∅ {a+b} n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

Second iteration
AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

Previous iteration



n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

AEexit(1)= AEentry(1) U {a+b} 

AEexit(2)= AEentry(2) U {a*b} 

AEexit(3)= AEentry(3) U {a+b} 

AEexit(4)= AEentry(4) - {a+b, a*b, a+1} 

AEexit(5)= AEentry(5) U {a+b}

Third iteration and Greatest Fixpoint

n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)
Previous iteration



n AEentry(n) AEexit(n)

1 ∅ {a+b}
2 {a+b} {a+b, a*b}
3 {a+b} {a+b}
4 {a+b} ∅

5 ∅ {a+b}

Result

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 



A[i,j]=B[i,j]+C[i,j]

Application: Common Subexpression Elimination



A Dataflow Analysis Framework

• The above dataflow analyses (Reaching Definitions, 
Available Expressions, Live Variables) reveal many 
similarities. 

• One major advantage of a unifying framework of 
dataflow analysis lies in the design of a generic 
analysis algorithm that can be instantiated in order to 
compute different dataflow analyses. 



Possible Analysis 
Semantics        Analysis

Definite Analysis 
Analysis    Semantics

Forward                
in[n]                 out[n]        
 pre                   post

Reaching definitions  Available   
expressions

 Backward           
out[n]             in[n]              
post                 pre 

Live variables Very busy 
expressions

Catalogue of Dataflow Analyses

✓
<latexit sha1_base64="9nGCeneL0/sVFoelAWAK4J+tK+Y=">AAAB83icbVDLSsNAFJ3UV62vqks3g63gKkxSrHZXdOOygrWFJpTJ9KYdOnk4MxFK6W+4caGIW3/GnX9jkpbi68CFwzn3cu89Xiy40oR8GoWV1bX1jeJmaWt7Z3evvH9wp6JEMmizSESy61EFgofQ1lwL6MYSaOAJ6Hjjq8zvPIBUPApv9SQGN6DDkPucUZ1KTtVRiadAwz2u9ssVYhLLJmd1TMyabVn1BrZMkmNJKmiBVr/84QwilgQQaiaoUj2LxNqdUqk5EzArOYmCmLIxHUIvpSENQLnT/OYZPkmVAfYjmVaoca5+n5jSQKlJ4KWdAdUj9dvLxP+8XqL9C3fKwzjRELL5Ij8RWEc4CwAPuASmxSQllEme3orZiErKdBpTKQ+hkaH+9/clubNNq2bWbuxK83IRRxEdoWN0iix0jproGrVQGzEUo0f0jF6MxHgyXo23eWvBWMwcoh8w3r8AhgGRfA==</latexit>

✓
<latexit sha1_base64="9nGCeneL0/sVFoelAWAK4J+tK+Y=">AAAB83icbVDLSsNAFJ3UV62vqks3g63gKkxSrHZXdOOygrWFJpTJ9KYdOnk4MxFK6W+4caGIW3/GnX9jkpbi68CFwzn3cu89Xiy40oR8GoWV1bX1jeJmaWt7Z3evvH9wp6JEMmizSESy61EFgofQ1lwL6MYSaOAJ6Hjjq8zvPIBUPApv9SQGN6DDkPucUZ1KTtVRiadAwz2u9ssVYhLLJmd1TMyabVn1BrZMkmNJKmiBVr/84QwilgQQaiaoUj2LxNqdUqk5EzArOYmCmLIxHUIvpSENQLnT/OYZPkmVAfYjmVaoca5+n5jSQKlJ4KWdAdUj9dvLxP+8XqL9C3fKwzjRELL5Ij8RWEc4CwAPuASmxSQllEme3orZiErKdBpTKQ+hkaH+9/clubNNq2bWbuxK83IRRxEdoWN0iix0jproGrVQGzEUo0f0jF6MxHgyXo23eWvBWMwcoh8w3r8AhgGRfA==</latexit>

)
<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>)
<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>

)
<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>)
<latexit sha1_base64="7VnS8MMdV4AV4UDDou1JU1vRqnI=">AAAB9HicbVDLTgIxFO3gC/GFunTTCCauJh0wqDuiG5do5JHAhHRKBxo607HtYAjhO9y40Bi3fow7/8bOAEYNJ7nJyTn35t57vIgzpRH6sjIrq2vrG9nN3Nb2zu5efv+goUQsCa0TwYVseVhRzkJa10xz2ookxYHHadMbXid+c0SlYiK81+OIugHuh8xnBGsjucXOHesPNJZSPBa7+QKyUQqI7LMyqqAKdBbKghTAHLVu/rPTEyQOaKgJx0q1HRRpd4KlZoTTaa4TKxphMsR92jY0xAFV7iQ9egpPjNKDvpCmQg1T9ffEBAdKjQPPdAZYD9R/LxGXee1Y+xfuhIVRrGlIZov8mEMtYJIA7DFJieZjQzCRzNwKyQBLTLTJKZeGcJlgye8/pFGynbJdvi0VqlfzOLLgCByDU+CAc1AFN6AG6oCAB/AEXsCrNbKerTfrfdaaseYzh+APrI9vg4OSEg==</latexit>



Static Analyses



Analysis  

Available expressions analysis  

Reaching Definition  

Live variables analysis  

Detection of induction variables  

Equivalent expression analysis  

Summary of analyses and transformations

Transformation  

Common subexpression elimination  

Invariant code motion 

Dead code elimination  

Strength reduction 

Copy propagation  



Program analysis offers techniques for predicting statically  

at compile-time  

safe & efficient approximations 
to the set of configurations or behaviours arising dynamically at run-
time  

Safe: faithful to the semantics  

Efficient: implementation with  

– good time performance and  

– low space consumption  

The essence of program analysis
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read(x); (if x>0 then  y=1 else (y=2;S)); z=y 
Assume S does not contain any assignment to y 

Which values of y can reach the assignment z=y?? 
It depends if S diverges 

Correct (Safe) approximations : 
• {1,17} if S diverges 
• {1,2,5, 27} otherwise 
Best (Precise) approximations : 
• {1} in the first case 
• {1,2} otherwise 

 3

Why approximations?



The nature of approximations

Trade precision for efficiency! 

but approximation have to be on the right side!



Approaches to Program Analysis

A family of techniques . . .             that differs in their focus  

• data flow analysis 

• constraint based analysis  

• type and effect systems  

• abstract interpretation  

 
 
 

• algorithmic methods  

• semantic foundations  

• language paradigms  

— imperative/procedural  

— object oriented 
— logical 
— functional  

— concurrent/distributive  

— mobile 



Dataflow Analysis

The ideas : 

- Based on the CFG 

– Constructs an equation system in terms of the  

   property  at the entry and exit of a node in the CFG 

 – Looks for solution of the system of equations as a    

    fix point  

-  Compute either a least fixpont or a greatest fix point  depending on         
the direction of the approximation 

 



An Example Reaching Definitions

y=x;

z:= 1;

y>1;
z=z*y

y:= y-1;

y:=0;

1

2

3

4

5

6

<latexit sha1_base64="s1BFOSqqwhT5FNoQW5raqqCwKWM="></latexit>

[y := x]1; [z := 1]2;while[y > 1]3do[z = z ⇤ y]4; [y := y � 1]5od; [y := 0]6



RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 

RDentry(1)= {(x,?)(y,?)(z,?)} 

RDexit(1) = {(x,?)(y,1)(z,?)} 

RDentry(2)= {(x,?)(y,1)(z,?)} 

RDexit(2)= {(x,?)(y,1)(z,2)} 

RDentry(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDexit(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDentry(4)= {(x,?),(y,1)(z,2)(z,4) (y,5)} 

RDexit(4)= {(x,?),(y,1)(z,4) (y,5)} 

RDentry(5)= {(x,?),(y,1)(z,4) (y,5)} 

RDexit(5)= {(x,?),(y,5)(z,4)} 

RDentry(6)= {(x,?),(y,1)(z,2) (z,4)(y,5)} 

RDexit(6)= {(x,?),(y,6)(z,2)  (z,4)}

An example : RD

RDentry(p) ={(x,?)|  x in  Vars}, if p is initial

y=x;

z:= 1;

y>1;
z=z*y

y:= y-1;
y:=0;

1

2

3

4

5

6

Kill Gen
1 (y,?),(y,1)(y,5)(y,6) (y,1)

2 (z,?)(z,2)(z,4) (z,2)

4 (z,?)(z,2)(z,4) (z,4)

5 (y,?),(y,1)(y,5)(y,6) (y,5)

6 (y,?),(y,1)(y,5)(y,6) (y,6)

Second iteration fix point!



Control Flow Analysis

- Constructs a constraint system 

 – Looks for a solution of the constraint system as a    

    fix point  



Control Flow Analysis

• An alternative to equational approach is the constraint based 
approach.  

• The idea is to extract a number of inclusions (equation or 
constraints) out of the program  

• Once again we consider the property  at the entry and exit of a 
node  

• We encode  with constraints the  information of the flow of the 
CFG 
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• We have constraints that express the effects for elementary 
blocks 

[y = 1]1; [z = 1]2; while [y > 1]3 do ([z = z ⇤ y]4; [y = y � 1]5); [y = 0]6
<latexit sha1_base64="wSXVVolMuhF08aDJcR12VOKo438="></latexit>

RDexit(1) ◆ RDentry(1)/{(y, l) mod l 2 Lab}
RDexit(1) ◆ {(y, 1)}
RDexit(2) ◆ RDentry(2)/{(z, l) mod l 2 Lab}
RDexit(2) ◆ {(z, 2)}
RDexit(3) ◆ RDentry(3)
RDexit(4) ◆ RDentry(4)/{(z, l) mod l 2 Lab}
RDexit(4) ◆ {(z, 4)}
RDexit(5) ◆ RDentry(5)/{(y, l) mod l 2 Lab}
RDexit(5) ◆ {(y, 5)}
RDexit(6) ◆ RDentry(6)/{(y, l) mod l 2 Lab}
RDexit(6) ◆ {(y, 6)}

<latexit sha1_base64="KawPVglA7KXa0RN2EA1iVV76sS0="></latexit>

Constraints for effects of elementary blocks

such that

such that

such that

such that

such that
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• We have constraints that expression control may flow through the 
program   

RDentry(2) ◆ RDexit(1)
RDentry(3) ◆ RDexit(2)
RDentry(3) ◆ RDexit(5)
RDentry(5) ◆ RDexit(4)
RDentry(6) ◆ RDexit(3)

<latexit sha1_base64="X1fB37TQIHLqrkZ/j6fnf/Q5T4I="></latexit>

Finally the constraint 
RDentry(1) ◆ {(x, ?), (y, ?), (z, ?)}

<latexit sha1_base64="jbfP2IJMMvyqX/Ax9w2tlRSl9Ro="></latexit>

More constraints

y=x;

z:= 1;

y>1;
z=z*y

y:= y-1;y:=0;

1

2

3

4

56
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Summary of the constraints system
RDexit(1) ◆ RDentry(1)/{(y, l) mod l 2 Lab}
RDexit(1) ◆ {(y, 1)}
RDexit(2) ◆ RDentry(2)/{(z, l) mod l 2 Lab}
RDexit(2) ◆ {(z, 2)}
RDexit(3) ◆ RDentry(3)
RDexit(4) ◆ RDentry(4)/{(z, l) mod l 2 Lab}
RDexit(4) ◆ {(z, 4)}
RDexit(5) ◆ RDentry(5)/{(y, l) mod l 2 Lab}
RDexit(5) ◆ {(y, 5)}
RDexit(6) ◆ RDentry(6)/{(y, l) mod l 2 Lab}
RDexit(6) ◆ {(y, 6)}

<latexit sha1_base64="KawPVglA7KXa0RN2EA1iVV76sS0="></latexit>

RDentry(2) ◆ RDexit(1)
RDentry(3) ◆ RDexit(2)
RDentry(3) ◆ RDexit(5)
RDentry(5) ◆ RDexit(4)
RDentry(6) ◆ RDexit(3)

<latexit sha1_base64="X1fB37TQIHLqrkZ/j6fnf/Q5T4I="></latexit>

RDentry(1) ◆ {(x, ?), (y, ?), (z, ?)}
<latexit sha1_base64="jbfP2IJMMvyqX/Ax9w2tlRSl9Ro="></latexit>

12 sets  
17 constraints 
We look for  �RD

<latexit sha1_base64="8iN3Sppp2MeblA1MA5zxG7VrOf4="></latexit>

 �
RDw F (

 �
RD)

<latexit sha1_base64="m4tUsoQNVDQrSSjAJF4P0kdE4Lc="></latexit>

The solution can be computed as the least fix point 

such that

such that

such that

such that

such that

the solution is  a prefix 
 point
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Fix(f) ={ l ∈ L  |  f(l)=l}

{ l ∈ L  |  f(l) ≤P l}

lfp(f)  = glb{ l ∈ L | f(l) ≤ l }

Remember…Fixpoints on Complete Lattices

The solution can be computed as a least fix point!

Prefixpoints



RDentry(1)= {(x,?)(y,?)(z,?)} 

RDexit(1) = {(x,?)(y,1)(z,?)} 

RDentry(2)= {(x,?)(y,1)(z,?)} 

RDexit(2)= {(x,?)(y,1)(z,2)} 

RDentry(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDexit(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDentry(4)= {(x,?),(y,1)(z,2)(z,4) (y,5)} 

RDexit(4)= {(x,?),(y,1)(z,4)(y,5)} 

RDentry(5)= {(x,?),(y,1)(z,4)(y,5)} 

RDexit(5)= {(x,?),(y,5)(z,4)} 

RDentry(6)= {(x,?),(y,1)(z,2)(z,4)(y,5)} 

RDexit(6)= {(x,?),(y,6)(z,2) (z,4)}

The same solution!
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Constraint based analysis
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Type and Effect Systems

idea: 
–annotated base types 
– annotated type constructors

• types: 
   is the type of states; 
all statements S have type                written     S :
⌃

<latexit sha1_base64="eb50bpkk59c4Qg2C3hZBu0fDKLo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQt+NgV3bisaB+QhDKZTtqhM5MwMxFK6G+4caGIW3/GnX9j0gZR64ELh3Pu5d57gpgzbWz70yqtrK6tb5Q3K1vbO7t71f2Dro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB5Dr3ew9UaRbJezONqS/wSLKQEWwyyfNc5N2xkcCeXxlUa3bdngMtE6cgNSjQHlQ/vGFEEkGlIRxr7Tp2bPwUK8MIp7OKl2gaYzLBI+pmVGJBtZ/Ob56hk0wZojBSWUmD5urPiRQLraciyDoFNmP918vF/zw3MeGFnzIZJ4ZKslgUJhyZCOUBoCFTlBg+zQgmimW3IjLGChOTxbQI4TLH2ffLy6TbqDvNevO2UWtdFXGU4QiO4RQcOIcW3EAbOkAghkd4hhcrsZ6sV+tt0VqyiplD+AXr/QvfbJEO</latexit>

⌃ ! ⌃
<latexit sha1_base64="EgsOeJyzxqcyldLsgL4ZfLrNZo4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUla8LErunFZ0T4gCWUynaRDZyZhZqKU0KUbf8WNC0Xc+gnu/BuTNohaD1w4nHMv997jx4wqbVmfRmlhcWl5pbxaWVvf2Nwyt3c6KkokJm0csUj2fKQIo4K0NdWM9GJJEPcZ6fqji9zv3hKpaCRu9DgmHkehoAHFSGdS39x3Hehe05Aj6EoaDjWSMrorJNer9M2qVbOmgPPELkgVFGj1zQ93EOGEE6ExQ0o5thVrL0VSU8zIpOImisQIj1BInIwKxIny0ukjE3iYKQMYRDIroeFU/TmRIq7UmPtZJ0d6qP56ufif5yQ6OPVSKuJEE4Fni4KEQR3BPBU4oJJgzcYZQVjS7FaIh0girLPsZiGc5Tj+fnmedOo1u1FrXNWrzfMijjLYAwfgCNjgBDTBJWiBNsDgHjyCZ/BiPBhPxqvxNmstGcXMLvgF4/0LkoWZLw==</latexit>

⌃ ! ⌃
<latexit sha1_base64="EgsOeJyzxqcyldLsgL4ZfLrNZo4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUla8LErunFZ0T4gCWUynaRDZyZhZqKU0KUbf8WNC0Xc+gnu/BuTNohaD1w4nHMv997jx4wqbVmfRmlhcWl5pbxaWVvf2Nwyt3c6KkokJm0csUj2fKQIo4K0NdWM9GJJEPcZ6fqji9zv3hKpaCRu9DgmHkehoAHFSGdS39x3Hehe05Aj6EoaDjWSMrorJNer9M2qVbOmgPPELkgVFGj1zQ93EOGEE6ExQ0o5thVrL0VSU8zIpOImisQIj1BInIwKxIny0ukjE3iYKQMYRDIroeFU/TmRIq7UmPtZJ0d6qP56ufif5yQ6OPVSKuJEE4Fni4KEQR3BPBU4oJJgzcYZQVjS7FaIh0girLPsZiGc5Tj+fnmedOo1u1FrXNWrzfMijjLYAwfgCNjgBDTBJWiBNsDgHjyCZ/BiPBhPxqvxNmstGcXMLvgF4/0LkoWZLw==</latexit>
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Annotated data types
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Annotated type system I

seq
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Annotated type system II

if

while
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Annotated type system III

sub
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<latexit sha1_base64="2J2v4UGMdYN7zkvEPWzxh7aYjU8=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVooZSZUh8rLbpxWcE+oFNKJk3b0ExmSDJqHfo3bvwVN4KK6NI/MZ3OorYeyOVw7rnc3OMGjEplWd9Gaml5ZXUtvZ7Z2Nza3jF39+rSDwUmNewzXzRdJAmjnNQUVYw0A0GQ5zLScIdXk37jjghJfX6rRgFpe6jPaY9ipLTUMc+dKPdQuMgXcqO4PurqjB1B+wOFhPDvYWbGcRI7SnEt56 Ez7phZq2jFgIvETkgWJKh2zDen6+PQI1xhhqRs2Vag2hESimJGxhknlCRAeIj6pKUpRx6R7Si+cwyPtNKFPV/oxxWM1dmJCHlSjjxXOz2kBnK+NxH/67VC1TtrR5QHoSIcTxf1QgaVDyehwS4VBCs20gRhQfVfIR4ggbDS0WZ0CPb8yYukXirax0XrppytXCZxpMEBOAQ5YINTUAHXoApqAIMn8ALewYfxbLwan8bX1Joykpl98AfGzy81baCZ</latexit>

{(x, ?), (y, ?), (z, ?)} ! {(x, ?), (y, 6), (z, 2), (z, 4)}

We want to  prove that seq



We now need to  prove that 
<latexit sha1_base64="e+Mlixepb8LqMIVfuUwIcbJV6qw="></latexit>

[z := 1]2;while[y := 1]3do[z = z ⇤ y]4; [y := y � 1]5od; [y := 0]6 :
<latexit sha1_base64="JQbGTv8UUDo3VZGqeKUNb16D8M4=">AAACJ3icbVDLSgMxFM3UVx1foy7dBIvQQikzpT5WWnTjsoJ9QKeUTJq2oZkHSUatw/yNG3/FjaAiuvRPTKezqK0Xcjmccy439zgBo0Ka5reWWVpeWV3Lrusbm1vbO8buXkP4Icekjn3m85aDBGHUI3VJJSOtgBPkOow0ndHVRG/eES6o793KcUA6Lhp4tE8xkorqGud2lH8oXhSK+XHRUv1RYTu2OR0MJeLcv4f6jOMkcZSTXilAO+4aObNkJgUXgZWCHEir1jXe7J6PQ5d4EjMkRNsyA9mJEJcUMxLrdihIgPAIDUhbQQ+5RHSi5M4YHimmB/s+V8+TMGFnJyLkCjF2HeV0kRyKeW1C/qe1Q9k/60TUC0JJPDxd1A8ZlD6chAZ7lBMs2VgBhDlVf4V4iDjCUkWrqxCs+ZMXQaNcso5L5k0lV71M48iCA3AI8sACp6AKrkEN1AEGT+AFvIMP7Vl71T61r6k1o6Uz++BPaT+/HXmgiw==</latexit>

{(x, ?), (y, 1), (z, ?)} ! {(x, ?), (y, 6), (z, 2), (z, 4)}

<latexit sha1_base64="+utB6853K9b5es0dw3rnpuN853s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoerPoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUv+mVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxW3flGu3uZxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPkSeMxw==</latexit>

?

seq



<latexit sha1_base64="FA3D1N7QxMgYbecjjmbR54A2twM="></latexit>

while[y := 1]3do[z = z ⇤ y]4; [y := y � 1]5od; [y := 0]6 :

We now need to  prove that 

<latexit sha1_base64="2CiSoJIqtzcsz2Z0HymT/tgtPLk=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVoYSgzpT5WWnTjsoJ9QGcomTRtQzMPkoxah/6NG3/FjaAiuvRPzLSzqK0Xcjmccy4397gho0Ka5reWWVpeWV3Lruc2Nre2d/TdvYYIIo5JHQcs4C0XCcKoT+qSSkZaISfIcxlpusOrRG/eES5o4N/KUUgcD/V92qMYSUV19HM7LjwYF0WjMDIs1R+NctEe25z2BxJxHtzD3IzjJHUkvVKE9rij582SOSm4CKwU5EFatY7+ZncDHHnEl5ghIdqWGUonRlxSzMg4Z0eChAgPUZ+0FfSRR4QTT+4cwyPFdGEv4Or5Ek7Y2YkYeUKMPFc5PSQHYl5LyP+0diR7Z05M/TCSxMfTRb2IQRnAJDTYpZxgyUYKIMyp+ivEA8QRliranArBmj95ETTKJeu4ZN5U8tXLNI4sOACHoAAscAqq4BrUQB1g8ARewDv40J61V+1T+5paM1o6sw/+lPbzCweJoH4=</latexit>

{(x, ?), (y, 1), (z, 2)} ! {(x, ?), (y, 6), (z, 2), (z, 4)}

t

<latexit sha1_base64="+utB6853K9b5es0dw3rnpuN853s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoerPoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUv+mVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxW3flGu3uZxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPkSeMxw==</latexit>

?

sub
seq

seq
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Inference in the annotated type system
<latexit sha1_base64="cOyg8cAA2G5o19Jwdut+nPVgXN4="></latexit>

while[y := 1]3do[z = z ⇤ y]4; [y := y � 1]5od :

RD ! RD

We   are left to  prove that 

sub

while

seq

seq

while

sub
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