
Static Analyses



Analysis  

Available expressions analysis  

Reaching Definition  

Live variables analysis  

Detection of induction variables  

Equivalent expression analysis  

Summary of analyses and transformations

Transformation  

Common subexpression elimination  

Invariant code motion 

Dead code elimination  

Strength reduction 

Copy propagation  



Program analysis offers techniques for predicting statically  

at compile-time  

safe & efficient approximations 
to the set of configurations or behaviours arising dynamically at run-
time  

Safe: faithful to the semantics  

Efficient: implementation with  

– good time performance and  

– low space consumption  

The essence of program analysis
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read(x); (if x>0 then  y=1 else (y=2;S)); z=y 
Assume S does not contain any assignment to y 

Which values of y can reach the assignment z=y?? 
It depends if S diverges 

Correct (Safe) approximations : 
• {1,17} if S diverges 
• {1,2,5, 27} otherwise 
Best (Precise) approximations : 
• {1} in the first case 
• {1,2} otherwise 

 3

Why approximations?



The nature of approximations

Trade precision for efficiency! 

but approximation have to be on the right side!



Approaches to Program Analysis

A family of techniques . . .             that differs in their focus  

• data flow analysis 

• constraint based analysis  

• type and effect systems  

• abstract interpretation  

 
 
 

• algorithmic methods  

• semantic foundations  

• language paradigms  

— imperative/procedural  

— object oriented 
— logical 
— functional  

— concurrent/distributive  

— mobile 



Dataflow Analysis

The ideas : 

- Based on the CFG 

– Constructs an equation system in terms of the  

   property  at the entry and exit of a node in the CFG 

 – Looks for solution of the system of equations as a    

    fix point  

-  Compute either a least fixpont or a greatest fix point  depending on         
the direction of the approximation 

 



An Example Reaching Definitions

y=x;

z:= 1;

y>1;
z=z*y

y:= y-1;
y:=0;

1

2

3
4

5
6

<latexit sha1_base64="s1BFOSqqwhT5FNoQW5raqqCwKWM="></latexit>

[y := x]1; [z := 1]2;while[y > 1]3do[z = z ⇤ y]4; [y := y � 1]5od; [y := 0]6



RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 

RDentry(1)= {(x,?)(y,?)(z,?)} 

RDexit(1) = {(x,?)(y,1)(z,?)} 

RDentry(2)= {(x,?)(y,1)(z,?)} 

RDexit(2)= {(x,?)(y,1)(z,2)} 

RDentry(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDexit(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDentry(4)= {(x,?),(y,1)(z,2)(z,4) (y,5)} 

RDexit(4)= {(x,?),(y,1)(z,4) (y,5)} 

RDentry(5)= {(x,?),(y,1)(z,4) (y,5)} 

RDexit(5)= {(x,?),(y,5)(z,4)} 

RDentry(6)= {(x,?),(y,1)(z,2) (z,4)(y,5)} 

RDexit(6)= {(x,?),(y,6)(z,2)  (z,4)}

An example : RD

RDentry(p) ={(x,?)|  x in  Vars}, if p is initial

y=x;

z:= 1;

y>1;
z=z*y

y:= y-1;
y:=0;

1

2

3
4

5
6

Kill Gen
1 (y,?),(y,1)(y,5)(y,6) (y,1)

2 (z,?)(z,2)(z,4) (z,2)

4 (z,?)(z,2)(z,4) (z,4)

5 (y,?),(y,1)(y,5)(y,6) (y,5)

6 (y,?),(y,1)(y,5)(y,6) (y,6)

Second iteration fix point!



Control Flow Analysis

- Constructs a constraint system 

 – Looks for a solution of the constraint system as a    

    fix point  



Control Flow Analysis

• An alternative to equational approach is the constraint based 
approach.  

• The idea is to extract a number of inclusions (equation or 
constraints) out of the program  

• Once again we consider the property  at the entry and exit of a 
node  

• We encode  with constraints the  information of the flow of the 
CFG 
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• We have constraints that express the effects for elementary 
blocks 

[y = 1]1; [z = 1]2; while [y > 1]3 do ([z = z ⇤ y]4; [y = y � 1]5); [y = 0]6
<latexit sha1_base64="wSXVVolMuhF08aDJcR12VOKo438="></latexit>

RDexit(1) ◆ RDentry(1)/{(y, l) mod l 2 Lab}
RDexit(1) ◆ {(y, 1)}
RDexit(2) ◆ RDentry(2)/{(z, l) mod l 2 Lab}
RDexit(2) ◆ {(z, 2)}
RDexit(3) ◆ RDentry(3)
RDexit(4) ◆ RDentry(4)/{(z, l) mod l 2 Lab}
RDexit(4) ◆ {(z, 4)}
RDexit(5) ◆ RDentry(5)/{(y, l) mod l 2 Lab}
RDexit(5) ◆ {(y, 5)}
RDexit(6) ◆ RDentry(6)/{(y, l) mod l 2 Lab}
RDexit(6) ◆ {(y, 6)}

<latexit sha1_base64="KawPVglA7KXa0RN2EA1iVV76sS0="></latexit>

Constraints for effects of elementary blocks

such that

such that

such that

such that

such that
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• We have constraints that expression control may flow through the 
program   

RDentry(2) ◆ RDexit(1)
RDentry(3) ◆ RDexit(2)
RDentry(3) ◆ RDexit(5)
RDentry(5) ◆ RDexit(4)
RDentry(6) ◆ RDexit(3)

<latexit sha1_base64="X1fB37TQIHLqrkZ/j6fnf/Q5T4I="></latexit>

Finally the constraint 
RDentry(1) ◆ {(x, ?), (y, ?), (z, ?)}

<latexit sha1_base64="jbfP2IJMMvyqX/Ax9w2tlRSl9Ro="></latexit>

More constraints

y=x;

z:= 1;

y>1;
z=z*y

y:= y-1;y:=0;

1

2

3
4

56



139 23

Summary of the constraints system
RDexit(1) ◆ RDentry(1)/{(y, l) mod l 2 Lab}
RDexit(1) ◆ {(y, 1)}
RDexit(2) ◆ RDentry(2)/{(z, l) mod l 2 Lab}
RDexit(2) ◆ {(z, 2)}
RDexit(3) ◆ RDentry(3)
RDexit(4) ◆ RDentry(4)/{(z, l) mod l 2 Lab}
RDexit(4) ◆ {(z, 4)}
RDexit(5) ◆ RDentry(5)/{(y, l) mod l 2 Lab}
RDexit(5) ◆ {(y, 5)}
RDexit(6) ◆ RDentry(6)/{(y, l) mod l 2 Lab}
RDexit(6) ◆ {(y, 6)}

<latexit sha1_base64="KawPVglA7KXa0RN2EA1iVV76sS0="></latexit>

RDentry(2) ◆ RDexit(1)
RDentry(3) ◆ RDexit(2)
RDentry(3) ◆ RDexit(5)
RDentry(5) ◆ RDexit(4)
RDentry(6) ◆ RDexit(3)

<latexit sha1_base64="X1fB37TQIHLqrkZ/j6fnf/Q5T4I="></latexit>

RDentry(1) ◆ {(x, ?), (y, ?), (z, ?)}
<latexit sha1_base64="jbfP2IJMMvyqX/Ax9w2tlRSl9Ro="></latexit>

12 sets  
17 constraints 
We look for  �RD

<latexit sha1_base64="8iN3Sppp2MeblA1MA5zxG7VrOf4="></latexit>

 �
RDw F (

 �
RD)

<latexit sha1_base64="m4tUsoQNVDQrSSjAJF4P0kdE4Lc="></latexit>

The solution can be computed as the least fix point 

such that

such that

such that

such that

such that

the solution is  a prefix 
 point
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Fix(f) ={ l ∈ L  |  f(l)=l}

{ l ∈ L  |  f(l) ≤P l}

lfp(f)  = glb{ l ∈ L | f(l) ≤ l }

Remember…Fixpoints on Complete Lattices

The solution can be computed as a least fix point!

Prefixpoints



RDentry(1)= {(x,?)(y,?)(z,?)} 

RDexit(1) = {(x,?)(y,1)(z,?)} 

RDentry(2)= {(x,?)(y,1)(z,?)} 

RDexit(2)= {(x,?)(y,1)(z,2)} 

RDentry(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDexit(3)={(x,?)(y,1)(z,2) (z,4)(y,5)} 

RDentry(4)= {(x,?),(y,1)(z,2)(z,4) (y,5)} 

RDexit(4)= {(x,?),(y,1)(z,4)(y,5)} 

RDentry(5)= {(x,?),(y,1)(z,4)(y,5)} 

RDexit(5)= {(x,?),(y,5)(z,4)} 

RDentry(6)= {(x,?),(y,1)(z,2)(z,4)(y,5)} 

RDexit(6)= {(x,?),(y,6)(z,2) (z,4)}

The same solution!
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Constraint based analysis
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Type and Effect Systems

idea: 
–annotated base types 
– annotated type constructors

• types: 
   is the type of states; 
all statements S have type                written     S :
⌃

<latexit sha1_base64="eb50bpkk59c4Qg2C3hZBu0fDKLo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQt+NgV3bisaB+QhDKZTtqhM5MwMxFK6G+4caGIW3/GnX9j0gZR64ELh3Pu5d57gpgzbWz70yqtrK6tb5Q3K1vbO7t71f2Dro4SRWiHRDxS/QBrypmkHcMMp/1YUSwCTnvB5Dr3ew9UaRbJezONqS/wSLKQEWwyyfNc5N2xkcCeXxlUa3bdngMtE6cgNSjQHlQ/vGFEEkGlIRxr7Tp2bPwUK8MIp7OKl2gaYzLBI+pmVGJBtZ/Ob56hk0wZojBSWUmD5urPiRQLraciyDoFNmP918vF/zw3MeGFnzIZJ4ZKslgUJhyZCOUBoCFTlBg+zQgmimW3IjLGChOTxbQI4TLH2ffLy6TbqDvNevO2UWtdFXGU4QiO4RQcOIcW3EAbOkAghkd4hhcrsZ6sV+tt0VqyiplD+AXr/QvfbJEO</latexit>

⌃ ! ⌃
<latexit sha1_base64="EgsOeJyzxqcyldLsgL4ZfLrNZo4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUla8LErunFZ0T4gCWUynaRDZyZhZqKU0KUbf8WNC0Xc+gnu/BuTNohaD1w4nHMv997jx4wqbVmfRmlhcWl5pbxaWVvf2Nwyt3c6KkokJm0csUj2fKQIo4K0NdWM9GJJEPcZ6fqji9zv3hKpaCRu9DgmHkehoAHFSGdS39x3Hehe05Aj6EoaDjWSMrorJNer9M2qVbOmgPPELkgVFGj1zQ93EOGEE6ExQ0o5thVrL0VSU8zIpOImisQIj1BInIwKxIny0ukjE3iYKQMYRDIroeFU/TmRIq7UmPtZJ0d6qP56ufif5yQ6OPVSKuJEE4Fni4KEQR3BPBU4oJJgzcYZQVjS7FaIh0girLPsZiGc5Tj+fnmedOo1u1FrXNWrzfMijjLYAwfgCNjgBDTBJWiBNsDgHjyCZ/BiPBhPxqvxNmstGcXMLvgF4/0LkoWZLw==</latexit>

⌃ ! ⌃
<latexit sha1_base64="EgsOeJyzxqcyldLsgL4ZfLrNZo4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUla8LErunFZ0T4gCWUynaRDZyZhZqKU0KUbf8WNC0Xc+gnu/BuTNohaD1w4nHMv997jx4wqbVmfRmlhcWl5pbxaWVvf2Nwyt3c6KkokJm0csUj2fKQIo4K0NdWM9GJJEPcZ6fqji9zv3hKpaCRu9DgmHkehoAHFSGdS39x3Hehe05Aj6EoaDjWSMrorJNer9M2qVbOmgPPELkgVFGj1zQ93EOGEE6ExQ0o5thVrL0VSU8zIpOImisQIj1BInIwKxIny0ukjE3iYKQMYRDIroeFU/TmRIq7UmPtZJ0d6qP56ufif5yQ6OPVSKuJEE4Fni4KEQR3BPBU4oJJgzcYZQVjS7FaIh0girLPsZiGc5Tj+fnmedOo1u1FrXNWrzfMijjLYAwfgCNjgBDTBJWiBNsDgHjyCZ/BiPBhPxqvxNmstGcXMLvgF4/0LkoWZLw==</latexit>
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Annotated data types
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Annotated type system I
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Annotated type system II
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Annotated type system III
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<latexit sha1_base64="2J2v4UGMdYN7zkvEPWzxh7aYjU8=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVooZSZUh8rLbpxWcE+oFNKJk3b0ExmSDJqHfo3bvwVN4KK6NI/MZ3OorYeyOVw7rnc3OMGjEplWd9Gaml5ZXUtvZ7Z2Nza3jF39+rSDwUmNewzXzRdJAmjnNQUVYw0A0GQ5zLScIdXk37jjghJfX6rRgFpe6jPaY9ipLTUMc+dKPdQuMgXcqO4PurqjB1B+wOFhPDvYWbGcRI7SnEt56Ez7phZq2jFgIvETkgWJKh2zDen6+PQI1xhhqRs2Vag2hESimJGxhknlCRAeIj6pKUpRx6R7Si+cwyPtNKFPV/oxxWM1dmJCHlSjjxXOz2kBnK+NxH/67VC1TtrR5QHoSIcTxf1QgaVDyehwS4VBCs20gRhQfVfIR4ggbDS0WZ0CPb8yYukXirax0XrppytXCZxpMEBOAQ5YINTUAHXoApqAIMn8ALewYfxbLwan8bX1Joykpl98AfGzy81baCZ</latexit>

{(x, ?), (y, ?), (z, ?)} ! {(x, ?), (y, 6), (z, 2), (z, 4)}

We want to  prove that 



We now need to  prove that 
<latexit sha1_base64="e+Mlixepb8LqMIVfuUwIcbJV6qw="></latexit>

[z := 1]2;while[y := 1]3do[z = z ⇤ y]4; [y := y � 1]5od; [y := 0]6 :
<latexit sha1_base64="JQbGTv8UUDo3VZGqeKUNb16D8M4=">AAACJ3icbVDLSgMxFM3UVx1foy7dBIvQQikzpT5WWnTjsoJ9QKeUTJq2oZkHSUatw/yNG3/FjaAiuvRPTKezqK0Xcjmccy439zgBo0Ka5reWWVpeWV3Lrusbm1vbO8buXkP4Icekjn3m85aDBGHUI3VJJSOtgBPkOow0ndHVRG/eES6o793KcUA6Lhp4tE8xkorqGud2lH8oXhSK+XHRUv1RYTu2OR0MJeLcv4f6jOMkcZSTXilAO+4aObNkJgUXgZWCHEir1jXe7J6PQ5d4EjMkRNsyA9mJEJcUMxLrdihIgPAIDUhbQQ+5RHSi5M4YHimmB/s+V8+TMGFnJyLkCjF2HeV0kRyKeW1C/qe1Q9k/60TUC0JJPDxd1A8ZlD6chAZ7lBMs2VgBhDlVf4V4iDjCUkWrqxCs+ZMXQaNcso5L5k0lV71M48iCA3AI8sACp6AKrkEN1AEGT+AFvIMP7Vl71T61r6k1o6Uz++BPaT+/HXmgiw==</latexit>

{(x, ?), (y, 1), (z, ?)} ! {(x, ?), (y, 6), (z, 2), (z, 4)}

<latexit sha1_base64="+utB6853K9b5es0dw3rnpuN853s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoerPoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUv+mVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxW3flGu3uZxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPkSeMxw==</latexit>

?



<latexit sha1_base64="FA3D1N7QxMgYbecjjmbR54A2twM="></latexit>

while[y := 1]3do[z = z ⇤ y]4; [y := y � 1]5od; [y := 0]6 :

We now need to  prove that 

<latexit sha1_base64="2CiSoJIqtzcsz2Z0HymT/tgtPLk=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVoYSgzpT5WWnTjsoJ9QGcomTRtQzMPkoxah/6NG3/FjaAiuvRPzLSzqK0Xcjmccy4397gho0Ka5reWWVpeWV3Lruc2Nre2d/TdvYYIIo5JHQcs4C0XCcKoT+qSSkZaISfIcxlpusOrRG/eES5o4N/KUUgcD/V92qMYSUV19HM7LjwYF0WjMDIs1R+NctEe25z2BxJxHtzD3IzjJHUkvVKE9rij582SOSm4CKwU5EFatY7+ZncDHHnEl5ghIdqWGUonRlxSzMg4Z0eChAgPUZ+0FfSRR4QTT+4cwyPFdGEv4Or5Ek7Y2YkYeUKMPFc5PSQHYl5LyP+0diR7Z05M/TCSxMfTRb2IQRnAJDTYpZxgyUYKIMyp+ivEA8QRliranArBmj95ETTKJeu4ZN5U8tXLNI4sOACHoAAscAqq4BrUQB1g8ARewDv40J61V+1T+5paM1o6sw/+lPbzCweJoH4=</latexit>

{(x, ?), (y, 1), (z, 2)} ! {(x, ?), (y, 6), (z, 2), (z, 4)}

t

<latexit sha1_base64="+utB6853K9b5es0dw3rnpuN853s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokoerPoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUv+mVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxW3flGu3uZxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPkSeMxw==</latexit>

?
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Inference in the annotated type system

We   are left to  prove that 
<latexit sha1_base64="cOyg8cAA2G5o19Jwdut+nPVgXN4="></latexit>

while[y := 1]3do[z = z ⇤ y]4; [y := y � 1]5od :

RD ! RD
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