
The fix point THEORY



POSET (Partially ordered set, PO) 

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

v ✓ P ⇥ P

<latexit sha1_base64="tBxmIR6pDiiqC5T7sWBCRIM+EiQ=">AAACF3icbVC7SgNBFJ2NrxhfUUubwSBYhV2JaBm0sVzBPCAbwuzkJg6ZfWTmrhCWfICf4FfYamUntpYW/ouTdQVNPNXhnHO59x4/lkKjbX9YhaXlldW14nppY3Nre6e8u9fUUaI4NHgkI9X2mQYpQmigQAntWAELfAktf3Q581t3oLSIwhucxNAN2DAUA8EZGqlXrqSeHuvE14AwnlLvh9LU9VAEoKk7NSm7amegi8TJSYXkcHvlT68f8SSAELlkWnccO8ZuyhQKLmFa8hINMeMjNoSOoSEze7pp9syUHiWaYURjUFRImonweyJlgdaTwDfJgOGtnvdm4n9eJ8HBeTcVYZwghHy2CIWEbJHmSpiWgPaFAkQ2uxyoCClniiGCEpRxbsTE1FYyfTjz3y+S5knVqVVPr2uV+kXeTJEckENyTBxyRurkirikQTi5J4/kiTxbD9aL9Wq9fUcLVj6zT/7Aev8Czl2geA==</latexit>

8p 2 P.

<latexit sha1_base64="gQpQd5FN38alnEBl1TjQNvQg1u8=">AAACA3icbVA9TwJBEN3DL8QPUEubjcTE6nJnMFoSbSwxESQBQuaWATfsfWR3zoRcKP0VtlrZGVt/iIX/xeWkUPBVL+/NZN68IFHSkOd9OoWV1bX1jeJmaWt7Z7dc2dtvmTjVApsiVrFuB2BQyQibJElhO9EIYaDwLhhfzfy7B9RGxtEtTRLshTCK5FAKICv1K+XuMNagFE+6MuINt1+peq6Xgy8Tf06qbI5Gv/LVHcQiDTEiocCYju8l1MtAkxQKp6VuajABMYYRdiyNIETTy/LgU36cGqCYJ6i5VDwX8fdGBqExkzCwkyHQvVn0ZuJ/Xiel4UUvk1GSEkZidoikwvyQEVraRpAPpEYimCVHbp8XoIEIteQghBVTW1HJ9uEvfr9MWqeuX3PPbmrV+uW8mSI7ZEfshPnsnNXZNWuwJhMsZU/smb04j86r8+a8/4wWnPnOAfsD5+Mbn6SXCw==</latexit>

p v p

<latexit sha1_base64="RVnL9Ox6Cl+e/lE9k+/nAILlbGc=">AAACA3icbVC7TgJBFJ3FF+KDVUubicTEiuwajZZEG0tM5JEAIbPDBSfMzg4zd0zIhtKvsNXKztj6IRb+iwtSKHiqk3PuzT33RFoKi0Hw6eVWVtfWN/Kbha3tnd2iv7dft4kzHGo8kYlpRsyCFApqKFBCUxtgcSShEQ2vp37jAYwVibrDsYZOzAZK9AVnmEldv6hp246siywgjKju+qWgHMxAl0k4JyUyR7Xrf7V7CXcxKOSSWdsKA42dlBkUXMKk0HYWNONDNoBWRhWLwXbSWfAJPXaWYUI1GCoknYnweyNlsbXjOMomY4b3dtGbiv95LYf9y04qlHYIik8PoZAwO2S5EVkjQHvCACKbJgcqFOXMMEQwgjLOM9FlFRWyPsLF75dJ/bQcnpXPb89Klat5M3lySI7ICQnJBamQG1IlNcKJI0/kmbx4j96r9+a9/4zmvPnOAfkD7+MbfvyXmg==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

p v q ^ q v p ) p = q

<latexit sha1_base64="5hoGV1+jO35hIxiz4z2Nq+QiW/E="></latexit>

p v q ^ q v r ) p v r

<latexit sha1_base64="ISIWNkC0Qftl0d7sziIM2Y+klfA="></latexit>

8p, q, r 2 P.

<latexit sha1_base64="vJQDhNXCB838fuO0qYZ8O7wmw98=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxQMiuweiR6MUjJvJIWEJ6hwYnzD6c6TUhhA/wK7zqyZvx6md48F9c1j0oWKdKVXe6urxISUO2/WnlVlbX1jfym4Wt7Z3dveL+QcuEsRbYFKEKdccDg0oG2CRJCjuRRvA9hW1vfDX32w+ojQyDW5pE2PNhFMihFECJ1C+W3GGoQSkeVe4r2pUBb1T7xbJdtVPwZeJkpMwyNPrFL3cQitjHgIQCY7qOHVFvCpqkUDgruLHBCMQYRthNaAA+mt40DT/jx7EBCnmEmkvFUxF/b0zBN2bie8mkD3RnFr25+J/XjWl40ZvKIIoJAzE/RFJhesgILZNWkA+kRiKYJ0eePC9AAxFqyUGIRIyTmgpJH87i98ukdVp1atWzm1q5fpk1k2eH7IidMIedszq7Zg3WZIJN2BN7Zi/Wo/VqvVnvP6M5K9spsT+wPr4BNh6Ybg==</latexit>

reflexive

antisymmetry

transitive

p v q

<latexit sha1_base64="H3kh/OCgq7PDBYMFpdOfYQ7JmJo=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUmOh82YRTzmfnbg8pitLwFbRQ0SFa/oSCf8E2LiBhqtHMrnZ2glgKg6776RSWlldW14rrpY3Nre2d8u5e00RWc2jwSEa6HTADUihooEAJ7VgDCwMJrWB0lfqtB9BGROoWJzH4IRsqMRCcYSLdxV0zNjYwgDCm41654lbdDHSReDmpkBz1Xvmr24+4DUEhl8yYjufG6E+ZRsElzEpdayBmfMSG0EmoYiEYf5qlntEjaxhGNAZNhaSZCL83piw0ZhIGyWTI8N7Me6n4n9exOLjwp0LFFkHx9BAKCdkhw7VI6gDaFxoQWZocqFCUM80QQQvKOE9Em/RTSvrw5r9fJM2TqndaPbs5rdQu82aK5IAckmPikXNSI9ekThqEE02eyDN5cR6dV+fNef8ZLTj5zj75A+fjG655l0A=</latexit>

means that p is less than (or equal to) q

p @ q

<latexit sha1_base64="bvKISxJ2Cz+755VlLv77hXo5N30=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqLzZRNOOduXuzVSZEXiK2ihokO0/AoF/4JtXEDCVKOZXe3s+EoKg7b9aZVWVtfWN8qbla3tnd296v5Bx0Sx5tDmkYx0z2cGpAihjQIl9JQGFvgSuv7kOvO7D6CNiMI7nCnwAjYOxUhwhqnkKtdMTewbQDodVGt23c5Bl4lTkBop0BpUv9xhxOMAQuSSGdN3bIVewjQKLmFecWMDivEJG0M/pSELwHhJnnlOT2LDMKIKNBWS5iL83khYYMws8NPJgOG9WfQy8T+vH+Po0ktEqGKEkGeHUEjIDxmuRVoG0KHQgMiy5EBFSDnTDBG0oIzzVIzTdippH87i98ukc1Z3GvXz20ateVU0UyZH5JicEodckCa5IS3SJpwo8kSeyYv1aL1ab9b7z2jJKnYOyR9YH98MN5ZW</latexit>

p v q ^ p 6= q

<latexit sha1_base64="y0pPCxf+d3eTDmsngegDVWOeXhc=">AAACFXicbVC7TsNAEDyHVwgvAyXNQYREFdkoCMoIGsogkYcUR9H5sgmnnM+XuzUoilLzCXwFLVR0iJaagn/BDikgMNVoZle7M6GWwqLnfTi5hcWl5ZX8amFtfWNzy93eqds4MRxqPJaxaYbMghQKaihQQlMbYFEooREOLjK/cQvGilhd40hDO2J9JXqCM0yljruvAzu0SWgBYUiHNKDBHXT7EFBNA5VJHbfolbwp6F/iz0iRzFDtuJ9BN+ZJBAq5ZNa2fE9je8wMCi5hUggSC5rxAetDK6WKRWDb42mUCT1MLMOYajBUSDoV4efGmEXWjqIwnYwY3th5LxP/81oJ9s7aY6F0gqB4dgiFhOkhy41IOwLaFQYQWfY5UKEoZ4YhghGUcZ6KSVpaIe3Dn0//l9SPS365dHJVLlbOZ83kyR45IEfEJ6ekQi5JldQIJ/fkkTyRZ+fBeXFenbfv0Zwz29klv+C8fwFM3Z5w</latexit>

means



Total Order

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

8p, q 2 P.

<latexit sha1_base64="o6V5/KE/exnU4PxqXwd6kyo7/zI=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEwszGbXYLQk2lhiIo8ENuTucMEJsw9n7moIofYrbLWyM7Z+h4X/4i5SKHiqk3PuzT33+LGShhzn08otLa+sruXXCxubW9s7xdJuw0SJFlgXkYp0yweDSoZYJ0kKW7FGCHyFTX94mfnNe9RGRuENjWL0AhiEsi8FUCp1i6VOP9KgFI+P7zoy5DW7Wyw7tjMFXyTujJTZDLVu8avTi0QSYEhCgTFt14nJG4MmKRROCp3EYAxiCANspzSEAI03nkaf8MPEAEU8Rs2l4lMRf2+MITBmFPjpZAB0a+a9TPzPayfUP/fGMowTwlBkh0gqnB4yQsu0E+Q9qZEIsuTI0+cFaCBCLTkIkYpJWlIh7cOd/36RNE5st2KfXlfK1YtZM3m2zw7YEXPZGauyK1ZjdSbYA3tiz+zFerRerTfr/Wc0Z8129tgfWB/f6W6XvA==</latexit>

A PO where every two elements are comparable

A PO                   is total iff

p v q _ q v p

<latexit sha1_base64="8pEPZsrimfVRjAbwya3XtPj9umg=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkoCMoIGsogkYcUW9H5sgmnnO3L3TpSZOUP+AS+ghYqOkRLQ8G/YIcUIWGq0cyudmd8JYVB2/6yciura+sb+c3C1vbO7l5x/6BholhzqPNIRrrlMwNShFBHgRJaSgMLfAlNf3CT+c0RaCOi8B7HCryA9UPRE5xhKnWKp8o1QxP7BhCGdEhd6o4A3IzN6apTLNllewq6TJwZKZEZap3it9uNeBxAiFwyY9qOrdBLmEbBJUwKbmxAMT5gfWinNGQBGC+Z5pnQk9gwjKgCTYWkUxHmNxIWGDMO/HQyYPhgFr1M/M9rx9i78hIRqhgh5NkhFBKmhwzXIi0KaFdoQGTZ50BFSDnTDBG0oIzzVIzT5gppH85i+mXSOC87lfLFXaVUvZ41kydH5JicEYdckiq5JTVSJ5w8kmfyQl6tJ+vNerc+fkdz1mznkPyB9fkDyvCg4g==</latexit>



Examples

(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjzzwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

Hasse diagram notation 
(omit: reflexive arcs, 
          transitive arcs) 

PO? Total?
Yes Yes



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

PO? Total?

Yes |S|<2

Examples



0 1 2 3 …

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

Examples

PO? Total?

Yes No



Examples

0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>

PO? Total?
Yes No



PO with bottom

(P,v)

<latexit sha1_base64="xQSY0knTZgM2DH8Efv8diFYbyuk=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLoo0lJvJIgJDZ4YITZmeXmTsmhFD6FbZa2RlbP8TCf3FZKRQ81ck59+aee4JYCoOe9+lkVlbX1jeym7mt7Z3dvLu3XzeR1RxqPJKRbgbMgBQKaihQQjPWwMJAQiMYXs/8xgNoIyJ1h+MYOiEbKNEXnGEidd18sXraNiNjAwMIo5OuW/BKXgq6TPw5KZA5ql33q92LuA1BIZfMmJbvxdiZMI2CS5jm2tZAzPiQDaCVUMVCMJ1JGnxKj61hGNEYNBWSpiL83piw0JhxGCSTIcN7s+jNxP+8lsX+ZWciVGwRFJ8dQiEhPWS4FkkjQHtCAyKbJQcqFOVMM0TQgjLOE9EmFeWSPvzF75dJ/azkl0vnt+VC5WreTJYckiNSJD65IBVyQ6qkRjix5Ik8kxfn0Xl13pz3n9GMM985IH/gfHwD+VSXRw==</latexit>

A   PO             that has a least element   e, i.e,  

8p 2 P.e v p

<latexit sha1_base64="ZD9PARfUbFES17oda3joBsrik7I=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5BIQb0VvXisYD+gCWWznbRLN5t0dyOU0pMX/4oXD4p49Td489+4bXPQ1gcDj/dmmJkXppwp7brfVmFldW19o7hZ2tre2d2z9w8aKskkhTpNeCJbIVHAmYC6ZppDK5VA4pBDMxzcTP3mA0jFEnGvRykEMekJFjFKtJE69rEfJZJwjlOfCVxzwFdDlYUKNAxx2rHLruPOgJeJl5MyylHr2F9+N6FZDEJTTpRqe26qgzGRmlEOk5KfKUgJHZAetA0VJAYVjGdvTPCpUbrY3GNKaDxTf0+MSazUKA5NZ0x0Xy16U/E/r53p6DIYM5FmGgSdL4oyjnWCp5ngLpNANR8ZQqhk5lZM+0QSqk1yJROCt/jyMmmcO17FubqrlKvXeRxFdIRO0Bny0AWqoltUQ3VE0SN6Rq/ozXqyXqx362PeWrDymUP0B9bnD8p2mLc=</latexit>

e is often indicates as ?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>



(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjzzwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

PO with   ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

Yes

Examples



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

PO with    ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

Yes

Examples



0 1 2 3 …

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

PO with    ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

No

Examples



0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>

PO with    ??

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

Yes

Examples



A special structure arises when every pair of elements 
in a poset has a least upper bound  (lub) and a a 
greatest lower (glb)

d

c

Lattice

a

b

e

f



 A lattice is a PO in which every pair of elements 
has both a lub and a glb 

Lattice Definition

b

a

c

d

e



(N,)

<latexit sha1_base64="gvOGNmTwowEhFx/eNN8HNW0fn1A=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSkFBkoyAoI2ioUJDIQ4qj6HzZhFPOD+7WoMhKzVfQQkWHaPkOCv4F27iAwFSjmV3t7LihFBot68MoLCwuLa8UV0tr6xubW2Z5u62DSHFo8UAGqusyDVL40EKBErqhAua5Ejru5Dz1O3egtAj8a5yG0PfY2BcjwRkm0sAsVx2P4Y3rxpezQ0fC7cHArFg1KwP9S+ycVEiO5sD8dIYBjzzwkUumdc+2QuzHTKHgEmYlJ9IQMj5hY+gl1Gce6H6cRZ/R/UgzDGgIigpJMxF+bsTM03rquclkmlPPe6n4n9eLcHTaj4UfRgg+Tw+hkJAd0lyJpBOgQ6EAkaXJgQqfcqYYIihBGeeJGCUllZI+7Pnv/5L2Uc2u146v6pXGWd5MkeySPVIlNjkhDXJBmqRFOLknj+SJPBsPxovxarx9jxaMfGeH/ILx/gVmopgN</latexit>

0

1

2

3

…

Lattice ?
Yes

Examples



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

Lattice ?

Yes

Examples



0 1 2 3 …

Lattice ?

No

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

Examples



0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>

Lattice ?
No

Examples



a
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• No, because the pair {b,c} 
does not have a least upper 
bound

Example 

• Is this  a lattice? 



a

b d

g h

i

f

e
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j

• Yes, because for any pair, 
there is a lub & a glb

Example 

• What if we modified it as shown here



Ascending chains

• A sequence (ln)n∈N of elements in a partial order L is an 
ascending chain if  
   n ≤ m ⇒  ln≤ lm 

• A sequence (ln)n∈N converges if and only if 
 
  ∃ n0∈N : ∀ n∈N : n0 ≤ n ⇒  ln0 = ln 

• A partial order (L,≤) satisfes the ascending  chain condition 
(ACC) iff each ascending chain converges. 



 0
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Example

• The PO                  does not   satisfy the ascending chain 
condition, 

(N,v)

<latexit sha1_base64="FcAVCQU5MyAgo7DxLKIHQjF0Ugc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahgpRECuqt6MWTVLAf0Iay2U7apZtNursplNB/4sWDIl79J978N27bHLT1wcDjvRlm5vkxZ0o7zreVW1vf2NzKbxd2dvf2D+zDo4aKEkmhTiMeyZZPFHAmoK6Z5tCKJZDQ59D0h3czvzkGqVgknvQkBi8kfcECRok2Ute2Sw8XuKNGKvEVaBidd+2iU3bmwKvEzUgRZah17a9OL6JJCEJTTpRqu06svZRIzSiHaaGTKIgJHZI+tA0VJATlpfPLp/jMKD0cRNKU0Hiu/p5ISajUJPRNZ0j0QC17M/E/r53o4NpLmYgTDYIuFgUJxzrCsxhwj0mgmk8MIVQycyumAyIJ1SasggnBXX55lTQuy26lfPNYKVZvszjy6ASdohJy0RWqontUQ3VE0Rg9o1f0ZqXWi/VufSxac1Y2c4z+wPr8AXYAku4=</latexit>



Example

 0
 1
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 6

(N [ {1},v)

<latexit sha1_base64="fOvn5MfZdaxc+4HjXv2geGf3/z8=">AAACCXicbVBNS8NAEN34WetX1aOXxSJUkJJIQb2JXjxJBatCE8pmO7FLN5u4OxFC6NWLf8WLB0W8+g+8+W/c1h60+mDg8d4MM/PCVAqDrvvpTE3PzM7NlxbKi0vLK6uVtfVLk2SaQ4snMtHXITMghYIWCpRwnWpgcSjhKuyfDP2rO9BGJOoC8xSCmN0oEQnO0EqdCq2dUZ9nKfULX6gIc3+wS31za7LQAMLtTqdSdevuCPQv8cakSsZodioffjfhWQwKuWTGtD03xaBgGgWXMCj7mYGU8T67gbalisVggmL0yYBuW6VLo0TbUkhH6s+JgsXG5HFoO2OGPTPpDcX/vHaG0UFQCJVmCIp/L4oySTGhw1hoV2jgKHNLGNfC3kp5j2nG0YZXtiF4ky//JZd7da9RPzxvVI+Ox3GUyCbZIjXikX1yRE5Jk7QIJ/fkkTyTF+fBeXJenbfv1ilnPLNBfsF5/wKP2Zmo</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

satisfies  the ACC condition



Complete Partial Order

A poset (P, ⊑) is called a complete partial order (CPO)  
if and only if any of its chains has a lub 

If (P, ⊑) has  a  bottom  element and any of its chains  
has a lub  then  (P, ⊑) is called a  
 complete partial order (CPO) with bottom 

• (N, ≤) has bottom 0 but is not complete:  
the chain 0 ≤ 1 ≤ 2 ≤ � ≤ n ≤ � has no upper bound in N.  

•  (N, ≥) is a CPO but has no bottom.
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(N [ {1},v)

<latexit sha1_base64="fOvn5MfZdaxc+4HjXv2geGf3/z8=">AAACCXicbVBNS8NAEN34WetX1aOXxSJUkJJIQb2JXjxJBatCE8pmO7FLN5u4OxFC6NWLf8WLB0W8+g+8+W/c1h60+mDg8d4MM/PCVAqDrvvpTE3PzM7NlxbKi0vLK6uVtfVLk2SaQ4snMtHXITMghYIWCpRwnWpgcSjhKuyfDP2rO9BGJOoC8xSCmN0oEQnO0EqdCq2dUZ9nKfULX6gIc3+wS31za7LQAMLtTqdSdevuCPQv8cakSsZodioffjfhWQwKuWTGtD03xaBgGgWXMCj7mYGU8T67gbalisVggmL0yYBuW6VLo0TbUkhH6s+JgsXG5HFoO2OGPTPpDcX/vHaG0UFQCJVmCIp/L4oySTGhw1hoV2jgKHNLGNfC3kp5j2nG0YZXtiF4ky//JZd7da9RPzxvVI+Ox3GUyCbZIjXikX1yRE5Jk7QIJ/fkkTyTF+fBeXJenbfv1ilnPLNBfsF5/wKP2Zmo</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

is CPO with bottom

Example



      If  (P, ⊑)   has only finite chains it is complete 

    If  (P, ⊑)   is finite then it is complete

Some complete PO



(}(S),✓)

<latexit sha1_base64="EmPsrwVcPMEWsborwvutNGhpKrU=">AAACBnicbVC7TgJBFJ3FF+JrxdJmIjGBxJBdg9GSaGOJUR4JbMjscMGJsw9n7qiE0PsVtlrZGVt/w8J/cRcpFDzVyTn35p57/FgKjY7zaWUWFpeWV7KrubX1jc0tezvf0JFRHOo8kpFq+UyDFCHUUaCEVqyABb6Epn9zlvrNO1BaROEVDmPwAjYIRV9whonUtfPFzn1cvCwddLTxNSDclrp2wSk7E9B54k5JgUxR69pfnV7ETQAhcsm0brtOjN6IKRRcwjjXMRpixm/YANoJDVkA2htNso/pvtEMIxqDokLSiQi/N0Ys0HoY+MlkwPBaz3qp+J/XNtg/8UYijA1CyNNDKCRMDmmuRFIK0J5QgMjS5EBFSDlTDBGUoIzzRDRJS7mkD3f2+3nSOCy7lfLRRaVQPZ02kyW7ZI8UiUuOSZWckxqpE04eyBN5Ji/Wo/VqvVnvP6MZa7qzQ/7A+vgGjVyYGA==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzKDgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

{a}

<latexit sha1_base64="pVbBbUhNlkwY6Zf7Cg92PIEpRDc=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6XgrcY1Rt20y7A/xKnJA1WojOqf3rjSCQBhiQUGDNw7JiGKWiSQuGi5iUGYxAzmOIgoyEEaIZpEXbBTxIDFPEYNZeKFyL+3EghMGYe+NlkAHRvlr1c/M8bJDS5HKYyjBPCUOSHSCosDhmhZdYC8rHUSAR5cuQy5AI0EKGWHITIxCSrpZb14Sx//5d0z5pOq3l+22q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wKejJNK</latexit>

{b}

<latexit sha1_base64="k+6t3bARBT49hGzXbMkMmfA4hGI=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jMMApqGcSAGUSa6X+t5iVG/YTbsA/0uckjRYic6o/umNI5EEGJJQYMzAsWMapqBJCoWLmpcYjEHMYIqDjIYQoBmmRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDkcpjKME4IQ5EfIqmwOGSEllkLyMdSIxHkyZHLkAvQQIRachAiE5OsllrWh7P8/V/SPWs6reb5bavRviqbqbIjdsxOmcMuWJvdsA5zmWCSPbIn9mzNrRfr1Xr7Hq1Y5c4h+wXr/QugHZNL</latexit>

{c}

<latexit sha1_base64="38FTEuiMhQWulv9si0CIvQXIprs=">AAAB93icbVC7TsNAEFyHVwivACXNiQiJKrJREJQRNJRBwkmkOIrOl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33uUElQ3RJksJ+rJEHvsKeP7vO/d4DaiOj8I7mMQ4DPg3lRApOmeR6qfAWo3rDbtoF2F/ilKQBJTqj+qc3jkQSYEhCcWMGjh3TMOWapFC4qHmJwZiLGZ/iIKMhD9AM0yLsgp0khlPEYtRMKlaI+HMj5YEx88DPJgNO92bZy8X/vEFCk8thKsM4IQxFfoikwuKQEVpmLSAbS41EPE+OTIZMcM2JUEvGhcjEJKullvXhLH//l3TPmk6reX7barSvymaqcATHcAoOXEAbbqADLgiQ8AhP8GzNrRfr1Xr7Hq1Y5c4h/IL1/gWhrpNM</latexit>

{a, c}

<latexit sha1_base64="3kzghB7jQdVpa1MiFh34MN6TnT0=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeBMuPNhtWbX7Rx8mTgFqbECrWH1yx2FIvYxIKHAmL5jRzRIQJMUCucVNzYYgZjCBPspDcBHM0jyuHN+EhugkEeouVQ8F/H3RgK+MTPfSyd9oAez6GXif14/pvHVIJFBFBMGIjtEUmF+yAgt0x6Qj6RGIsiSI5cBF6CBCLXkIEQqxmkxlbQPZ/H7ZdI5rzuN+sVdo9a8LpopsyN2zE6Zwy5Zk92yFmszwabsiT2zFyuxXq036/1ntGQVO4fsD6yPb8smk+0=</latexit>

{a, b}

<latexit sha1_base64="oezc2rttqiINIiJViYupSlzM0Tc=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYySOQhxVG0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFuHAh0kgx1IApVLXTeDMc+fDas2u2zn4MnEKUmMFWsPqlzsKRexjQEKBMX3HjmiQgCYpFM4rbmwwAjGFCfZTGoCPZpDkcef8JDZAIY9Qc6l4LuLvjQR8Y2a+l076QA9m0cvE/7x+TOOrQSKDKCYMRHaIpML8kBFapj0gH0mNRJAlRy4DLkADEWrJQYhUjNNiKmkfzuL3y6RzXnca9Yu7Rq15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf38mVk+w=</latexit>

{b, c}

<latexit sha1_base64="oLp1OS4Ak8mIJ56Gisxd5awNhXs=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJAkU2CoIygoYySOQhxVF0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HjeoZIBtkqSwF2nkvqew601vMr/7iNrIMLinWYQDn08COZaCUyp13cQ7E+58WK3ZdTsHWyZOQWpQoDWsfrmjUMQ+BiQUN6bv2BENEq5JCoXzihsbjLiY8gn2UxpwH80gyePO2UlsOIUsQs2kYrmIvzcS7hsz87100uf0YBa9TPzP68c0vhokMohiwkBkh0gqzA8ZoWXaA7KR1EjEs+TIZMAE15wItWRciFSM02IqaR/O4vfLpHNedxr1i7tGrXldNFOGIziGU3DgEppwCy1og4ApPMEzvFiJ9Wq9We8/oyWr2DmEP7A+vgHMuZPu</latexit>

{a, b, c}

<latexit sha1_base64="GW1LiJRcBYvKoryG35AdMkR2Yvw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJIopsFARlBA1lkMgDxVG0vmzCKeeH7tZIkeWvoIWKDtHyMRT8C05wAQlTjWZ2tbPjRUoasu1Pq7Cyura+UdwsbW3v7O6V9w/aJoy1wJYIVai7HhhUMsAWSVLYjTSC7ynseJPrmd95RG1kGNzRNMK+D+NAjqQAyqR7N4GqVxVuOihX7Jo9B18mTk4qLEdzUP5yh6GIfQxIKDCm59gR9RPQJIXCtOTGBiMQExhjL6MB+Gj6yTxwyk9iAxTyCDWXis9F/L2RgG/M1PeySR/owSx6M/E/rxfT6LKfyCCKCQMxO0RS4fyQEVpmTSAfSo1EMEuOXAZcgAYi1JKDEJkYZ9WUsj6cxe+XSfus5tRr57f1SuMqb6bIjtgxO2UOu2ANdsOarMUE89kTe2YvVmq9Wm/W+89owcp3DtkfWB/f91OUjw==</latexit>

 CPO with bottom



0 1 2 3 …

(N,=)

<latexit sha1_base64="BlfDybz8NiOrd8YSZ0avLnF0Ybo=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEkLArEW2EoI2VRDAPSNYwO7mJQ2Znl5m7QljS+BW2WtmJrX9i4b+4u6bQxFMdzrmXe+7xQikM2vanlVtYXFpeya8W1tY3NreK2ztNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeaPL1G89gDYiULc4DsH12VCJgeAME+mu3PUZ3ntefD05Oj/sFUt2xc5A54kzJSUyRb1X/Or2Ax75oJBLZkzHsUN0Y6ZRcAmTQjcyEDI+YkPoJFQxH4wbZ6kn9CAyDAMagqZC0kyE3xsx840Z+14ymYY0s14q/ud1IhycubFQYYSgeHoIhYTskOFaJHUA7QsNiCxNDlQoyplmiKAFZZwnYpT0U0j6cGa/nyfN44pTrZzcVEu1i2kzebJH9kmZOOSU1MgVqZMG4USTJ/JMXqxH69V6s95/RnPWdGeX/IH18Q1G/5Zd</latexit>

CPO without bottom



0 1 2 3 …

?

<latexit sha1_base64="99MqJ6RbJEEOH+lAIVpyDLQNqF8=">AAAB9nicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sklOOT90t0ZEVn6BFio6RMvvUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON73J/M4DaiPD4J5mEbo+HwdyJAWnTOp7IQ2qNbtu52DLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcF7pxwYjLqZ8jL2UBtxH4yZ51jk7iQ2nkEWomVQsF/H3RsJ9Y2a+l076nCZm0cvE/7xeTKMrN5FBFBMGIjtEUmF+yAgt0xKQDaVGIp4lRyYDJrjmRKgl40KkYpy2Ukn7cBa/Xybts7pzXr+4O681rotmynAEx3AKDlxCA26hCS0QMIEneIYX69F6td6s95/RklXsHMIfWB/fyUCS0A==</latexit>

CPO with bottom

(N [ {?}, {(?, n) | n 2 N}⇤)

<latexit sha1_base64="hkXcK57Mqj0GqM5tCotgNbd2Hg8="></latexit>



 
A lattice L is called a complete lattice if every subset 
S of L admits  a lub in L.

Equivalent Definitions of Complete Lattices

 
A lattice L is called a complete lattice if every subset 
S of L admits  a glb in L. 

A lattice L is called a complete lattice if every subset 
S of L admits  a glb and a lub in L.



The idea



 0
 1

 2
 3

 4

 5

 6

L= N ∪ {} 
     total order on N ∪ { } 
lub = max 
glb = min 

This is a complete lattice

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>

Example


<latexit sha1_base64="88Jce4pym3TGLYqSf5fmO1vf1D4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5AG8pmO2mXbjZxdyOU0N/gxYMiXv1B3vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYMWyyUISq41GNgktsGm4EdiKFNPAEtr3xdea3H1BpHso7M4nQDehQcp8zalKp2RN4X+qXK3bVnoEsEicnFcjR6Jc/eoOQxQFKwwTVuuvYkXETqgxnAqelXqwxomxMh9hNqaQBajeZHTslR6kyIH6o0pKGzNSfEwkNtJ4EXtoZUDPSf71M/M/rxsa/cBMuo9igZPNFfiyICUn2ORlwhcyISUooUzy9lbARVZSZNJ95CJcZzr5fXiStk6pTq9ZuTyv1qzyOIhzAIRyDA+dQhxtoQBMYcHiEZ3ixpPVkvVpv89aClc/swy9Y719jeY6L</latexit>

1

<latexit sha1_base64="Gspu7uF1MYsI7qoSYPcrRa37jzo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUG9FLx4r2A9oQ9lsN+3azW7YnQih9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmLacCUfMEtYEJOh5BGnBK3U6nEZYdYvV7yqN4e7SvycVCBHo1/+6g0UTWMmkQpiTNf3EgwmRCOngk1LvdSwhNAxGbKupZLEzAST+bVT98wqAzdS2pZEd67+npiQ2JgsDm1nTHBklr2Z+J/XTTG6CiZcJikySReLolS4qNzZ6+6Aa0ZRZJYQqrm91aUjoglFG1DJhuAvv7xKWhdVv1a9vq9V6jd5HEU4gVM4Bx8uoQ530IAmUHiEZ3iFN0c5L86787FoLTj5zDH8gfP5A8YPj0g=</latexit>



 2  3  4 1 0 -1 -2 -3 -4

⊥

 T

L= N∪ {T,⊥} 
∀ n ∈ N : ⊥<n < T 

This is a complete lattice, with infinite elements

Example of complete lattice



Lattices and ACC

• If L is a lattice with a bottom element and  ACC, then L is a 
complete lattice 

• If L is a finite lattice then it satisfies the ACC and therefore it 
also is complete.



Let  (P,≤P) and (Q,≤Q) be PO.  
A function φ from P to  Q  is monotone iff 

p1 ≤P p2⇒ φ(p1)  ≤Q φ(p2)

Monotone functions on partial orders

 ϕ1(a)

 ϕ1(d)
 ϕ1(b)=ϕ1(c)

 d

 a

 b

 c

 ϕ2(b)= ϕ2(d) 

 ϕ2(c)

 ϕ2(a)

• ϕ1 is not monotone

• ϕ1 is  monotone



d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain 
(by monotonicity)

a chain

Monotonicity



S
ϕ(S)

(P,≤P) (Q,≤Q)ϕ

Continuity

• Given two partial orders (P,≤P) and (Q,≤Q), a functoin ϕ from P to 
Q is continuous if for every chain S in P  

   ϕ(lub(S)) = lub{ ϕ(x) | x∈S }

• if f is  monotone on an  ACC  lattice then f is continuous



Continuous function

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

=



Fixpoints

• Consider a monotone function f: (P,≤P) → (P,≤P) on a partial order P 

• An element x of P is a fixpoint of f if f(x)=x 

• The set of fixpoints of f is a subset of P called Fix(f): 
 
   Fix(f) ={ l ∈ P  |  f(l)=l}



Fixpoint on Complete Lattices

• Consider a monotone function f:L→L on a complete lattice L. 

• Tarski Theorem: 
Let L be a complete lattice. If f:L→L is monotone then  
   lfp(f)  = glb{ l ∈ L  |  f(l) ≤ l } 
   gfp(f) = lub{ l ∈ L  |  l ≤ f(l) } 



Fix(f) ={ l ∈ L  |  f(l)=l}

 prefixpoints 
{ l ∈ L  |  f(l) ≤P l}

 postfixpoints 
{ l ∈ L  |  l ≤P f(l)}

lfp(f)  = glb{ l ∈ L | f(l) ≤ l }

gfp(f) = lub{ l ∈ L | l ≤ f(l) }

Fixpoints on Complete Lattices



• Let f be a monotone function: (P,≤P) → (P,≤P) on a complete lattice 
P. 
Let α=   n≥0 f n(⊥) 

– If α∈Fix(f) then α= lfp(f)

Function monotone on complete lattice



lfp(f)  = glb

gfp(f) = lub{ l ∈ L | l ≤ f(l) }

Fixpoints on Complete Lattices

tnf
n(?)

<latexit sha1_base64="Puxzm1M1Jrdmn5Itn8F2ekGRL2o=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqJqSmpu2u6MZlBfuANobJdNIOnUzizEQspb/ixoUibv0Rd/6N04fi68CFwzn3cu89QcKoVLb9biwtr6yurWc2sptb2zu75l6uKeNUYNLAMYtFO0CSMMpJQ1HFSDsRBEUBI61geD71W7dESBrzKzVKiBehPqchxUhpyTdzXXmD08TnMLzmhW4Qq2PfzBctewZoW45drpRONXGdquva8NPKgwXqvvnW7cU4jQhXmCEpO0U7Ud4YCUUxI5NsN5UkQXiI+qSjKUcRkd54dvsEHmmlB8NY6OIKztTvE2MUSTmKAt0ZITWQv72p+J/XSVVY8caUJ6kiHM8XhSmDKobTIGCPCoIVG2mCsKD6VogHSCCsdFxZHYJtVadwv17+S5onVtGxnMtSvna2iCMDDsAhKIAiKIMauAB10AAY3IF78AiejInxYDwbL/PWJWMxsw9+wHj9AMQMlGk=</latexit>

unf
n(>)

<latexit sha1_base64="2vV6gv6U4eh+U5GcTfyFJqM5mFs=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwMxkGBNkR3bjERB4JIOmUDjR02rHtGAnhV9y40Bi3/og7/8YOoPF1kpucnHNv7r3HjxhV2nXfraXlldW19dRGenNre2fX3ss0lIglJnUsmJAtHynCKCd1TTUjrUgSFPqMNP3ReeI3b4lUVPArPY5IN0QDTgOKkTZSz8501A1GUY/D4JrnOlpExz07m3fcGaDrFD33xPMMKVUqXrEMP60sWKDWs986fYHjkHCNGVKqnXcj3Z0gqSlmZJruxIpECI/QgLQN5SgkqjuZ3T6FR0bpw0BIU1zDmfp9YoJCpcahbzpDpIfqt5eI/3ntWAen3QnlUawJx/NFQcygFjAJAvapJFizsSEIS2puhXiIJMLaxJU2IbhOJUHp6+W/pOE5+YJTuCxmq2eLOFLgAByCHMiDMqiCC1ADdYDBHbgHj+DJmloP1rP1Mm9dshYz++AHrNcPsrGUXg==</latexit>

?
<latexit sha1_base64="fZGHlzL5jCb8PK91XjuQuKLI3OA=">AAAB63icbVDLSsNAFJ3UV62vqks3g0VwFRJT03ZXdOOygn1AG8pkOmkHZyZhZiKU0F9w40IRt/6QO//GSVvF14ELh3Pu5d57woRRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh7WXud++IVDQWN3qakICjsaARxUjn0iCM9bBccW1nDujYnlOrV88N8b2G7zvw06qAJVrD8ttgFOOUE6ExQ0r1XSfRQYakppiRWWmQKpIgfIvGpG+oQJyoIJvfOoMnRhnBKJamhIZz9ftEhrhSUx6aTo70RP32cvE/r5/qqB5kVCSpJgIvFkUpgzqG+eNwRCXBmk0NQVhScyvEEyQR1iaekgnBsRs5/K+X/5LOme16tnddrTQvlnEUwRE4BqfABTXQBFegBdoAgwm4B4/gyeLWg/VsvSxaC9Zy5hD8gPX6AYU8jrQ=</latexit>

>
<latexit sha1_base64="ZS18b2Y9Ee4+hivkrODlpdhJ0kg=">AAAB63icbVDLTgJBEJzFF+IL9ehlIjHxtNldEORG9OIRExES2JDZYRYmzGMzM2tCCL/gxYPGePWHvPk3zgIaX5V0UqnqTndXlDCqjee9O7mV1bX1jfxmYWt7Z3evuH9wq2WqMGlhyaTqREgTRgVpGWoY6SSKIB4x0o7Gl5nfviNKUyluzCQhIUdDQWOKkcmknpFJv1jyXW8O6LmVwDsLAkuq9XpQqcFPqwSWaPaLb72BxCknwmCGtO76XmLCKVKGYkZmhV6qSYLwGA1J11KBONHhdH7rDJ5YZQBjqWwJA+fq94kp4lpPeGQ7OTIj/dvLxP+8bmri83BKRZIaIvBiUZwyaCTMHocDqgg2bGIJworaWyEeIYWwsfEUbAieW89Q/Xr5L7kNXL/slq8rpcbFMo48OALH4BT4oAYa4Ao0QQtgMAL34BE8Odx5cJ6dl0VrzlnOHIIfcF4/AJMnjr0=</latexit>

  prefixpoints 
   { l ∈ L | f(l) ≤ l }

  postfixpoints 
       {l ∈ L | l ≤ f(l) } 

{ l ∈ L | f(l) ≤ l }



Kleene Theorem  
If f is continuous on a complete CPO with bottom then the least 
fixpoint of f exists  and it is equal to α

recall that 

• if f is  monotone on an  ACC  lattice then f is continuous

Kleene Theorem



lfp(f)  =

gfp(f) = 

Fixpoints on CPO with bottom when f is continuous 

tnf
n(?)

<latexit sha1_base64="Puxzm1M1Jrdmn5Itn8F2ekGRL2o=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqJqSmpu2u6MZlBfuANobJdNIOnUzizEQspb/ixoUibv0Rd/6N04fi68CFwzn3cu89QcKoVLb9biwtr6yurWc2sptb2zu75l6uKeNUYNLAMYtFO0CSMMpJQ1HFSDsRBEUBI61geD71W7dESBrzKzVKiBehPqchxUhpyTdzXXmD08TnMLzmhW4Qq2PfzBctewZoW45drpRONXGdquva8NPKgwXqvvnW7cU4jQhXmCEpO0U7Ud4YCUUxI5NsN5UkQXiI+qSjKUcRkd54dvsEHmmlB8NY6OIKztTvE2MUSTmKAt0ZITWQv72p+J/XSVVY8caUJ6kiHM8XhSmDKobTIGCPCoIVG2mCsKD6VogHSCCsdFxZHYJtVadwv17+S5onVtGxnMtSvna2iCMDDsAhKIAiKIMauAB10AAY3IF78AiejInxYDwbL/PWJWMxsw9+wHj9AMQMlGk=</latexit>

?
<latexit sha1_base64="fZGHlzL5jCb8PK91XjuQuKLI3OA=">AAAB63icbVDLSsNAFJ3UV62vqks3g0VwFRJT03ZXdOOygn1AG8pkOmkHZyZhZiKU0F9w40IRt/6QO//GSVvF14ELh3Pu5d57woRRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh7WXud++IVDQWN3qakICjsaARxUjn0iCM9bBccW1nDujYnlOrV88N8b2G7zvw06qAJVrD8ttgFOOUE6ExQ0r1XSfRQYakppiRWWmQKpIgfIvGpG+oQJyoIJvfOoMnRhnBKJamhIZz9ftEhrhSUx6aTo70RP32cvE/r5/qqB5kVCSpJgIvFkUpgzqG+eNwRCXBmk0NQVhScyvEEyQR1iaekgnBsRs5/K+X/5LOme16tnddrTQvlnEUwRE4BqfABTXQBFegBdoAgwm4B4/gyeLWg/VsvSxaC9Zy5hD8gPX6AYU8jrQ=</latexit>

>
<latexit sha1_base64="ZS18b2Y9Ee4+hivkrODlpdhJ0kg=">AAAB63icbVDLTgJBEJzFF+IL9ehlIjHxtNldEORG9OIRExES2JDZYRYmzGMzM2tCCL/gxYPGePWHvPk3zgIaX5V0UqnqTndXlDCqjee9O7mV1bX1jfxmYWt7Z3evuH9wq2WqMGlhyaTqREgTRgVpGWoY6SSKIB4x0o7Gl5nfviNKUyluzCQhIUdDQWOKkcmknpFJv1jyXW8O6LmVwDsLAkuq9XpQqcFPqwSWaPaLb72BxCknwmCGtO76XmLCKVKGYkZmhV6qSYLwGA1J11KBONHhdH7rDJ5YZQBjqWwJA+fq94kp4lpPeGQ7OTIj/dvLxP+8bmri83BKRZIaIvBiUZwyaCTMHocDqgg2bGIJworaWyEeIYWwsfEUbAieW89Q/Xr5L7kNXL/slq8rpcbFMo48OALH4BT4oAYa4Ao0QQtgMAL34BE8Odx5cJ6dl0VrzlnOHIIfcF4/AJMnjr0=</latexit>

unf
n(>)

<latexit sha1_base64="2vV6gv6U4eh+U5GcTfyFJqM5mFs=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwMxkGBNkR3bjERB4JIOmUDjR02rHtGAnhV9y40Bi3/og7/8YOoPF1kpucnHNv7r3HjxhV2nXfraXlldW19dRGenNre2fX3ss0lIglJnUsmJAtHynCKCd1TTUjrUgSFPqMNP3ReeI3b4lUVPArPY5IN0QDTgOKkTZSz8501A1GUY/D4JrnOlpExz07m3fcGaDrFD33xPMMKVUqXrEMP60sWKDWs986fYHjkHCNGVKqnXcj3Z0gqSlmZJruxIpECI/QgLQN5SgkqjuZ3T6FR0bpw0BIU1zDmfp9YoJCpcahbzpDpIfqt5eI/3ntWAen3QnlUawJx/NFQcygFjAJAvapJFizsSEIS2puhXiIJMLaxJU2IbhOJUHp6+W/pOE5+YJTuCxmq2eLOFLgAByCHMiDMqiCC1ADdYDBHbgHj+DJmloP1rP1Mm9dshYz++AHrNcPsrGUXg==</latexit>


