
Application: Dead Code Elimination



Reaching Definitions (Reaching Assignment) Analysis
One of the more  useful data-flow analysis 

d1 : y := 3
d2 : x := y

d1 is a reaching definition for d2 
d1 : y := 3
d2 : y := 4
d3 : x := y

d1 is no longer a reaching definition for d3, because d2 kills its reach: 
the value defined in d1 is no longer available and cannot reach d3 

A definition d  at point i reaches a point p if there is a path from the 
point i to p such that d is not killed (redefined) along that  path 



Reaching definitions 

This information is very useful  
• The compiler can  know whether x is a constant at point p 
• The debugger can tell whether is possible that x is an undefined 

variable at point p



• Given a program point n, which  definitions are actual –  not 
successively overwritten by a different assignment – when the       
execution reaches n?  

 And when the execution leaves n? 

• A program point may clearly “generate” new definitions 

• A program point n may “kill” a definition: 
 if n is an assignment x:=exp then n kills all the assignments to the 
variable x which are actual in input to n 

• We are thus interested in computing input and output reaching 
definitions for any program point   

Reaching definitions



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;
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Which is  the actual  
definition of m here? 
 Can m be initialised? 

The intuition: the factorial of n

Which are the points that are  reached by  
this definition of m? 

Which are the points that are  reached by  
this definition of m? 

Which is  the actual 
definition of n  
 here? Can n be 
initialised? Which are  the actual 

definition of n and m ? Can 
n or m be initialised? 



Formalization of the reaching definition property

• The property can be represented by sets of pairs: 
{(x,p) | x  Vars, p is a program point}      (Vars x Points) 
where (x,p) means that the variable x is assigned at 

program point p 
• For each program point, this dataflow analysis computes a 

set of such pairs  
• The meaning of a pair (x,p) in the set for a program point q 

is that the assignment of x at point p is actual at point q 
• ? is a special symbol that we add to Points and we use to 

represent the fact that a variable x is not initialized. 
• The set ι = {(x,?) | x  Vars} therefore denotes that all the 

program variables are not initialized.

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit> P

<latexit sha1_base64="Ll7pmb1rpin2JpzctZHrgI/bieA=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxGsA9oQ5lMJ+3QySTOTIQS+hNuXCji1t9x5984SYOo9cCFwzn3cu89fsyZ0rb9aZWWlldW18rrlY3Nre2d6u5eW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5DrzOw9UKhaJOz2NqRfikWABI1gbqZv2CebInQ2qNbtu50CLxClIDQq4g+pHfxiRJKRCE46V6jl2rL0US80Ip7NKP1E0xmSCR7RnqMAhVV6a3ztDR0YZoiCSpoRGufpzIsWhUtPQN50h1mP118vE/7xeooMLL2UiTjQVZL4oSDjSEcqeR0MmKdF8aggmkplbERljiYk2EVXyEC4znH2/vEjaJ3WnUW/cntaaV0UcZTiAQzgGB86hCTfgQgsIcHiEZ3ix7q0n69V6m7eWrGJmH37Bev8C0G6P9Q==</latexit>

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>



The domain for Reaching Definitions Analysis
Vars is the  (finite) set of variables occuring in the program P. 
Let N be the number of nodes of the CFG of P. 
Let Points={?,1,…N}. 

<(  (Vars x Points)x (Vars x Points) )N,           >    P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

<latexit sha1_base64="+5jFHxYzACAZl0YuV5EfjZCtRHw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRiyepYD+gTctmO2mXbjZxd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPrqd+8xGlYpG41+MYvZAMBAsYJdpI3Y5KfIUaH7pp5XbSK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOmlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvnZefurFS9yuLIwxEcwym4cAFVuIEa1IGChGd4hTfryXqx3q2PeWvOymYO4Q+szx+7YZKo</latexit>

✓2N

•  Example Vars={a,b} e N=1  

<latexit sha1_base64="SrjZ+0pvkk3AQaYrNyatgWcXSJY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvNpl262Q27E6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8l/udJ6YNV/IRJykLEjKUPOaUoJU6/VGk0FQG1ZpX9+ZwV4lfkBoUaA6qX/1I0SxhEqkgxvR8L8VgSjRyKtis0s8MSwkdkyHrWSpJwkwwnZ87c8+sErmx0rYkunP198SUJMZMktB2JgRHZtnLxf+8XobxTTDlMs2QSbpYFGfCReXmv7sR14yimFhCqOb2VpeOiCYUbUJ5CP7yy6ukfVH3r+rew2WtcVvEUYYTOIVz8OEaGnAPTWgBhTE8wyu8Oanz4rw7H4vWklPMHMMfOJ8/7eWPTA==</latexit>. . .

<latexit sha1_base64="UYcEd0VYPdepgr18jFFOSrJh5D0=">AAACFXicbVDLSgMxFM3UVx1foy7dBItQYSgzoujCR9GNy0rtAzpDyaSZNjTzIMkIZehPuPFX3LhQxK3gzr8x0+lCWy8J99xz7iW5x4sZFdKyvrXCwuLS8kpxVV9b39jcMrZ3miJKOCYNHLGItz0kCKMhaUgqGWnHnKDAY6TlDW8yvfVAuKBReC9HMXED1A+pTzGSiuoa5jmsXzhpGZlXhyZUyc6Sl1eeqpyxqdfzc9k1SlbFmgScB/YUlMA0al3jy+lFOAlIKDFDQnRsK5ZuirikmJGx7iSCxAgPUZ90FAxRQISbTrYawwPF9KAfcXVDCSfs74kUBUKMAk91BkgOxKyWkf9pnUT6Z25KwziRJMT5Q37CoIxgZhHsUU6wZCMFEOZU/RXiAeIIS2WkrkywZ1eeB82jin1Sse6OS9XrqR1FsAf2QRnY4BRUwS2ogQbA4BE8g1fwpj1pL9q79pG3FrTpzC74E9rnD3MbmBo=</latexit>

< S = {(a, ?), (a, 1), (b, ?), (b, 1)}, S, S, S >

<latexit sha1_base64="ZeNYcDYoo4E584tXNADMwsnVs6U=">AAACE3icfZA9SwNBEIb3/IzxK2ppsxgEEQl3omghErSxjGA+IAlhbzOXLNnbO3bnhBDyH2z8KzYWitja2Plv3CRXaCK+sPDwzgyz8/qxFAZd98uZm19YXFrOrGRX19Y3NnNb2xUTJZpDmUcy0jWfGZBCQRkFSqjFGljoS6j6vetRvXoP2ohI3WE/hmbIOkoEgjO0Vit3eEEbEMbYN4BH/9JlK5d3C+5YdBa8FPIkVamV+2y0I56EoJBLZkzdc2NsDphGwSUMs43EQMx4j3WgblGxEExzML5pSPet06ZBpO1TSMfuz4kBC43ph77tDBl2zXRtZP5VqycYnDcHQsUJguKTRUEiKUZ0FBBtCw0cZd8C41rYv1LeZZpxtDFmbQje9MmzUDkueKcF9/YkX7xK48iQXbJHDohHzkiR3JASKRNOHsgTeSGvzqPz7Lw575PWOSed2SG/5Hx8A+Chns0=</latexit>

< ;, ;, ;, ; >



   {(x,q)  |q    Points and {x}=def[q] }      if {x}=def[p] 
• killRD[p] = 
                                               if     =def[p] 

   {(x,p)}                    if {x}=def[p] 
• genRD[p] = 
                                               if     =def[p] 

         
As usual, def[p] = {x} when the command in the point p is an assignment 
x:=exp

Specification

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit> ;

<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>

;
<latexit sha1_base64="+oDEM5QmueMhLhQafFhf5Nu5G0I=">AAAB8HicbVBNS8NAEN3Ur1q/qh69BIvgqSRW/LgVvXisYD+kDWWznbRLd5OwOxFC6K/w4kERr/4cb/4bkzSIWh8MPN6bYWaeGwqu0bI+jdLS8srqWnm9srG5tb1T3d3r6CBSDNosEIHquVSD4D60kaOAXqiASldA151eZ373AZTmgX+HcQiOpGOfe5xRTKX7AcgQYw04rNasupXDXCR2QWqkQGtY/RiMAhZJ8JEJqnXftkJ0EqqQMwGzyiDSEFI2pWPop9SnErST5AfPzKNUGZleoNLy0czVnxMJlVrH0k07JcWJ/utl4n9eP0Lvwkm4H0YIPpsv8iJhYmBm35sjroChiFNCmeLprSabUEUZphlV8hAuM5x9v7xIOid1u1Fv3J7WmldFHGVyQA7JMbHJOWmSG9IibcKIJI/kmbwYyngyXo23eWvJKGb2yS8Y719RpZDi</latexit>



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3
4

5

6

Kill and Gen

killRD genRD

1
2 (m,?)(m,2) 

(m,4)
(m,2)

3
4 (m,?)(m,2) 

(m,4)
(m,4)

5 (n,?) (n,5) (n,5)

6



• Reaching definitions analysis is 
specified by  equations: 
 
       {(x,?) | x     VARS}                           
  
RDentry(p)=     

                      U{RDexit(q)  |q    pre[p]}   
                                if p is not initial          

 

RDexit(p) =

 (RDentry(p) \ killRD[p] )  U  genRD[p]

Specification

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>

input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3
4

5

if p is initial



The solution of the previous system

Once again the solution for the  equations in the previous  system  
are require the existence of a fix point  

We can apply the Kleene theorem if we have 

a) a continuous function on 
b)  a CPO with bottom 



is a CPO with bottom?  

Yes! Because it is finite

Point b

<(  (Vars x Points)x (Vars x Points) )N,           > P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

<latexit sha1_base64="+5jFHxYzACAZl0YuV5EfjZCtRHw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRiyepYD+gTctmO2mXbjZxd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsemPrqd+8xGlYpG41+MYvZAMBAsYJdpI3Y5KfIUaH7pp5XbSK5acsjODvUzcjJQgQ61X/Or0I5qEKDTlRKm268TaS4nUjHKcFDqJwpjQERlg21BBQlReOrt6Yp8YpW8HkTQltD1Tf0+kJFRqHPqmMyR6qBa9qfif1050cOmlTMSJRkHni4KE2zqypxHYfSaRaj42hFDJzK02HRJJqDZBFUwI7uLLy6RRKbvnZefurFS9yuLIwxEcwym4cAFVuIEa1IGChGd4hTfryXqx3q2PeWvOymYO4Q+szx+7YZKo</latexit>

✓2N



The map Reach:  
         <(  (Vars x Points)x (Vars x Points) )N-> <(  (Vars x Points)x (Vars x Points) )N  
defined by  

 (assuming 1 is the only initial node) 

Reach(<RDentry1,RDexit1,…,RDentryN,RDexitN>)= 
 < {(x,?) | x in VARS}, RDentry1\killRD[1] )  U  genRD[1],  

U{RDexit2 |m in pre[2]} , RDentry2\killRD[2] )  U  genRD[2], 

 ….,  
U{RDexitm  |m in pre[N]} , RDentryN\killRD[N] )  U  genRD[N] > 

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

Point a: the map



Reach(<RDentry1,RDexit1,…,RDentryN,RDexitN>)= 
 < {(x,?) | x in VARS}, RDentry1\killRD[1] )  U  genRD[1],  

U{RDexit2 |m in pre[2]} , RDentry2\killRD[2] )  U  genRD[2] 

 ….,  
U{RDexitm  |m in pre[N]} , RDentryN\killRD[N] )  U  genRD[N] > 

Reach(<{}{}{}{}>)=<{(a,?)(b,?)}{(a,1)(b,?)}{(a,1)(b,?)}{(a,1)(b,2)}>  
Reach(<{(a,?)(b,?)}{(a,1)(b,?)}{(a,1)(b,?)}{(a,1)(b,2)}>)= 
<{(a,?)(b,?)}{(a,1)(b,?)}{(a,1)(b,?)}{(a,1)(b,2)}> 
 

killRD(1)={(a,?)}, genRD(1)={(a,1)} 
killRD(2)={(b,?)}, genRD(2)={(b,2)} •  Example 

Note that Reach is monotone!

Point a 

 Since it is monotone on a finite domain  then it is continuous



RD analysis is possible,  
 if an assignment x:=a in some point q is really actual in entry  
to some point p then 
 (x,q)   RDentry(p)  

The vice versa does not hold 

All fixpoints of the above equation system is an over-approximation of 
really reaching definitions.  
Computing the least fixpoint  gives a more precise over approximation 

Why a least fix point

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3
4

5

RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2)} 

RDexit(3)={(n,?),(m,2)} 

RDentry(4)= {(n,?),(m,2)} 

RDexit(4)= {(n,?), (m,4)} 

RDentry(5)= {(n,?),(m,4)} 

RDexit(5)= {(n,5),(m,4)} 

RDentry(6)= {(n,?),(m,2)} 

RDexit(6)= {(n,?),(m,2)}

6

(m,?)(m,2) 
(m,4)

(m,2)

(m,4)(m,?)(m,2) 
(m,4)
(n,?) (n,5) (n,5)

2

4

5

First iteration:

RDentry(p) ={(x,?)|  x in  Vars}, if p is initial



input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;

1

2

3
4

5

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2)} 

RDexit(3)={(n,?),(m,2)} 

RDentry(4)= {(n,?),(m,2)} 

RDexit(4)= {(n,?), (m,4)} 

RDentry(5)= {(n,?),(m,4)} 

RDexit(5)= {(n,5),(m,4)} 

RDentry(6)= {(n,?),(m,2)} 

RDexit(6)= {(n,?),(m,2)}

6

RDentry(1)= {(n,?),(m,?)} 

RDexit(1) = {(n,?),(m,?)} 

RDentry(2)= {(n,?),(m,?)} 

RDexit(2)= {(n,?),(m,2)} 

RDentry(3)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(3)={(n,?),(m,2),(n,5)(m,4)} 

RDentry(4)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(4)= {(n,?),(n,5)(m,4)} 

RDentry(5)={(n,?),(n,5)(m,4)} 

RDexit(5)={(n,5),(m,4)} 

RDentry(6)={(n,?),(m,2),(n,5)(m,4)} 

RDexit(6)={(n,?),(m,2),(n,5)(m,4)}

(m,?)(m,2) 
(m,4)

(m,2)

(m,4)(m,?)(m,2) 
(m,4)
(n,?) (n,5) (n,5)

2

4

5

Second iteration: 

fix point!

RDexit(p) = (RDentry(p) \ killRD[p] )  U  genRD[p]

RDentry(p) =U{RDexit(q)  |  q  in  pre[p]}, otherwise 
RDentry(p) ={(x,?)|  x in  Vars}, if p is initial



• RD analysis is forward and possible,  
i.e., if an assignment x:=a in some point q is really actual in entry  
to some point p then 
 (x,q)   RDentry(p) (while the vice versa does not hold). 

How can we use this? 

-If the analysis tells us that a variable is undefined then it is 
-Loop invariant code motions 

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>

RD analysis



Consider a loop where:  
1.  m is the entry point 
2. an inner point n contains an  

assignment x:=exp 
3. if for any variable y occurring 

 in exp (i.e. y   vars(exp)) and for any program 
 point p, we have that 

  (y,p)   RDentry(m)            (y,p)    RDentry(n)  

 then, the assignment x:=exp can be correctly moved out as 
preceding the entry point of the loop

        

 x:=exp; 

        

n

m

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

Application: Loop invariant code motion

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit> ,

<latexit sha1_base64="oEhgJxJUjHarZJQY4MHCEVOnJlo=">AAAB+nicbVA9TwJBEN3DL8SvQ0ubjWBiRe6w0JJoY2GBiYAJELK37MGGvd3L7pyEnPwUGwuNsfWX2PlvXOAKBV8yyct7M5mZF8SCG/C8bye3tr6xuZXfLuzs7u0fuMXDplGJpqxBlVD6ISCGCS5ZAzgI9hBrRqJAsFYwup75rUemDVfyHiYx60ZkIHnIKQEr9dxiuXPLQtB8MASitRqXe27Jq3hz4FXiZ6SEMtR77lenr2gSMQlUEGPavhdDNyUaOBVsWugkhsWEjsiAtS2VJGKmm85Pn+JTq/RxqLQtCXiu/p5ISWTMJApsZ0RgaJa9mfif104gvOymXMYJMEkXi8JEYFB4lgPuc80oiIklhGpub8V0SDShYNMq2BD85ZdXSbNa8c8r1btqqXaVxZFHx+gEnSEfXaAaukF11EAUjdEzekVvzpPz4rw7H4vWnJPNHKE/cD5/APi0k88=</latexit>

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



y:=3; z:=5; 
for(int i=0; i<9; i++) { 
  x = y + z; 
  a[i] = 2*i + x; 
}

y:=3; z:=5; 
x = y + z; 
for(int i=0; i<9; i++) { 
  a[i] = 2*i + x; 
}

Application: Loop invariant code motion

Loop-invariant code motion



Available Expressions Analysis

Let p be a program point. For each execution path ending in p, 
we want the expressions that have already been evaluated and 
then  not modified.  
These are called available expressions



 
x:=a+b; 
y:=a*b;  
while y>a+b  
do (a:=a+1; 
      x:=a+b;) 

   when the execution reaches 3, the expression a+b 
is available, since it has been previously evaluated 
(in point 1 for the first iteration of the while-loop 
and in point 5 for the next iterations) and does 
not need to be evaluated again in 3 

• This analysis can be therefore used to avoid re-
evaluations of available expressions

Example

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



The domain

Let E={ e | e is a sub-expressions/expression appearing in P} 

(  (E)x (E) )N,     >   is  a finite domain P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Let N be the number of nodes of the CFG of P



• An expression e in E is killed in a program point p (e is in killAE(p))  
if a variable occurring in e is modified (i.e., it is defined by some assignment) 
by the command in p. 

killAE([x:=e’]p)= {e in E | x    vars(e)} 

• An expression e is generated in a program point p (e is in genAE(p))  
if e is evaluated in p and no variable occurring in e is modified in  p. 

     genAE([x:=e]p) ={e}              if x ∉ vars(e),                                  
genAE([x:=e]p) =                   if x   vars(e); 

           genAE(S)p  = exps(S)            if S x:=e

  KillAE  and GenAE

<latexit sha1_base64="UPgJz8j2m/13V1tj2vlM0uGX7q8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKthbbUDbbSbt0swm7EyGE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqDi0ey1h3AmZACgUtFCihk2hgUSDhIRjfTP2HJ9BGxOoeswT8iA2VCAVnaKVH2oMowcwA9qs1t+7OQJeJV5AaKdDsV796g5inESjkkhnT9dwE/ZxpFFzCpNJLDSSMj9kQupYqFoHx89nFE3pilQENY21LIZ2pvydyFhmTRYHtjBiOzKI3Ff/zuimGV34uVJIiKD5fFKaSYkyn79OB0MBRZpYwroW9lfIR04yjDaliQ/AWX14m7bO6d1F3785rjesijjI5IsfklHjkkjTILWmSFuFEkWfySt4c47w4787HvLXkFDOH5A+czx+Qw5DZ</latexit>

; <latexit sha1_base64="ZetvKexAAemhATf6VP/teVRjcG8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLuM/VoFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8AaPIjfk=</latexit>2

<latexit sha1_base64="ZetvKexAAemhATf6VP/teVRjcG8=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptLuM/VoFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+qew+XtcZtEUcZTuAUzsGHa2jAPTShBRTG8Ayv8IYkekHv6GPRWkLFzDH8Afr8AaPIjfk=</latexit>2



n killAE(n) genAE(n)

1 ∅ {a+b}

2 ∅ {a*b}

3 ∅ {a+b}

4 {a+b, a*b,a+1} ∅

5 ∅ {a+b}

Example
  
x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 
E = {a+b, a*b, a+1}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



Specification

• Available expressions analysis is specified by the following 
equations, for any program point p: 

       ∅          if p is initial 
   
AEentry(p) =   
         ∩{AEexit(q) |  q    pre[p]}   otherwise 

 
AEexit(p)= (AEentry(p) \ killAE(p))  U  genAE(p) 

2
<latexit sha1_base64="MObzohmu3AwC10wzTb5NcCUC88U=">AAAB7HicbVBNS8NAEJ34WetX1aOXxVbwVJIW/LgVvXisYNpCG8pmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btIgan0w8Hhvhpl5fsyZ0rb9aa2srq1vbJa2yts7u3v7lYPDjooSSahLIh7Jno8V5UxQVzPNaS+WFIc+p11/epP53QcqFYvEvZ7F1AvxWLCAEayN5NYGTNSGlapdt3OgZeIUpAoF2sPKx2AUkSSkQhOOleo7dqy9FEvNCKfz8iBRNMZkise0b6jAIVVemh87R6dGGaEgkqaERrn6cyLFoVKz0DedIdYT9dfLxP+8fqKDSy9lIk40FWSxKEg40hHKPkcjJinRfGYIJpKZWxGZYImJNvmU8xCuMpx/v7xMOo2606w37xrV1nURRwmO4QTOwIELaMEttMEFAgwe4RleLGE9Wa/W26J1xSpmjuAXrPcvHZqOXA==</latexit>



To find a solution to the previous equation system we need to apply 
Kleene Theorem 

b) (  (E)x (E) )N,     >   is  a finite domain therefore is a 
CPO, moreover, it has a  bottom element 

     a) The map      (  (E)x (E) )N   ->   (  (E)x (E) )N         defined by  
         (assuming 1 is the only initial node) 
       AE(<AEentry1,AEexit1,…,AEentryN,AEexitN>)   = 

 < ∅, (AEentry1 \ killAE(1))  U  genAE(1), 
∩{AEexitq |  q  in  pre[2]}, (AEentry2 \ killAE(2))  U  genAE(2), 
….. 
∩{AEexitq |  q  in  pre[N]}, (AEentryN \ killAE(N))  U  genAE(N)>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

Point a and b to apply Kleene Theorem



 a) The map    
       AE(<AEentry1,AEexit1,…,AEentryN,AEexitN>)   = 

 < ∅, (AEentry1 \ killAE(1))  U  genAE(1), 
∩{AEexitq |  q  in  pre[2]}, (AEentry2 \ killAE(2))  U  genAE(2), 
….. 
∩{AEexitq |  q  in  pre[N]}, (AEentryN \ killAE(N))  U  genAE(N)> 

is monotone on  the finite domain  (  (E)x (E) )N,     > P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Point a

AE(<∅,∅,∅,∅,∅,∅> )= 
<∅,{a+b}, {}, {a*b}, {a*b}, {a+b, a*b}> 
AE(<∅,{a+b}, {}, {a*b}, {a*b}, {a+b, a*b}>)=  
<∅,{a+b}, {a+b}, {a+b,a*b}, {a+b,a*b}, {a+b,a*b}> 

x:= a+b;

y:= a*b;

1

2

x=a+b;
3

•  Example 



AE is a definite analysis:  
if e   AEentry(p) then e  is really available in entry to p  

the converse does not hold 

• Any fixpoint of the above equation system is an under-approximation  
of really available expressions. 

Between all fix points,  we are thus interested in computing  
the greatest fixpoint (the more precise approximation)  

Also, observe that this is a forward analysis. 

Which  fix point? 

2
<latexit sha1_base64="mv5R9FYz4CLzyudPE79odnUhaiQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBhPBU9gk4OMW9OIxgnlAsoTZyWwyZnZmmZkVwpJ/8OJBEa/+jzf/xtlkETUWNBRV3XR3+RFn2rjup5NbWV1b38hvFra2d3b3ivsHbS1jRWiLSC5V18eaciZoyzDDaTdSFIc+px1/cp36nQeqNJPizkwj6oV4JFjACDZWapf7TJQLg2LJrbhzoGVSzUgJMjQHxY/+UJI4pMIQjrXuVd3IeAlWhhFOZ4V+rGmEyQSPaM9SgUOqvWR+7QydWGWIAqlsCYPm6s+JBIdaT0PfdobYjPVfLxX/83qxCS68hIkoNlSQxaIg5shIlL6OhkxRYvjUEkwUs7ciMsYKE2MDWoRwmeLs++Vl0q5VqvVK/bZWalxlceThCI7hFKpwDg24gSa0gMA9PMIzvDjSeXJenbdFa87JZg7hF5z3L1MpjnA=</latexit>



Computing the greatest fix point

x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 
E = {a+b, a*b, a+1}

The starting point, for all n  
AEentry(n)=AEexit(n)={a+b,a*b,a+1}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

n killAE(n) genAE(n)

1 ∅ {a+b}

2 ∅ {a*b}

3 ∅ {a+b}

4 {a+b, a*b,a+1} ∅

5 ∅ {a+b}

AEentry(1)= ∅                  AEexit(1)={a+b} 

AEentry(2)={a+b}         AEexit(2) ={a+b,a*b} 

AEentry(3)={a+b,a*b}   AEexit(3)={a+b,a*b} 

AEentry(4)={a+b,a*b}   AEexit(4)={} 

AEentry(5)={}               AEexit(5)={a+b}

AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)



AEexit(1)= AEentry(1) U {a+b} 

AEexit(2)= AEentry(2) U {a*b} 

AEexit(3)= AEentry(3) U {a+b} 

AEexit(4)= AEentry(4) - {a+b, a*b, a+1} 

AEexit(5)= AEentry(5) U {a+b}

n AEentry(n) AEexit(n)

1 ∅ {a+b}

2 {a+b} {a+b, a*b}

3 {a+b,a*b} {a+b,a*b}

4 {a+b,a*b} ∅

5 ∅ {a+b} n AEentry(n) AEexit(n)

1 ∅ {a+b}

2 {a+b} {a+b, a*b}

3 {a+b} {a+b}

4 {a+b} ∅

5 ∅ {a+b}

Second iteration
AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5



n AEentry(n) AEexit(n)

1 ∅ {a+b}

2 {a+b} {a+b, a*b}

3 {a+b} {a+b}

4 {a+b} ∅

5 ∅ {a+b}

AEexit(1)= AEentry(1) U {a+b} 

AEexit(2)= AEentry(2) U {a*b} 

AEexit(3)= AEentry(3) U {a+b} 

AEexit(4)= AEentry(4) - {a+b, a*b, a+1} 

AEexit(5)= AEentry(5) U {a+b}

Third iteration and Greatest Fixpoint

n AEentry(n) AEexit(n)

1 ∅ {a+b}

2 {a+b} {a+b, a*b}

3 {a+b} {a+b}

4 {a+b} ∅

5 ∅ {a+b}

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

AEentry(p)=∅  if p is initial  

AEentry(p)= ∩{AEexit(q) | q in pre[p] } 

AEexit(p) = (AEentry(p) \ killAE(p))  U  genAE(p)



n AEentry(n) AEexit(n)

1 ∅ {a+b}

2 {a+b} {a+b, a*b}

3 {a+b} {a+b}

4 {a+b} ∅

5 ∅ {a+b}

Result

x:= a+b;

y:= a*b;

1

2

y>a+b;
3

a:=a+1;
4

x=a+b;
5

x:=a+b; y:=a*b; while y>a+b do (a:=a+1; x:=a+b) 



A[i,j]=B[i,j]+C[i,j]

Application: Common Subexpression Elimination



A Dataflow Analysis Framework

• The above dataflow analyses (Reaching Definitions, 
Available Expressions, Live Variables) reveal many 
similarities. 

• One major advantage of a unifying framework of 
dataflow analysis lies in the design of a generic 
analysis algorithm that can be instantiated in order to 
compute different dataflow analyses. 



Possible Analysis 
Semantics 
Analysis

Definite Analysis 
Analysis 

 Semantics

Forward                
in[n]                 out[n]        
 pre                   post

Reaching definitions  Available   
expressions

 Backward           
out[n]             in[n]              
post                 pre 

Live variables Very busy 
expressions

Catalogue of Dataflow Analyses
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