
Dataflow Analyses 



Code Optimization in Compilers



Control flow graph

• Program commands are encoded by nodes in a control flow 
graph 

• If a command S may be directly followed by a command T 
then the control flow graph must include a direct arc from 
the node encoding S to the node encoding T



  [ input n; ]1 

[ m:= 1; ]2  

  [ while n>1 do ]3   

[ m:= m * n; ]4 

  [ n:= n - 1; ]5 

[ output m; ]6 

input n;

m:= 1;

n>1;
m:= m*n;

n:= n-1;
output m;
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We will see data-flow analyses: 
-Liveness analysis 
- Reaching definitions  analysis 
-Available Expressions analysis

Data-Flow analyses



Liveness or Live Variables Analysis

• We need to translate the source program in the 
intermediate representation IR that can use a large 
(potentially unbounded) number of registers.  

• but the program will be  executed by a processor with 
a (finite and) small number of registers 

• Two variables a and b can be stored on the same 
register when it turns out that a and b are never 
simultaneously “used”



IR: Three Address Code

Three-address instruction has at most three operands 
and is typically a combination of an assignment and a 
binary operator.  
For example: t1 := t2 + t3. 

The name derives from the use of three operands in 
these statements even though instructions with fewer 
operands may occur.
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IR: Three Address Code example



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

a = 0; 
do { 
  b = a+1; 
  c += b; 
  a = b*2; 
} 
while (a<N); 
return c;

We may observe that there is not 
need for two distinct variables an 
and b we could use  a unique variable, 
because a and b are never 
simultaneously used.

Example



Live Variables Analysis
• A compiler needs to analyze programs in IR in order to 

find out which variables are simultaneously used 

• A variable X is live at the exit of a command C if X stores 
a value which will be actually used in the future, that is, 
X will be used as R-value with no previous use as L-value 

• A variable X which is not live at the exit of C is also 
called dead (this information can be used for dead code 
elimination) 

• This is an undecidable property



b:= a+1;

a:= 0;
1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Back to the example 

• A variable X is live when it stores a value 
which will be later used with no prior 
assignment to X 

• The “last” use of the variable b as r-value is in  
command 4 

• The variable b is used in command 4: it is 
therefore live along the arc 3 → 4 

• Command 3 does not assign b, hence b is live 
along  2 → 3 

• Command 2 assigns b. This means that the 
value of b along 1 → 2 will not be used later 

• Thus, the “live range” of b turns out to be: {2 
→ 3, 3 → 4}



a:= 0;

b:= a+1;
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c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Live variables

• a is live along 4 � 5 and 5 � 2 

• a is live along 1 → 2 
• a is not live along 2 → 3 and 3 → 4 

• Even if the variable a stores a value in node 
3, this value will not be later used, since 
node 4 assigns a new value to the variable 
a.



a:= 0;

b:= a+1;
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c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

• c is live along all the arcs  
• By the way: liveness analysis can be 

exploited to deduce that if c is a 
local variable then c will be used with 
no prior initialization (this 
information can be used by compilers 
to raise a warning message)

More on live variables



a:= 0;

b:= a+1;

1
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c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
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a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;

➔ Two registers are enough: variables a and b will be 
never simultaneously live along the same arc



ab:= 0;

ab:= ab+1;

1
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c:= c+ab;
3

ab:= ab*2;
4

ab<N;
5

return c;
6

Variables a and b will be 
never simultaneously live 
along the same arc. Hence, 
instead of using two distinct 
variables a and b we can 
correctly employ a single 
variable ab



a:= 0;

b:= a+1;
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c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

We need a way to compute live variables

• A CFG has outgoing edges (out-edges) that lead to 
successor nodes, and ingoing edges (in-edges) that 
originate from predecessor nodes.  

• pre[n] and post[n] denote, respectively, the 
predecessor and successor nodes of some node n. 

• As an example, in this CFG: 
— 2 and 6 are the out-edges of node 5 because 

5 → 6 and 5 → 2 are the out-edges of 5 
— 1 and 5 are the in-edges of node 2 since        

    5 → 2 and 1 → 2 are the in-edges of 2 

— pre[2]={1,5}; post[5]={2,6}.



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

• An assignment to some variable (a use of the 
variable as L-value) is called a definition of the 
variable 

• A use of some variable as R-value in a command is 
called a use of this variable 

• def[n] denotes the set of variables that are 
defined in the node n 

• use[n] denotes the set of variables that are used 
in the node n 

• As an example, in this CFG: 
• def[3]={c}, def[5]= 
• use[3]={b,c}, use[5]={a}

Notation

;
<latexit sha1_base64="XyJA1P140YrPYWC/Se2PL5fLl4Q=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BFvBU0nqQY9FLx4r2A9IQ9lsJ+3S3STsToQQ+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W6WNza3tnfJuZW//4PCoenzS1XGqGHRYLGLVD6gGwSPoIEcB/UQBlYGAXjC9m/u9J1Cax9EjZgn4ko4jHnJG0UhefQAywUwD1ofVmtNwFrDXiVuQGinQHla/BqOYpRIiZIJq7blOgn5OFXImYFYZpBoSyqZ0DJ6hEZWg/Xxx8sy+MMrIDmNlKkJ7of6eyKnUOpOB6ZQUJ3rVm4v/eV6K4Y2f8yhJESK2XBSmwsbYnv9vj7gChiIzhDLFza02m1BFGZqUKiYEd/XlddJtNtyrRvOhWWvdFnGUyRk5J5fEJdekRe5Jm3QIIzF5Jq/kzULrxXq3PpatJauYOSV/YH3+APXUkQk=</latexit>



a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Formalization

• A variable x is live along an arc e�f if there exists a 
(real) execution path P from the node e to some node 
n such that: 
—e�f is the first arc of such path P 
—x   use[n]  
—for any node n'≠e and n'≠n in the path P, 

x∉def[n’] 

• A variable x is live-out in some node n if x is live 
along some (i.e., at least one) out-edge of n 

• A variable x is live-in in some node n if x is live 
along any in-edge of n 

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



As an example, in this CFG: 

a is live along 1 � 2, 4 � 5 and 5 � 2 

b is live along 2 � 3, 3 � 4 

c is live  along any arc 

a is live-in in node 2, while it is not live-out in node 2 

a is live-out in node 5

a:= 0;

b:= a+1;

1

2

c:= c+b;
3

a:= b*2;
4

a<N;
5

return c;
6

Example



Computing Liveness

Let us define the following notation:  

in[n] is the set of variables that the static analysis 
determines to be live-in at node n 

out[n] is the set of variables that the static analysis 
determines to be live-out at node n 

 



y:= x+z+2;
n

in[n] ⊇ use[n] 

Computing Liveness

 Liveness information:  the sets in[n] and out[n]  is computed 
as an over-approximation in the following way 

1. If a variable x   use[n] then x is live-in in node n.  
In other terms, if a node n uses a variable x as R-value then 
this variable x is live along each arc that enters into n.

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

 n node of the CFG



y:= w+z*2; n

in[n] ⊇ out[n] - def[n] 

Computing Liveness

2. If a variable x is live-out in a node n and x ∉ def[n] then the 
variable x is also live-in in this node n. 
If a variable x is live for some arc that leaves a node n and x is 
not assigned in n then x is live for all the arcs that enter in n 



y:= x+z*2;
m

n2n1

out[n1] ⊇ U{in[m] | m ∈ post[n1]} 
out[n2] ⊇ U{in[m] | m ∈ post[n2]}  

Computing Liveness

3. If a variable x is live-in in a node m then x is live-out for all the 
nodes n such that m∈post[n]. 

 This is clearly correct by definition.



Dataflow Equations

 The previous three rules of liveness analysis can be 
thus formalized by two equations for each node n: 

1. in[n] = use[n] U (out[n] - def[n])  (rules 1 and 2) 

2. out[n] = U{in[m] | m ∈ post[n]}  (rule 3)



This definition of liveness analysis in[n] and out[n] is correct: 
 If x is concretely live-in (live-out) in some node n then the 
static analysis will detect that x   in[n]  (x  out[n]): 

in[n] ⊇ live-in[n] 
out[n] ⊇ live-out[n] 

In other terms, no actually live variable is neglected by liveness 
analysis.  

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>

Correctness of Liveness

2
<latexit sha1_base64="X9aYZzXzh4ElmLweYFpCgAFGqJs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiAQlcyN6yBxv29i67cyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemEph0HW/ncLG5tb2TnG3tLd/cHhUPj5pmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3dxvP3FtRKIecZLyIKZDJSLBKFrJr/aEqvbLFbfmLkDWiZeTCuRo9stfvUHCspgrZJIa0/XcFIMp1SiY5LNSLzM8pWxMh7xrqaIxN8F0ceyMXFhlQKJE21JIFurviSmNjZnEoe2MKY7MqjcX//O6GUY3wVSoNEOu2HJRlEmCCZl/TgZCc4ZyYgllWthbCRtRTRnafEo2BG/15XXSqte8q1r9oV5p3OZxFOEMzuESPLiGBtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ABiCOKQ==</latexit>



Correctness in Dragon Book



Liveness analysis is approximate: 

 it assumes that each path of the CFG is a feasible path 
while this hypothesis is obviously not true 

Computing Liveness



Liveness analysis is approximate: it assumes that each path 
of the CFG actually is a feasible path while this hypothesis 
is obviously not true.  

a:=b*b;

c:=a+b;

c>=b
3

return c return a

The analysis determines that a is live-in in 
5, and therefore a is live-out in 3. 
However, no real execution path from 3 to 
5 exists (because b+b*b<b is always false) 
so that a is not really live when exiting 3! 

1

2

4 5

Computing Liveness



        1.  in[n] = use[n] U (out[n] - def[n]) 

 2.  out[n] = U {in[m] | m ∈ post[n]} 

Live variable analysis is computed as the least fixpoint of 
the set of equations  {1,2} for the sets in and out of  each 
program point  

Correctness tells us that in[n] ⊇ live-in[n] and out[n] ⊇ live-
out[n]

Least Fixpoint



1. in[n] = use[n] U (out[n] - def[n]) 
2. out[n] = U {in[m] | m ∈ post[n]} 
• Let Vars be the finite set of variables that occur in the program P to 

analyze. Let N be the number of nodes of the CFG of P. 
 Thus, the map Live:  
          (     (Vars)x (Vars) )N -> (  (Vars)x (Vars) )N defined by  

 Live(<in1,out1,…,inN,outN>)= 

 <use[1] (out1-def[1]),      inm, …., use[N]  (outN -def[N]),       inm>

is a monotonic (and therefore continuous) function on the finite lattice   
               <(  (Vars)x (Vars) )N,         > and therefore Live has  
                                             
                                    a  least fixpoint

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

P
<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[
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<latexit sha1_base64="qMOnj/ANoPL4RCJnCIcZtqpLr0c=">AAAB73icbVA9SwNBEJ3zM8avqKXNYiJYhbtYaBm0sYxgPiA5wt5mL1myt3fuzgnhyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTqXHqCSNSr9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5vVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqIijYEb/nlVdKqVb3Lau2+Vq7f5HEU4BTO4AI8uII63EEDmsBAwjO8wpvz6Lw4787HonXNyWdO4A+czx+rJI8Q</latexit>

[

m2post[1]
<latexit sha1_base64="v6gm6NLaDYrTO7gh0Rq5h63utzk=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQudFl047KCfUASwmQ6aYfOI8xMhBK6cOOvuHGhiFs/wp1/47TNQlsPXDiccy/33pNkjGrjed/O2vrG5tZ2Zae6u7d/cOgeHXe1zBUmHSyZVP0EacKoIB1DDSP9TBHEE0Z6yfhm5vceiNJUinszyUjE0VDQlGJkrBS7tTAIEzrEeRYXPKQCZlKbwI+mMIxit+41vDngKvFLUgcl2rH7FQ4kzjkRBjOkdeB7mYkKpAzFjEyrYa5JhvAYDUlgqUCc6KiYPzGFZ1YZwFQqW8LAufp7okBc6wlPbCdHZqSXvZn4nxfkJr2KCiqy3BCBF4vSnEEj4SwROKCKYMMmliCsqL0V4hFSCBubW9WG4C+/vEq6zYZ/0WjeNeut6zKOCqiBU3AOfHAJWuAWtEEHYPAInsEreHOenBfn3flYtK455cwJ+APn8wdgG5fn</latexit>

[

m2post[N ]
<latexit sha1_base64="xzpu6+fjaJFiSBTBdSo2sgXGh6E=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVlgLGChQkViT6kJIoc122t2o5lO0hV1IGFX2FhACFWPoKNv8FtM0DLka50dM69uveeRDKqjed9O6W19Y3NrfJ2ZWd3b//APTzq6DRTmLRxylLVS5AmjArSNtQw0pOKIJ4w0k3G1zO/+0CUpqm4NxNJIo6Ggg4oRsZKsVsNgzChQ5zJOOchFVCm2gS30RSGUezWvLo3B1wlfkFqoEArdr/CfoozToTBDGkd+J40UY6UoZiRaSXMNJEIj9GQBJYKxImO8vkTU3hqlT4cpMqWMHCu/p7IEdd6whPbyZEZ6WVvJv7nBZkZXEY5FTIzRODFokHGoEnhLBHYp4pgwyaWIKyovRXiEVIIG5tbxYbgL7+8SjqNun9eb9w1as2rIo4yqIITcAZ8cAGa4Aa0QBtg8AiewSt4c56cF+fd+Vi0lpxi5hj8gfP5A4ygmAQ=</latexit>

✓2N
<latexit sha1_base64="k1EM9ZcW1UU7pZhXBqO4ryopynk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclSQudFl040oq2AcksUymN+3QycOZiRBC/RU3LhRx64e482+ctllo64ELh3Pu5d57gpQzqSzr21hZXVvf2KxsVbd3dvf2zYPDjkwyQaFNE56IXkAkcBZDWzHFoZcKIFHAoRuMr6Z+9xGEZEl8p/IU/IgMYxYySpSW+mbNcz2ZBRIUPNwXzs0Ee37frFsNawa8TOyS1FGJVt/88gYJzSKIFeVESte2UuUXRChGOUyqXiYhJXRMhuBqGpMIpF/Mjp/gE60McJgIXbHCM/X3REEiKfMo0J0RUSO56E3F/zw3U+GFX7A4zRTEdL4ozDhWCZ4mgQdMAFU814RQwfStmI6IIFTpvKo6BHvx5WXScRr2WcO5derNyzKOCjpCx+gU2egcNdE1aqE2oihHz+gVvRlPxovxbnzMW1eMcqaG/sD4/AFobZSZ</latexit>

Computing the fix point


