
Abstract Interpretation: 
an Introduction 



Abstraction: selecting a property



Abstraction: selecting one out of many properties



Abstraction and correctness



Value abstraction are classic to computing 



Abstract values represent sets of concrete values

Function    maps each abstract value to the set of concrete values 
that it represents

�
<latexit sha1_base64="3xh/Y75kSFymD/scbHlIiZNlelw=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqf4SFwFU0KFfsmp0BLRInJxXI0RyUP/rDkMSCBppwrFTPsSPtJlhqRjidlfqxohEmEzyiPUMDLKhyk+zgGToyyhD5oTQVaJSpPycSLJSaCs90CqzH6q+Xiv95vVj7F27CgijWNCDzRX7MkQ5R+j0aMkmJ5lNDMJHM3IrIGEtMtMmolIVwmeLs++VF0q7XnJPa6W290rjK4yjCARzCMThwDg24gSa0gICAR3iGF0taT9ar9TZvLVj5zD78gvX+BbHmj9E=</latexit>



7

Sets of concrete values are abstracted imprecisely



Intuition I

↵
<latexit sha1_base64="/nE6liJQLR0QIQv5sfLEkHMOx7A=">AAAB8HicbVDLSsNAFJ3UV62vqks3g63gqiRVfOyKblxWsA9pQ7mZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8U5SygLc00p91IUhAepx1vcp36nQcqFQuDOz2NqCtgFDCfEdBGuq/2gUdjqOJBuWLX7Ax4kTg5qaAczUH5oz8MSSxooAkHpXqOHWk3AakZ4XRW6seKRkAmMKI9QwMQVLlJdvAMHxlliP1Qmgo0ztSfEwkIpabCM50C9Fj99VLxP68Xa//CTVgQxZoGZL7IjznWIU6/x0MmKdF8aggQycytmIxBAtEmo1IWwmWKs++XF0m7XnNOaqe39UrjKo+jiA7QITpGDjpHDXSDmqiFCBLoET2jF0taT9ar9TZvLVj5zD76Bev9C7aCj9Q=</latexit> must be monotone 



must be monotone �
<latexit sha1_base64="3xh/Y75kSFymD/scbHlIiZNlelw=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqf4SFwFU0KFfsmp0BLRInJxXI0RyUP/rDkMSCBppwrFTPsSPtJlhqRjidlfqxohEmEzyiPUMDLKhyk+zgGToyyhD5oTQVaJSpPycSLJSaCs90CqzH6q+Xiv95vVj7F27CgijWNCDzRX7MkQ5R+j0aMkmJ5lNDMJHM3IrIGEtMtMmolIVwmeLs++VF0q7XnJPa6W290rjK4yjCARzCMThwDg24gSa0gICAR3iGF0taT9ar9TZvLVj5zD78gvX+BbHmj9E=</latexit>

Intuition II



Abstracting a set of 2D points



Abstracting a set of 2D points



Abstracting a set of 2D points



Abstracting a set of 2D points



Abstracting a set of 2D points



Abstracting a set of 2D points



Abstracting a set of 2D points





Abstract Interpretation

A formal technique used since 40 years (Patrick e Radhia 
Cousot, 1977) to systematically design abstractions and 
approximations





Abstract Interpretation

• Designed to describe static analyses of imperative 
programs and to prove their correctness  

• Since then, applied to numerous classes of 
programming languages and software/hardware 
systems 

• Today, viewed as a general technique for reasoning on 
semantics at various abstraction levels



The general idea
• The starting point is a concrete semantics that provides 

the meaning of program commands into a given 
computational domain 

• An abstract domain, which models some properties of 
interest of concrete computations and leaves out the 
remaining information 

• An abstract semantics that allows us “to abstractly 
execute” a program on the abstract domain in order to 
compute the program properties modeled by the abstract 
domain. 

• The computation of the abstract semantics typically 
involves fixpoint computations



Relation between      and �
<latexit sha1_base64="3xh/Y75kSFymD/scbHlIiZNlelw=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqf4SFwFU0KFfsmp0BLRInJxXI0RyUP/rDkMSCBppwrFTPsSPtJlhqRjidlfqxohEmEzyiPUMDLKhyk+zgGToyyhD5oTQVaJSpPycSLJSaCs90CqzH6q+Xiv95vVj7F27CgijWNCDzRX7MkQ5R+j0aMkmJ5lNDMJHM3IrIGEtMtMmolIVwmeLs++VF0q7XnJPa6W290rjK4yjCARzCMThwDg24gSa0gICAR3iGF0taT9ar9TZvLVj5zD78gvX+BbHmj9E=</latexit>

↵
<latexit sha1_base64="/nE6liJQLR0QIQv5sfLEkHMOx7A=">AAAB8HicbVDLSsNAFJ3UV62vqks3g63gqiRVfOyKblxWsA9pQ7mZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8U5SygLc00p91IUhAepx1vcp36nQcqFQuDOz2NqCtgFDCfEdBGuq/2gUdjqOJBuWLX7Ax4kTg5qaAczUH5oz8MSSxooAkHpXqOHWk3AakZ4XRW6seKRkAmMKI9QwMQVLlJdvAMHxlliP1Qmgo0ztSfEwkIpabCM50C9Fj99VLxP68Xa//CTVgQxZoGZL7IjznWIU6/x0MmKdF8aggQycytmIxBAtEmo1IWwmWKs++XF0m7XnNOaqe39UrjKo+jiA7QITpGDjpHDXSDmqiFCBLoET2jF0taT9ar9TZvLVj5zD76Bev9C7aCj9Q=</latexit>



�(↵(S))
<latexit sha1_base64="c9R8qHR1VGQNkyZ5OfX5hDQqpBQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVoNyWx4mNXdOOyon1AE8rNdNIOnUnCzEQpsZ/ixoUibv0Sd/6NSRpErQcuHM65l3vvcUNGpTLNT62wtLyyulZcL21sbm3v6OXdjgwigUkbBywQPRckYdQnbUUVI71QEOAuI113cpn63TsiJA38WzUNicNh5FOPYlCJNNDL9gg4h6oNLBxD9aZWG+gVs25mMBaJlZMKytEa6B/2MMARJ7 7CDKTsW2aonBiEopiRWcmOJAkBT2BE+gn1gRPpxNnpM+MwUYaGF4ikfGVk6s+JGLiUU+4mnRzUWP71UvE/rx8p78yJqR9Givh4vsiLmKECI83BGFJBsGLThAAWNLnVwGMQgFWSVikL4TzFyffLi6RzVLca9cb1caV5kcdRRPvoAFWRhU5RE12hFmojjO7RI3pGL9qD9qS9am/z1oKWz+yhX9DevwDq45NC</latexit>

S
<latexit sha1_base64="ZbDMFqh5XVZdkUlQjiNBkNxyG6I=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRIrPnZFNy5btA9oQ5lMb9qxk0mYmQgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSaFFQx7KrkcUcCagpZnm0I0kkMDj0PEm16nfeQCpWCju9DQCNyAjwXxGiTZS83ZQrthVOwNeJE5OKihHY1D+6A9DGgcgNOVEqZ5jR9pNiNSMcpiV+rGCiNAJGUHPUEECUG6SHTrDR0YZYj+UpoTGmfpzIiGBUtPAM50B0WP110vF/7xerP0LN2EiijUIOl/kxxzrEKdf4yGTQDWfGkKoZOZWTMdEEqpNNqUshMsUZ98vL5L2SdWpVWvN00r9Ko+jiA7QITpGDjpHdXSDGqiFKAL0iJ7Ri3VvPVmv1tu8tWDlM/voF6z3L8btjQ4=</latexit>

↵(S)
<latexit sha1_base64="FLfVS1z3n3ZXmgPLcYJ08RzhZNM=">AAAB8HicbVDLSsNAFL3xWeur6tLNYBHqpiRWfOyKblxWtA9pQ5lMJ+3QySTMTIQS+hVuXCji1s9x5984SYOo9cCFwzn3cu89XsSZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98VXqtx+oVCwUd3oSUTfAQ8F8RrA20n0P82iEK7dH/VLZrtoZ0DxxclKGHI1+6aM3CEkcUKEJx0p1HTvSboKlZoTTabEXKxphMsZD2jVU4IAqN8kOnqJDowyQH0pTQqNM/TmR4ECpSeCZzgDrkfrrpeJ/XjfW/rmbMBHFmgoyW+THHOkQpd+jAZOUaD4xBBPJzK2IjLDERJuMilkIFylOv1+eJ63jqlOr1m5OyvXLPI4C7MMBVMCBM6jDNTSgCQQCeIRneLGk9WS9Wm+z1gUrn9mDX7DevwATkJAR</latexit>

P (ConcreteData)
<latexit sha1_base64="geAaqKtyRLy0tE3uo1nh1L4yIpg=">AAAB+HicbVDLSgNBEJz1GeMjqx69LAYhXsLGiI9bMB48RjAPSEKYnXSSIbOzy0yvEJd8iRcPinj1U7z5N84mi6ixoKGo6qa7ywsF1+i6n9bS8srq2npmI7u5tb2Ts3f3GjqIFIM6C0SgWh7VILiEOnIU0AoVUN8T0PTG1cRv3oPSPJB3OAmh69Oh5APOKBqpZ+dqhWogmQKEa4r0uGfn3aI7g7NISinJkxS1nv3R6Qcs8kEiE1TrdskNsRtThZwJmGY7kYaQsjEdQttQSX3Q3Xh2+NQ5MkrfGQTKlERnpv6ciKmv9cT3TKdPcaT/eon4n9eOcHDRjbkMIwTJ5osGkXAwcJIUnD5XwFBMDKFMcXOrw0ZUUYYmq+wshMsEZ98vL5LGSbFULpZvT/OVqzSODDkgh6RASuScVMgNqZE6YSQij+SZvFgP1pP1ar3NW5esdGaf/IL1/gX1apLG</latexit>

AbstractProperties
<latexit sha1_base64="cU5WLfZluD70E5MrEm2dPamgVa8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRWfOyqblxWsA9oQ5lMb9qhkwczEyGE+ituXCji1g9x5984SYOo9cCFwzn3ztx73IgzqSzr0ygtLa+srpXXKxubW9s75u5eR4axoNCmIQ9FzyUSOAugrZji0IsEEN/l0HWn15nfvQchWRjcqSQCxyfjgHmMEqWloVm9dKUShCrcEmEEQjGQQ7Nm1a0ceJHYBamhAq2h+TEYhTT2IVCUEyn7thUpJyX6NcphVhnEEiJCp2QMfU0D4oN00nz5GT7Uygh7odAVKJyrPydS4kuZ+K7u9ImayL9eJv7n9WPlnTspC6JYQUDnH3kxxyrEWRJ4xARQxRNNCBVM74rphGRZ6LwqeQgXGU6/T14kneO63ag3bk9qzasijjLaRwfoCNnoDDXRDWqhNqIoQY/oGb0YD8aT8Wq8zVtLRjFTRb9gvH8B/FiVIQ==</latexit>

◆
<latexit sha1_base64="RoaJBv8VtZ6zptip4pZxpG+PD9k=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyq+LgFvXiMYB6SLGF20psMmZldZ2aFsOQrvHhQxKuf482/cTZZRI0FDUVVN91dQcyZNq776RQWFpeWV4qrpbX1jc2t8vZOU0eJotCgEY9UOyAaOJPQMMxwaMcKiAg4tILRVea3HkBpFslbM47BF2QgWcgoMVa66+ok1mDgvleuuFV3CjxPvJxUUI56r/zR7Uc0ESAN5UTrjufGxk+JMoxymJS6iYaY0BEZQMdSSQRoP50ePMEHVunjMFK2pMFT9edESoTWYxHYTkHMUP/1MvE/r5OY8NxPmYwTA5LOFoUJxybC2fe4zxRQw8eWEKqYvRXTIVGEGptRaRrCRYbT75fnSfOo6h1Xj29OKrXLPI4i2kP76BB56AzV0DWqowaiSKBH9IxeHOU8Oa/O26y14OQzu+gXnPcvUHWQ4Q==</latexit>

↵
<latexit sha1_base64="53vrC/QoUSvK6zfA0ZbLAnU7pyQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZI2aLsrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRvF14ELh3Pu5d57gphRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjhKJxKSNBROyFyBFGOWkralmpBdLgqKAkW4wvcz87h2Rigp+o2cx8SM05jSkGGkjdQaIxRM0LFdc21kAOnbVq3tew5Bc+bQqIEdrWH4bjAROIsI1ZkipvuvE2k+R1BQzMi8NEkVihKdoTPqGchQR5aeLa+fwxCgjGAppimu4UL9PpChSahYFpjNCeqJ+e5n4n9dPdFj3U8rjRBOOl4vChEEtYPY6HFFJsGYzQxCW1NwK8QRJhLUJqGRCcOxGhrOvl/+STtV2a3bt2qs0L/I4iuAIHINT4IJz0ARXoAXaAINbcA8ewZMlrAfr2XpZthasfOYQ/ID1+gHSl49v</latexit>

�
<latexit sha1_base64="Zx28nUon7pAuXgsZyPc8nZJS2S0=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4GmYSjeYW9OIxglkgGUJPpydp08vQ3SOEkH/w4kERr/6PN//GnkkIbg8KHu9VUVUvjBnVxvM+ndzK6tr6Rn6zsLW9s7tX3D9oaZkoTJpYMqk6IdKEUUGahhpGOrEiiIeMtMPxdeq3H4jSVIo7M4lJwNFQ0IhiZKzU6g0R56hfLHmu55e98yr03ErZ96s16LtehiUpgQUa/eJHbyBxwokwmCGtu74Xm2CKlKGYkVmhl2gSIzxGQ9K1VCBOdDDNrp3BE6sMYCSVLWFgpn6fmCKu9YSHtpMjM9K/vVT8z+smJroMplTEiSECzxdFCYNGwvR1OKCKYMMmliCsqL0V4hFSCBsbUCELoZai+vf3JWmVXb/iVm7PSvWrRRx5cASOwSnwwQWogxvQAE2AwT14BM/gxZHOk/PqvM1bc85i5hD8gPP+BdWQj3E=</latexit>

  and      are monotone�
<latexit sha1_base64="Zx28nUon7pAuXgsZyPc8nZJS2S0=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4GmYSjeYW9OIxglkgGUJPpydp08vQ3SOEkH/w4kERr/6PN//GnkkIbg8KHu9VUVUvjBnVxvM+ndzK6tr6Rn6zsLW9s7tX3D9oaZkoTJpYMqk6IdKEUUGahhpGOrEiiIeMtMPxdeq3H4jSVIo7M4lJwNFQ0IhiZKzU6g0R56hfLHmu55e98yr03ErZ96s16LtehiUpgQUa/eJHbyBxwokwmCGtu74Xm2CKlKGYkVmhl2gSIzxGQ9K1VCBOdDDNrp3BE6sMYCSVLWFgpn6fmCKu9YSHtpMjM9K/vVT8z+smJroMplTEiSECzxdFCYNGwvR1OKCKYMMmliCsqL0V4hFSCBsbUCELoZai+vf3JWmVXb/iVm7PSvWrRRx5cASOwSnwwQWogxvQAE2AwT14BM/gxZHOk/PqvM1bc85i5hD8gPP+BdWQj3E=</latexit>

↵
<latexit sha1_base64="53vrC/QoUSvK6zfA0ZbLAnU7pyQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZI2aLsrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRvF14ELh3Pu5d57gphRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjhKJxKSNBROyFyBFGOWkralmpBdLgqKAkW4wvcz87h2Rigp+o2cx8SM05jSkGGkjdQaIxRM0LFdc21kAOnbVq3tew5Bc+bQqIEdrWH4bjAROIsI1ZkipvuvE2k+R1BQzMi8NEkVihKdoTPqGchQR5aeLa+fwxCgjGAppimu4UL9PpChSahYFpjNCeqJ+e5n4n9dPdFj3U8rjRBOOl4vChEEtYPY6HFFJsGYzQxCW1NwK8QRJhLUJqGRCcOxGhrOvl/+STtV2a3bt2qs0L/I4iuAIHINT4IJz0ARXoAXaAINbcA8ewZMlrAfr2XpZthasfOYQ/ID1+gHSl49v</latexit>

S ✓ � � ↵(S)
<latexit sha1_base64="CYuEh1AusAxzyVIGdEZHZzLCekc=">AAACCnicbVDLTgJBEJz1ifhCPXoZJSZ4IYsYHzeiF48Y5JGwG9I7NDBhZnedmTUhhLMXf8WLB43x6hd4829cFmJUrKSTSlV3uru8UHBtbPvTmptfWFxaTq2kV9fWNzYzW9s1HUSKYZUFIlANDzQK7mPVcCOwESoE6Qmse/3LsV+/Q6V54N+YQYiuhK7PO5yBiaVWZq/i6MjTaPCWOl2QEqjDuGLUARH2IFc5bGWydt5OQGdJYUqyZIpyK/PhtAMWSfQNE6B1s2CHxh2CMpwJHKWdSGMIrA9dbMbUB4naHSavjOhBrLRpJ1Bx+YYm6s+JIUitB9KLOyWYnv7rjcX/vGZkOmfukPthZNBnk0WdSFAT0HEutM0VMiMGMQGmeHwrZT1QwEycXjoJ4XyMk++XZ0ntKF8o5ovXx9nSxTSOFNkl+yRHCuSUlMgVKZMqYeSePJJn8mI9WE/Wq/U2aZ2zpjM75Bes9y8m85oJ</latexit>

Galois insertions:  more properties than monotonicity 

= a
<latexit sha1_base64="TIseMl3ldqME5rfmfO7i2ps+5jo=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiRWfCyEohuXFewD2lAm00k7dGYSZiZCCf0FNy4UcesPufNvTNIgaj1w4XDOvdx7jx9xpo3jfFqlpeWV1bXyemVjc2t7x97da+swVoS2SMhD1fWxppxJ2jLMcNqNFMXC57TjT24yv/NAlWahvDfTiHoCjyQLGMEmk9AVwgO76tScHGiRuAWpQoHmwP7oD0MSCyoN4VjrnutExkuwMoxwOqv0Y00jTCZ4RHsplVhQ7SX5rTN0lCpDFIQqLWlQrv6cSLDQeir8tFNgM9Z/vUz8z+vFJrjwEiaj2FBJ5ouCmCMTouxxNGSKEsOnKcFEsfRWRMZYYWLSeCp5CJcZzr5fXiTtk5pbr9XvTquN6yKOMhzAIRyDC+fQgFtoQgsIjOERnuHFEtaT9Wq9zVtLVjGzD79gvX8BCWONtw==</latexit>

{1,2}

nonneg

{0,1,2….}

↵ � �(a) = a
<latexit sha1_base64="ndWwJiUMVFp47u/c9M59kYcQzWk=">AAACBHicbVDLSgNBEJz1GeMr6jGXwUSIl7AbxcdBCHrxGME8IBtC72Q2GTKzu8zMCiHk4MVf8eJBEa9+hDf/xtlNEDUWNBRV3XR3eRFnStv2p7WwuLS8sppZy65vbG5t53Z2GyqMJaF1EvJQtjxQlLOA1jXTnLYiSUF4nDa94VXiN++oVCwMbvUooh0B/YD5jIA2UjeXL7rAowFglzBJsNsHIaAEhxdQxN1cwS7bKfA8cWakgGaodXMfbi8ksaCBJhyUajt2pDtjkJoRTidZN1Y0AjKEPm0bGoCgqjNOn5jgA6P0sB9KU4HGqfpzYgxCqZHwTKcAPVB/vUT8z2vH2j/rjFkQxZoGZLrIjznWIU4SwT0mKdF8ZAgQycytmAxAAtEmt2wawnmCk++X50mjUnaOysc3lUL1chZHBuXRPiohB52iKrpGNVRHBN2jR/SMXqwH68l6td6mrQvWbGYP/YL1/gUw9Jal</latexit>

w
<latexit sha1_base64="cxGlkA+BoMEhQpmjcJbP7dYfLrY=">AAAB9XicbVDLSsNAFJ34rPVVdelmsBVclbSKj13RjcsK9gFtLJPpTTt0MklnJkoJ/Q83LhRx67+482+cpEHUeuDC4Zx7ufceN+RMadv+tBYWl5ZXVnNr+fWNza3tws5uUwWRpNCgAQ9k2yUKOBPQ0ExzaIcSiO9yaLmjq8Rv3YNULBC3ehKC45OBYB6jRBvprtRVYxWFCjSMS7hXKNplOwWeJ5WMFFGGeq/w0e0HNPJBaMqJUp2KHWonJlIzymGa70YKQkJHZAAdQwXxQTlxevUUHxqlj71AmhIap+rPiZj4Sk1813T6RA/VXy8R//M6kfbOnZiJMNIg6GyRF3GsA5xEgPtMAtV8YgihkplbMR0SSag2QeXTEC4SnH6/PE+a1XLluHxyUy3WLrM4cmgfHaAjVEFnqIauUR01EEUSPaJn9GI9WE/Wq/U2a12wspk99AvW+xcUE5Je</latexit>



↵
<latexit sha1_base64="53vrC/QoUSvK6zfA0ZbLAnU7pyQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZI2aLsrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRvF14ELh3Pu5d57gphRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjhKJxKSNBROyFyBFGOWkralmpBdLgqKAkW4wvcz87h2Rigp+o2cx8SM05jSkGGkjdQaIxRM0LFdc21kAOnbVq3tew5Bc+bQqIEdrWH4bjAROIsI1ZkipvuvE2k+R1BQzMi8NEkVihKdoTPqGchQR5aeLa+fwxCgjGAppimu4UL9PpChSahYFpjNCeqJ+e5n4n9dPdFj3U8rjRBOOl4vChEEtYPY6HFFJsGYzQxCW1NwK8QRJhLUJqGRCcOxGhrOvl/+STtV2a3bt2qs0L/I4iuAIHINT4IJz0ARXoAXaAINbcA8ewZMlrAfr2XpZthasfOYQ/ID1+gHSl49v</latexit>

F(S)

S

◆
<latexit sha1_base64="RoaJBv8VtZ6zptip4pZxpG+PD9k=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyq+LgFvXiMYB6SLGF20psMmZldZ2aFsOQrvHhQxKuf482/cTZZRI0FDUVVN91dQcyZNq776RQWFpeWV4qrpbX1jc2t8vZOU0eJotCgEY9UOyAaOJPQMMxwaMcKiAg4tILRVea3HkBpFslbM47BF2QgWcgoMVa66+ok1mDgvleuuFV3CjxPvJxUUI56r/zR7Uc0ESAN5UTrjufGxk+JMoxymJS6iYaY0BEZQMdSSQRoP50ePMEHVunjMFK2pMFT9edESoTWYxHYTkHMUP/1MvE/r5OY8NxPmYwTA5LOFoUJxybC2fe4zxRQw8eWEKqYvRXTIVGEGptRaRrCRYbT75fnSfOo6h1Xj29OKrXLPI4i2kP76BB56AzV0DWqowaiSKBH9IxeHOU8Oa/O26y14OQzu+gXnPcvUHWQ4Q==</latexit>

Correct function abstraction: F monotone

F  w
<latexit sha1_base64="cxGlkA+BoMEhQpmjcJbP7dYfLrY=">AAAB9XicbVDLSsNAFJ34rPVVdelmsBVclbSKj13RjcsK9gFtLJPpTTt0MklnJkoJ/Q83LhRx67+482+cpEHUeuDC4Zx7ufceN+RMadv+tBYWl5ZXVnNr+fWNza3tws5uUwWRpNCgAQ9k2yUKOBPQ0ExzaIcSiO9yaLmjq8Rv3YNULBC3ehKC45OBYB6jRBvprtRVYxWFCjSMS7hXKNplOwWeJ5WMFFGGeq/w0e0HNPJBaMqJUp2KHWonJlIzymGa70YKQkJHZAAdQwXxQTlxevUUHxqlj71AmhIap+rPiZj4Sk1813T6RA/VXy8R//M6kfbOnZiJMNIg6GyRF3GsA5xEgPtMAtV8YgihkplbMR0SSag2QeXTEC4SnH6/PE+a1XLluHxyUy3WLrM4cmgfHaAjVEFnqIauUR01EEUSPaJn9GI9WE/Wq/U2a12wspk99AvW+xcUE5Je</latexit>

↵ � F � �
<latexit sha1_base64="axQHPb0nL7tJKG9aIMCKbcnGbPw=">AAACBnicbVDLSsNAFJ34rPUVdSnCYCu4KmkVH7uiIC4r2Ac0odxMJ+3QmSTMTIQSunLjr7hxoYhbv8Gdf2OSBlHrgcs9nHMvM/e4IWdKW9anMTe/sLi0XFgprq6tb2yaW9stFUSS0CYJeCA7LijKmU+bmmlOO6GkIFxO2+7oMvXbd1QqFvi3ehxSR8DAZx4joBOpZ+6VbeDhEGzCJMFXeNrtAQgBZdwzS1bFyoBnSTUnJZSj0TM/7H5AIkF9TTgo1a1aoXZikJoRTidFO1I0BDKCAe0m1AdBlRNnZ0zwQaL0sRfIpHyNM/XnRgxCqbFwk0kBeqj+eqn4n9eNtHfmxMwPI019Mn3IizjWAU4zwX0mKdF8nBAgkiV/xWQIEohOkitmIZynOPk+eZa0apXqUeX4plaqX+RxFNAu2keHqIpOUR1dowZqIoLu0SN6Ri/Gg/FkvBpv09E5I9/ZQb9gvH8BMSCXzA==</latexit>

]
<latexit sha1_base64="1wUXqT4CybgGD4nYUhLu730dQFE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqX42xjKpoUK7YNTsDWiROTiqQozkof/SHIYkFDTThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YGWFDlJtnBM3RklCHyQ2kq0ChTf04kWCg1FZ7pFFiP1V8vFf/zerH2L9yEBVGsaUDmi/yYIx2i9Hs0ZJISzaeGYCKZuRUREwAm2mRUykK4THH2/fIiaddrzknt9LZeaVzlcRThAA7hGBw4hwbcQBNaQEDAIzzDiyWtJ+vVepu3Fqx8Zh9+wXr/Ats6j+w=</latexit>

P (ConcreteData)
<latexit sha1_base64="geAaqKtyRLy0tE3uo1nh1L4yIpg=">AAAB+HicbVDLSgNBEJz1GeMjqx69LAYhXsLGiI9bMB48RjAPSEKYnXSSIbOzy0yvEJd8iRcPinj1U7z5N84mi6ixoKGo6qa7ywsF1+i6n9bS8srq2npmI7u5tb2Ts3f3GjqIFIM6C0SgWh7VILiEOnIU0AoVUN8T0PTG1cRv3oPSPJB3OAmh69Oh5APOKBqpZ+dqhWogmQKEa4r0uGfn3aI7g7NISinJkxS1nv3R6Qcs8kEiE1TrdskNsRtThZwJmGY7kYaQsjEdQttQSX3Q3Xh2+NQ5MkrfGQTKlERnpv6ciKmv9cT3TKdPcaT/eon4n9eOcHDRjbkMIwTJ5osGkXAwcJIUnD5XwFBMDKFMcXOrw0ZUUYYmq+wshMsEZ98vL5LGSbFULpZvT/OVqzSODDkgh6RASuScVMgNqZE6YSQij+SZvFgP1pP1ar3NW5esdGaf/IL1/gX1apLG</latexit>

AbstractProperties
<latexit sha1_base64="cU5WLfZluD70E5MrEm2dPamgVa8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRWfOyqblxWsA9oQ5lMb9qhkwczEyGE+ituXCji1g9x5984SYOo9cCFwzn3ztx73IgzqSzr0ygtLa+srpXXKxubW9s75u5eR4axoNCmIQ9FzyUSOAugrZji0IsEEN/l0HWn15nfvQchWRjcqSQCxyfjgHmMEqWloVm9dKUShCrcEmEEQjGQQ7Nm1a0ceJHYBamhAq2h+TEYhTT2IVCUEyn7thUpJyX6NcphVhnEEiJCp2QMfU0D4oN00nz5GT7Uygh7odAVKJyrPydS4kuZ+K7u9ImayL9eJv7n9WPlnTspC6JYQUDnH3kxxyrEWRJ4xARQxRNNCBVM74rphGRZ6LwqeQgXGU6/T14kneO63ag3bk9qzasijjLaRwfoCNnoDDXRDWqhNqIoQY/oGb0YD8aT8Wq8zVtLRjFTRb9gvH8B/FiVIQ==</latexit>

�(↵(S))
<latexit sha1_base64="M71wwFOGIrUkG42JKv3ZU5MeCG0=">AAAB/XicbVDJTgJBEO3BDXHD5ealI5jAhcygcbkRvXjEKEsChNQ0DXTonpl095jghPgrXjxojFf/w5t/Y89AjIovqeTlvapU1XMDzpS27U8rtbC4tLySXs2srW9sbmW3d+rKDyWhNeJzXzZdUJQzj9Y005w2A0lBuJw23NFl7DfuqFTM9271OKAdAQOP9RkBbaRudi/fHoAQUGgDD4ZQuCkW87ibzdklOwGeJ86M5NAM1W72o93zSSiopwkHpVqOHehOBFIzwukk0w4VDYCMYEBbhnogqOpEyfUTfGiUHu770pSncaL+nIhAKDUWrukUoIfqrxeL/3mtUPfPOhHzglBTj0wX9UOOtY/jKHCPSUo0HxsCRDJzKyZDkEC0CSyThHAe4+T75XlSL5eco9LxdTlXuZjFkUb76AAVkINOUQVdoSqqIYLu0SN6Ri/Wg/VkvVpv09aUNZvZRb9gvX8BBf6Txw==</latexit>

F ](↵(S))
<latexit sha1_base64="kjiS73jJdispM3Bt+CumtT8owec=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWArtJuSVPGxKwrisqJ9QBPLZDpph04ezEyEErvwV9y4UMStv+HOv3GSBlHrgQuHc+7l3nuckFEhDeNTy83NLywu5ZcLK6tr6xv65lZLBBHHpIkDFvCOgwRh1CdNSSUjnZAT5DmMtJ3ReeK37wgXNPBv5DgktocGPnUpRlJJPX2ndHFriSHiYdlCLByi8nWlUoI9vWhUjRRwlpgZKYIMjZ7+YfUDHHnEl5ghIbqmEUo7RlxSzMikYEWChAiP0IB0FfWRR4Qdp/dP4L5S+tANuCpfwlT9OREjT4ix56hOD8mh+Osl4n9eN5LuiR1TP4wk8fF0kRsxKAOYhAH7lBMs2VgRhDlVt0KsskBYqsgKaQinCY6+X54lrVrVPKgeXtWK9bMsjjzYBXugDExwDOrgEjRAE2BwDx7BM3jRHrQn7VV7m7bmtGxmG/yC9v4FgCiUmg==</latexit>

↵(S)
<latexit sha1_base64="B8+8ESKXGvKOUcF0EwTe1IqITiQ=">AAAB83icbVDLSsNAFJ3UV62vqks3g61QNyWp4mNXdOOyon1AE8pkOmmHTibDzEQoob/hxoUibv0Zd/6NkzSIWg9cOJxzL/fe4wtGlbbtT6uwtLyyulZcL21sbm3vlHf3OiqKJSZtHLFI9nykCKOctDXVjPSEJCj0Gen6k+vU7z4QqWjE7/VUEC9EI04DipE2klt1ERNjVLs7rsJBuWLX7QxwkTg5qYAcrUH5wx1GOA4J15ghpfqOLbSXIKkpZmRWcmNFBMITNCJ9QzkKifKS7OYZPDLKEAaRNMU1zNSfEwkKlZqGvukMkR6rv14q/uf1Yx1ceAnlItaE4/miIGZQRzANAA6pJFizqSEIS2puhXiMJMLaxFTKQrhMcfb98iLpNOrOSf30tlFpXuVxFMEBOAQ14IBz0AQ3oAXaAAMBHsEzeLFi68l6td7mrQUrn9kHv2C9fwEnj5CW</latexit>

F (�(↵(S)))
<latexit sha1_base64="GVcJpoazHFUu90EnoHWwzvLCAiw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgZbId2UtIqPXVEQlxXtA9pSbqaTduhMEmYmQind+CtuXCji1s9w59+YpEHUeuDC4Zx7ufceJ+BMadv+NDILi0vLK9nV3Nr6xuaWub3TUH4oCa0Tn/uy5YCinHm0rpnmtBVICsLhtOmMLmO/eU+lYr53p8cB7QoYeMxlBHQk9cy9wpXVGYAQYHWAB0OwbovFYgH3zLxdshPgeVJOSR6lqPXMj07fJ6GgniYclGqX7UB3JyA1I5xOc51Q0QDICAa0HVEPBFXdSfLAFB9GSh+7vozK0zhRf05MQCg1Fk7UKUAP1V8vFv/z2qF2z7oT5gWhph6ZLXJDjrWP4zRwn0lKNB9HBIhk0a2YDEEC0VFmuSSE8xgn3y/Pk0alVD4qHd9U8tWLNI4s2kcHyEJldIqq6BrVUB0RNEWP6Bm9GA/Gk/FqvM1aM0Y6s4t+wXj/Amm8lHw=</latexit>



↵
<latexit sha1_base64="53vrC/QoUSvK6zfA0ZbLAnU7pyQ=">AAAB7XicbVDLSsNAFJ3UV62vqks3g0VwFZI2aLsrunFZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSRvF14ELh3Pu5d57gphRpR3n3SqsrK6tbxQ3S1vbO7t75f2DjhKJxKSNBROyFyBFGOWkralmpBdLgqKAkW4wvcz87h2Rigp+o2cx8SM05jSkGGkjdQaIxRM0LFdc21kAOnbVq3tew5Bc+bQqIEdrWH4bjAROIsI1ZkipvuvE2k+R1BQzMi8NEkVihKdoTPqGchQR5aeLa+fwxCgjGAppimu4UL9PpChSahYFpjNCeqJ+e5n4n9dPdFj3U8rjRBOOl4vChEEtYPY6HFFJsGYzQxCW1NwK8QRJhLUJqGRCcOxGhrOvl/+STtV2a3bt2qs0L/I4iuAIHINT4IJz0ARXoAXaAINbcA8ewZMlrAfr2XpZthasfOYQ/ID1+gHSl49v</latexit>

�
<latexit sha1_base64="Zx28nUon7pAuXgsZyPc8nZJS2S0=">AAAB7XicbVDJSgNBEO2JW4xb1KOXxiB4GmYSjeYW9OIxglkgGUJPpydp08vQ3SOEkH/w4kERr/6PN//GnkkIbg8KHu9VUVUvjBnVxvM+ndzK6tr6Rn6zsLW9s7tX3D9oaZkoTJpYMqk6IdKEUUGahhpGOrEiiIeMtMPxdeq3H4jSVIo7M4lJwNFQ0IhiZKzU6g0R56hfLHmu55e98yr03ErZ96s16LtehiUpgQUa/eJHbyBxwokwmCGtu74Xm2CKlKGYkVmhl2gSIzxGQ9K1VCBOdDDNrp3BE6sMYCSVLWFgpn6fmCKu9YSHtpMjM9K/vVT8z+smJroMplTEiSECzxdFCYNGwvR1OKCKYMMmliCsqL0V4hFSCBsbUCELoZai+vf3JWmVXb/iVm7PSvWrRRx5cASOwSnwwQWogxvQAE2AwT14BM/gxZHOk/PqvM1bc85i5hD8gPP+BdWQj3E=</latexit>

◆
<latexit sha1_base64="RoaJBv8VtZ6zptip4pZxpG+PD9k=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyq+LgFvXiMYB6SLGF20psMmZldZ2aFsOQrvHhQxKuf482/cTZZRI0FDUVVN91dQcyZNq776RQWFpeWV4qrpbX1jc2t8vZOU0eJotCgEY9UOyAaOJPQMMxwaMcKiAg4tILRVea3HkBpFslbM47BF2QgWcgoMVa66+ok1mDgvleuuFV3CjxPvJxUUI56r/zR7Uc0ESAN5UTrjufGxk+JMoxymJS6iYaY0BEZQMdSSQRoP50ePMEHVunjMFK2pMFT9edESoTWYxHYTkHMUP/1MvE/r5OY8NxPmYwTA5LOFoUJxybC2fe4zxRQw8eWEKqYvRXTIVGEGptRaRrCRYbT75fnSfOo6h1Xj29OKrXLPI4i2kP76BB56AzV0DWqowaiSKBH9IxeHOU8Oa/O26y14OQzu+gXnPcvUHWQ4Q==</latexit>

Optimal function abstraction: F monotone

F   = ↵ � F � �
<latexit sha1_base64="axQHPb0nL7tJKG9aIMCKbcnGbPw=">AAACBnicbVDLSsNAFJ34rPUVdSnCYCu4KmkVH7uiIC4r2Ac0odxMJ+3QmSTMTIQSunLjr7hxoYhbv8Gdf2OSBlHrgcs9nHMvM/e4IWdKW9anMTe/sLi0XFgprq6tb2yaW9stFUSS0CYJeCA7LijKmU+bmmlOO6GkIFxO2+7oMvXbd1QqFvi3ehxSR8DAZx4joBOpZ+6VbeDhEGzCJMFXeNrtAQgBZdwzS1bFyoBnSTUnJZSj0TM/7H5AIkF9TTgo1a1aoXZikJoRTidFO1I0BDKCAe0m1AdBlRNnZ0zwQaL0sRfIpHyNM/XnRgxCqbFwk0kBeqj+eqn4n9eNtHfmxMwPI019Mn3IizjWAU4zwX0mKdF8nBAgkiV/xWQIEohOkitmIZynOPk+eZa0apXqUeX4plaqX+RxFNAu2keHqIpOUR1dowZqIoLu0SN6Ri/Gg/FkvBpv09E5I9/ZQb9gvH8BMSCXzA==</latexit>

]
<latexit sha1_base64="1wUXqT4CybgGD4nYUhLu730dQFE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqX42xjKpoUK7YNTsDWiROTiqQozkof/SHIYkFDTThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YGWFDlJtnBM3RklCHyQ2kq0ChTf04kWCg1FZ7pFFiP1V8vFf/zerH2L9yEBVGsaUDmi/yYIx2i9Hs0ZJISzaeGYCKZuRUREwAm2mRUykK4THH2/fIiaddrzknt9LZeaVzlcRThAA7hGBw4hwbcQBNaQEDAIzzDiyWtJ+vVepu3Fqx8Zh9+wXr/Ats6j+w=</latexit>

P (ConcreteData)
<latexit sha1_base64="geAaqKtyRLy0tE3uo1nh1L4yIpg=">AAAB+HicbVDLSgNBEJz1GeMjqx69LAYhXsLGiI9bMB48RjAPSEKYnXSSIbOzy0yvEJd8iRcPinj1U7z5N84mi6ixoKGo6qa7ywsF1+i6n9bS8srq2npmI7u5tb2Ts3f3GjqIFIM6C0SgWh7VILiEOnIU0AoVUN8T0PTG1cRv3oPSPJB3OAmh69Oh5APOKBqpZ+dqhWogmQKEa4r0uGfn3aI7g7NISinJkxS1nv3R6Qcs8kEiE1TrdskNsRtThZwJmGY7kYaQsjEdQttQSX3Q3Xh2+NQ5MkrfGQTKlERnpv6ciKmv9cT3TKdPcaT/eon4n9eOcHDRjbkMIwTJ5osGkXAwcJIUnD5XwFBMDKFMcXOrw0ZUUYYmq+wshMsEZ98vL5LGSbFULpZvT/OVqzSODDkgh6RASuScVMgNqZE6YSQij+SZvFgP1pP1ar3NW5esdGaf/IL1/gX1apLG</latexit>

AbstractProperties
<latexit sha1_base64="cU5WLfZluD70E5MrEm2dPamgVa8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRWfOyqblxWsA9oQ5lMb9qhkwczEyGE+ituXCji1g9x5984SYOo9cCFwzn3ztx73IgzqSzr0ygtLa+srpXXKxubW9s75u5eR4axoNCmIQ9FzyUSOAugrZji0IsEEN/l0HWn15nfvQchWRjcqSQCxyfjgHmMEqWloVm9dKUShCrcEmEEQjGQQ7Nm1a0ceJHYBamhAq2h+TEYhTT2IVCUEyn7thUpJyX6NcphVhnEEiJCp2QMfU0D4oN00nz5GT7Uygh7odAVKJyrPydS4kuZ+K7u9ImayL9eJv7n9WPlnTspC6JYQUDnH3kxxyrEWRJ4xARQxRNNCBVM74rphGRZ6LwqeQgXGU6/T14kneO63ag3bk9qzasijjLaRwfoCNnoDDXRDWqhNqIoQY/oGb0YD8aT8Wq8zVtLRjFTRb9gvH8B/FiVIQ==</latexit>

�(↵(S))
<latexit sha1_base64="M71wwFOGIrUkG42JKv3ZU5MeCG0=">AAAB/XicbVDJTgJBEO3BDXHD5ealI5jAhcygcbkRvXjEKEsChNQ0DXTonpl095jghPgrXjxojFf/w5t/Y89AjIovqeTlvapU1XMDzpS27U8rtbC4tLySXs2srW9sbmW3d+rKDyWhNeJzXzZdUJQzj9Y005w2A0lBuJw23NFl7DfuqFTM9271OKAdAQOP9RkBbaRudi/fHoAQUGgDD4ZQuCkW87ibzdklOwGeJ86M5NAM1W72o93zSSiopwkHpVqOHehOBFIzwukk0w4VDYCMYEBbhnogqOpEyfUTfGiUHu770pSncaL+nIhAKDUWrukUoIfqrxeL/3mtUPfPOhHzglBTj0wX9UOOtY/jKHCPSUo0HxsCRDJzKyZDkEC0CSyThHAe4+T75XlSL5eco9LxdTlXuZjFkUb76AAVkINOUQVdoSqqIYLu0SN6Ri/Wg/VkvVpv09aUNZvZRb9gvX8BBf6Txw==</latexit>

F ](↵(S))
<latexit sha1_base64="kjiS73jJdispM3Bt+CumtT8owec=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWArtJuSVPGxKwrisqJ9QBPLZDpph04ezEyEErvwV9y4UMStv+HOv3GSBlHrgQuHc+7l3nuckFEhDeNTy83NLywu5ZcLK6tr6xv65lZLBBHHpIkDFvCOgwRh1CdNSSUjnZAT5DmMtJ3ReeK37wgXNPBv5DgktocGPnUpRlJJPX2ndHFriSHiYdlCLByi8nWlUoI9vWhUjRRwlpgZKYIMjZ7+YfUDHHnEl5ghIbqmEUo7RlxSzMikYEWChAiP0IB0FfWRR4Qdp/dP4L5S+tANuCpfwlT9OREjT4ix56hOD8mh+Osl4n9eN5LuiR1TP4wk8fF0kRsxKAOYhAH7lBMs2VgRhDlVt0KsskBYqsgKaQinCY6+X54lrVrVPKgeXtWK9bMsjjzYBXugDExwDOrgEjRAE2BwDx7BM3jRHrQn7VV7m7bmtGxmG/yC9v4FgCiUmg==</latexit>

↵(S)
<latexit sha1_base64="B8+8ESKXGvKOUcF0EwTe1IqITiQ=">AAAB83icbVDLSsNAFJ3UV62vqks3g61QNyWp4mNXdOOyon1AE8pkOmmHTibDzEQoob/hxoUibv0Zd/6NkzSIWg9cOJxzL/fe4wtGlbbtT6uwtLyyulZcL21sbm3vlHf3OiqKJSZtHLFI9nykCKOctDXVjPSEJCj0Gen6k+vU7z4QqWjE7/VUEC9EI04DipE2klt1ERNjVLs7rsJBuWLX7QxwkTg5qYAcrUH5wx1GOA4J15ghpfqOLbSXIKkpZmRWcmNFBMITNCJ9QzkKifKS7OYZPDLKEAaRNMU1zNSfEwkKlZqGvukMkR6rv14q/uf1Yx1ceAnlItaE4/miIGZQRzANAA6pJFizqSEIS2puhXiMJMLaxFTKQrhMcfb98iLpNOrOSf30tlFpXuVxFMEBOAQ14IBz0AQ3oAXaAAMBHsEzeLFi68l6td7mrQUrn9kHv2C9fwEnj5CW</latexit>

F (�(↵(S)))
<latexit sha1_base64="GVcJpoazHFUu90EnoHWwzvLCAiw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgZbId2UtIqPXVEQlxXtA9pSbqaTduhMEmYmQind+CtuXCji1s9w59+YpEHUeuDC4Zx7ufceJ+BMadv+NDILi0vLK9nV3Nr6xuaWub3TUH4oCa0Tn/uy5YCinHm0rpnmtBVICsLhtOmMLmO/eU+lYr53p8cB7QoYeMxlBHQk9cy9wpXVGYAQYHWAB0OwbovFYgH3zLxdshPgeVJOSR6lqPXMj07fJ6GgniYclGqX7UB3JyA1I5xOc51Q0QDICAa0HVEPBFXdSfLAFB9GSh+7vozK0zhRf05MQCg1Fk7UKUAP1V8vFv/z2qF2z7oT5gWhph6ZLXJDjrWP4zRwn0lKNB9HBIhk0a2YDEEC0VFmuSSE8xgn3y/Pk0alVD4qHd9U8tWLNI4s2kcHyEJldIqq6BrVUB0RNEWP6Bm9GA/Gk/FqvM1aM0Y6s4t+wXj/Amm8lHw=</latexit>



F ]<latexit sha1_base64="1wUXqT4CybgGD4nYUhLu730dQFE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqX42xjKpoUK7YNTsDWiROTiqQozkof/SHIYkFDTThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YGWFDlJtnBM3RklCHyQ2kq0ChTf04kWCg1FZ7pFFiP1V8vFf/zerH2L9yEBVGsaUDmi/yYIx2i9Hs0ZJISzaeGYCKZuRUREwAm2mRUykK4THH2/fIiaddrzknt9LZeaVzlcRThAA7hGBw4hwbcQBNaQEDAIzzDiyWtJ+vVepu3Fqx8Zh9+wXr/Ats6j+w=</latexit>

◆
<latexit sha1_base64="RoaJBv8VtZ6zptip4pZxpG+PD9k=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyq+LgFvXiMYB6SLGF20psMmZldZ2aFsOQrvHhQxKuf482/cTZZRI0FDUVVN91dQcyZNq776RQWFpeWV4qrpbX1jc2t8vZOU0eJotCgEY9UOyAaOJPQMMxwaMcKiAg4tILRVea3HkBpFslbM47BF2QgWcgoMVa66+ok1mDgvleuuFV3CjxPvJxUUI56r/zR7Uc0ESAN5UTrjufGxk+JMoxymJS6iYaY0BEZQMdSSQRoP50ePMEHVunjMFK2pMFT9edESoTWYxHYTkHMUP/1MvE/r5OY8NxPmYwTA5LOFoUJxybC2fe4zxRQw8eWEKqYvRXTIVGEGptRaRrCRYbT75fnSfOo6h1Xj29OKrXLPI4i2kP76BB56AzV0DWqowaiSKBH9IxeHOU8Oa/O26y14OQzu+gXnPcvUHWQ4Q==</latexit>

Fixpoint computation: F monotone

lfp( F  ) is a correct approximation of  
that is lfp( F  )  

]
<latexit sha1_base64="1wUXqT4CybgGD4nYUhLu730dQFE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqX42xjKpoUK7YNTsDWiROTiqQozkof/SHIYkFDTThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YGWFDlJtnBM3RklCHyQ2kq0ChTf04kWCg1FZ7pFFiP1V8vFf/zerH2L9yEBVGsaUDmi/yYIx2i9Hs0ZJISzaeGYCKZuRUREwAm2mRUykK4THH2/fIiaddrzknt9LZeaVzlcRThAA7hGBw4hwbcQBNaQEDAIzzDiyWtJ+vVepu3Fqx8Zh9+wXr/Ats6j+w=</latexit>

]
<latexit sha1_base64="1wUXqT4CybgGD4nYUhLu730dQFE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqX42xjKpoUK7YNTsDWiROTiqQozkof/SHIYkFDTThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YGWFDlJtnBM3RklCHyQ2kq0ChTf04kWCg1FZ7pFFiP1V8vFf/zerH2L9yEBVGsaUDmi/yYIx2i9Hs0ZJISzaeGYCKZuRUREwAm2mRUykK4THH2/fIiaddrzknt9LZeaVzlcRThAA7hGBw4hwbcQBNaQEDAIzzDiyWtJ+vVepu3Fqx8Zh9+wXr/Ats6j+w=</latexit>

F
lfp(F) lfp(F )]<latexit sha1_base64="1wUXqT4CybgGD4nYUhLu730dQFE=">AAAB8HicbVDLSsNAFL2pr1pfVZduBlvBVUmq+NgV3bisYB/ShjKZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8ryllAW5ppTruRpFh4nHa8yXXqdx6oVCwM7vQ0oq7Ao4D5jGBtpPtqX42xjKpoUK7YNTsDWiROTiqQozkof/SHIYkFDTThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YGWFDlJtnBM3RklCHyQ2kq0ChTf04kWCg1FZ7pFFiP1V8vFf/zerH2L9yEBVGsaUDmi/yYIx2i9Hs0ZJISzaeGYCKZuRUREwAm2mRUykK4THH2/fIiaddrzknt9LZeaVzlcRThAA7hGBw4hwbcQBNaQEDAIzzDiyWtJ+vVepu3Fqx8Zh9+wXr/Ats6j+w=</latexit>

↵(lfp(F ))
<latexit sha1_base64="EcyHRWgLKI9X749E2UZNbJ6BhFA=">AAAB+nicbVDLSsNAFJ3UV62vVJduBluh3ZSkio9dURCXFewD2lAm00k7dJIMMxOlxH6KGxeKuPVL3Pk3TtIgaj1w4XDOvdx7j8sZlcqyPo3c0vLK6lp+vbCxubW9YxZ32zKMBCYtHLJQdF0kCaMBaSmqGOlyQZDvMtJxJ5eJ37kjQtIwuFVTThwfjQLqUYyUlgZmsdxHjI9RhXm8clWtluHALFk1KwVcJHZGSiBDc2B+9IchjnwSKMyQlD3b4sqJkVAUMzIr9CNJOMITNCI9TQPkE+nE6ekzeKiVIfRCoStQMFV/TsTIl3Lqu7rTR2os/3qJ+J/Xi5R35sQ04JEiAZ4v8iIGVQiTHOCQCoIVm2qCsKD6VojHSCCsdFqFNITzBCffLy+Sdr1mH9WOb+qlxkUWRx7sgwNQATY4BQ1wDZqgBTC4B4/gGbwYD8aT8Wq8zVtzRjazB37BeP8Cv0+Sfw==</latexit>

↵
<latexit sha1_base64="/nE6liJQLR0QIQv5sfLEkHMOx7A=">AAAB8HicbVDLSsNAFJ3UV62vqks3g63gqiRVfOyKblxWsA9pQ7mZTtqhM0mYmQgl9CvcuFDErZ/jzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8U5SygLc00p91IUhAepx1vcp36nQcqFQuDOz2NqCtgFDCfEdBGuq/2gUdjqOJBuWLX7Ax4kTg5qaAczUH5oz8MSSxooAkHpXqOHWk3AakZ4XRW6seKRkAmMKI9QwMQVLlJdvAMHxlliP1Qmgo0ztSfEwkIpabCM50C9Fj99VLxP68Xa//CTVgQxZoGZL7IjznWIU6/x0MmKdF8aggQycytmIxBAtEmo1IWwmWKs++XF0m7XnNOaqe39UrjKo+jiA7QITpGDjpHDXSDmqiFCBLoET2jF0taT9ar9TZvLVj5zD76Bev9C7aCj9Q=</latexit>

w ↵(lfp(F ))
<latexit sha1_base64="qe2C+NA0RTSas57CX1qHSBo0140=">AAACBnicbVDLSsNAFJ3UV62vqksRBluh3ZS0io9dURCXFewDmlIm05t26CSZzkyEUrpy46+4caGIW7/BnX9jkgZR64ELh3Pu5d57bMGZ0qb5aaQWFpeWV9KrmbX1jc2t7PZOQ/mBpFCnPvdlyyYKOPOgrpnm0BISiGtzaNrDy8hv3oFUzPdu9VhAxyV9jzmMEh1K3ex+3lIjFQgFGkbYIlwMSIE7onBVLOZxN5szS2YMPE/KCcmhBLVu9sPq+TRwwdOUE6XaZVPozoRIzSiHacYKFAhCh6QP7ZB6xAXVmcRvTPFhqPSw48uwPI1j9efEhLhKjV077HSJHqi/XiT+57UD7Zx1JswTgQaPzhY5Acfax1EmuMckUM3HISFUsvBWTAdEEqrD5DJxCOcRTr5fnieNSql8VDq+qeSqF0kcabSHDlABldEpqqJrVEN1RNE9ekTP6MV4MJ6MV+Nt1poykpld9AvG+xdEBZfR</latexit>









An example : a possible concrete semantics 
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A possible concrete semantics



A possible concrete semantics



….and so on…………….



Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

while (x <= 100) {
(x , y) ∈ Q ∈ OS2

b = foo(x, y);

if (b) x = x+2

else { x = x+1; y = y+1;

} /* else */

} /* while */

Abstract domain (bidimensional
octagonal shapes):

〈OS2,⊆,∅,R2,$,∩〉.

Correctness:

X ⊆ P =⇒ F(X ) ⊆ F !(P).

Abstract semantics:

Q ∈ postfp(F !).
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

while (x <= 100) {
{1 = 0}

b = foo(x, y);

if (b) x = x+2

else { x = x+1; y = y+1;

} /* else */

} /* while */
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{1 = 0}
b = foo(x, y);

if (b) x = x+2

else { x = x+1; y = y+1;

} /* else */

} /* while */

O x

y

Roberto Bagnara, AFMLab & BUGSENG srl, Parma, Italy Formal Methods for the Verification of Critical Software



Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{x = 0, y = 0}
b = foo(x, y);

if (b) x = x+2

else { x = x+1; y = y+1;

} /* else */

} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{x = 0, y = 0}
b = foo(x, y);

if (b) x = x+2

{x = 2, y = 0}
else { x = x+1; y = y+1;

} /* else */

} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{x = 0, y = 0}
b = foo(x, y);

if (b) x = x+2

{x = 2, y = 0}
else { x = x+1; y = y+1;

{x = 1, y = 1}
} /* else */

} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{x = 0, y = 0}
b = foo(x, y);

if (b) x = x+2

{x = 2, y = 0}
else { x = x+1; y = y+1;

{x = 1, y = 1}
} /* else */

{x = 2, y = 0}! {x = 1, y = 1}
} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{x = 0, y = 0}
b = foo(x, y);

if (b) x = x+2

{x = 2, y = 0}
else { x = x+1; y = y+1;

{x = 1, y = 1}
} /* else */

{1 ≤ x ≤ 2, x + y = 2}
} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {
{x = 0, y = 0}

! {1 ≤ x ≤ 2, x + y = 2}
b = foo(x, y);

if (b) x = x+2

{x = 2, y = 0}
else { x = x+1; y = y+1;

{x = 1, y = 1}
} /* else */

{1 ≤ x ≤ 2, x + y = 2}
} /* while */

O x

y
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A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{0 ≤ y ≤ x , x + y ≤ 2}
b = foo(x, y);

if (b) x = x+2

{x = 2, y = 0}
else { x = x+1; y = y+1;

{x = 1, y = 1}
} /* else */

{1 ≤ x ≤ 2, x + y = 2}
} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{0 ≤ y ≤ x , x + y ≤ 2}
b = foo(x, y);

if (b) x = x+2

{0 ≤ y ≤ x − 2, x + y ≤ 4}
else { x = x+1; y = y+1;

{x = 1, y = 1}
} /* else */

{1 ≤ x ≤ 2, x + y = 2}
} /* while */

O x

y
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A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{0 ≤ y ≤ x , x + y ≤ 2}
b = foo(x, y);

if (b) x = x+2

{0 ≤ y ≤ x − 2, x + y ≤ 4}
else { x = x+1; y = y+1;

{1 ≤ y ≤ x , x + y ≤ 4}
} /* else */

{1 ≤ x ≤ 2, x + y = 2}
} /* while */

O x

y

Roberto Bagnara, AFMLab & BUGSENG srl, Parma, Italy Formal Methods for the Verification of Critical Software



Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{0 ≤ y ≤ x , x + y ≤ 2}
b = foo(x, y);

if (b) x = x+2

{0 ≤ y ≤ x − 2, x + y ≤ 4}
else { x = x+1; y = y+1;

{1 ≤ y ≤ x , x + y ≤ 4}
} /* else */

{0 ≤ y ≤ x − 2, x + y ≤ 4}
# {1 ≤ x ≤ 2, x + y = 2}

} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

A Possible Abstract Semantics

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{0 ≤ y ≤ x , x + y ≤ 2}
b = foo(x, y);

if (b) x = x+2

{0 ≤ y ≤ x − 2, x + y ≤ 4}
else { x = x+1; y = y+1;

{1 ≤ y ≤ x , x + y ≤ 4}
} /* else */

{0 ≤ y ≤ x , 2 ≤ x+y ≤ 4}
} /* while */

O x

y
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Motivation
Formal Methods

Formal Specification
Formal Analysis/Verification

. . . and so on?

x = 0; y = 0;

{x = 0, y = 0}
while (x <= 100) {

{0 ≤ y ≤ x , x + y ≤ 4}
b = foo(x, y);

if (b) x = x+2

{0 ≤ y ≤ x − 2, x + y ≤ 4}
else { x = x+1; y = y+1;

{1 ≤ y ≤ x , x + y ≤ 4}
} /* else */

{0 ≤ y ≤ x , 2 ≤ x+y ≤ 4}
} /* while */

O x

y
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widening! we talk about it later!







False positive



Unsound analysis ⇒ False negative
bugged
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wrong

The rule of signs by Brahmagupta (628)



Concrete semantics

• Let us begin with basic expressions that only allow to 
multiply integer numbers. 
•  Exp ∋ e ::= n | e*e 

• The concrete semantics of these expressions is given 
by a function 𝒮 defined as follows:  
•  𝒮 : Exp →  Z 
•  𝒮(n) = n 
•  𝒮(e1*e2) = 𝒮(e1) × 𝒮(e2)



xa - 0 +
- + 0 -
0 0 0 0
+ - 0 +

Abstract semantics

We consider an abstract semantics σ that computes the 
sign of expressions:                                               

 σ : Exp → {-,0,+} 
  -     if n<0 
 σ(n) =   0    if n=0 
  +    if n>0 

 σ(e1*e2) = σ(e1) ╳a σ(e2)



Correctness

• Let us check that this abstract semantics σ is correct (or sound), 
namely, it correctly computes the sign of expressions.  

• This simple proof relies on a structural induction on the 
expression e and exploits some basic properties of integer 
multiplications (a product of positive numbers is positive, etc.). 

 For any expression e ∈ Exp: 
σ(e) = −   ⇒  𝒮(e) < 0 

  σ(e) = 0   ⇒  𝒮(e) = 0   

  σ(e) = +   ⇒  𝒮(e) > 0   

  



A different perspective

Let us map each abstract value in {-,0,+} to the set of 
concrete values that it represents:  
    

   γ : {-,0,+} → 𝓅(Z) 

   γ(-)  = {x∈Z | x<0} 
   γ(0) = {0} 
   γ(+) = {x∈Z | x>0}



Concretization

• The concretization function γ maps an abstract value to 
a set of concrete values 

• Let us denote the concrete domain by D and the 
abstract domain by A

𝒮(e) ∈ γ(σ(e))
A

𝓅(D)

Exp

σ

𝒮 
γ

{·}
D



Abstract interpretation

• We have specified a naive abstract interpretation. 
• Abstract computations happen in an abstract domain 
• In this case, the abstract domain is {+,0,-}. 

• The abstract semantics is correct, meaning that σ is a 
correct approximation of the concrete semantics 𝒮:      
{𝒮(e)} ⊆ γ(σ(e)) 

• The concretization map establishes the relationship 
between the notions of approximation in the concrete 
and abstract domains 



Adding -

• Let us add to expressions the unary operator that 
changes the sign of an expression 

   Exp ∋ e ::= n | e*e | -e 

 𝒮(-e) = -𝒮(e) 

 σ(-e) = -aσ(e)     where   -a(-) = +,  -a(0) = 0,  -a(+) = - 

 

-a(-) = +,  -a(0) = 0, 
-a(+) = -



We add a new abstract value ⊤ that represents any 
integer number 
   γ(⊤) = Z

xa - 0 + T
- + 0 - T
0 0 0 0 0
+ - 0 + T
T T 0 T T

Adding  now the top element 



+a - 0 + ⊤

- - - ⊤ ⊤

0 - 0 + ⊤

+ ⊤ + + ⊤

⊤ ⊤ ⊤ ⊤ ⊤

We add the + operator

We can now add the + operator



• In some cases we observe a loss of information in the 
abstract semantics 

  
 𝒮((1+2) - 3) = 0 

 σ((1+2)+ -3) = (+ +a +) +a -  =  + +a -  = T 

• In some cases this loss of information does not happen 

 𝒮((5*4) + 6) = 26 

 σ((5*4) + 6) = (+ xa +) +a +  =  + +a +  =  +

Examples



The abstract domain

• The abstract domain is a poset 
whose partial order represents 
the notion of approximation/
precision 

• The partial order must be 
coherent with the concretization 
map:  

• Each subset of the abstract 
domain has lub and glb: it is a 
(complete) lattice

x · y , γ(x) µ γ(y)

− 0 +

?

>



The abstraction function

• The abstraction function α is the counterpart of the 
concretization map γ. 

• The function α maps a set S of concrete values into 
the most precise abstract value that represents S. 

• In our example 
            ?     if S = ; 
               -     if S ≠ ;, S µ Z<0 

      α : "(Z) ! A               α(S) =      0     if S = {0} 

                  +    if S ≠ ;, S µ Z>0 

              >    otherwise



Let us picture it 

− 0 +

><latexit sha1_base64="p0120q1pgn1F8aeg6j2EKIvVRE4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYiJ4CrtRfNyCXjxGMA9IljA7mU2GzM4MM7NCWPIRXjwo4tXv8ebfOJssosaChqKqm+6uUDKqjed9OkvLK6tr64WN4ubW9s5uaW+/pUWiMGliwYTqhEgTRjlpGmoY6UhFUBwy0g7HN5nffiBKU8HvzUSSIEZDTiOKkbFSu9IzQlaK/VLZq3ozuIvEz0kZcjT6pY/eQOAkJtxghrTu+p40QYqUoZiRabGXaCIRHqMh6VrKUUx0kM7OnbrHVhm4kVC2uHFn6s+JFMVaT+LQdsbIjPRfLxP/87qJiS6DlHKZGMLxfFGUMNcIN/vdHVBFsGETSxBW1N7q4hFSCBub0DyEqwzn3y8vklat6p9Wz+5q5fp1HkcBDuEITsCHC6jDLTSgCRjG8AjP8OJI58l5dd7mrUtOPnMAv+C8fwE2zo73</latexit>

?<latexit sha1_base64="eB8JxR6dQwmmWN7JykdXjUXAlik=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJ4CrtRfNyCXjxGMA9IljA7mU2GzM4sM7NCWPIRXjwo4tXv8ebfOJssosaChqKqm+6uIOZMG9f9dJaWV1bX1gsbxc2t7Z3d0t5+S8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++4EqzaS4N5OY+hEeChYygo2V2pVeIE2l2C+V3ao7A1okXk7KkKPRL330BpIkERWGcKx113Nj46dYGUY4nRZ7iaYxJmM8pF1LBY6o9tPZuVN0bJUBCqWyJQyaqT8nUhxpPYkC2xlhM9J/vUz8z+smJrz0UybixFBB5ovChCMjUfY7GjBFieETSzBRzN6KyAgrTIxNaB7CVYbz75cXSatW9U6rZ3e1cv06j6MAh3AEJ+DBBdThFhrQBAJjeIRneHFi58l5dd7mrUtOPnMAv+C8fwEhVo7p</latexit>

P(Z)
<latexit sha1_base64="+S/bz4YjxUM6E/z3Cgh4+Fv73DY=">AAACBnicbVDLSsNAFJ3UV62vqks3g0Wom5Jo8bErunFZwT5oG8pkOmmHTiZhZiKGkL0f4FY/wZ249Tf8An/DSRrEWg9cOJxz78y9xwkYlco0P43C0vLK6lpxvbSxubW9U97da0s/FJi0sM980XWQJIxy0lJUMdINBEGew0jHmV6nfueeCEl9fqeigNgeGnPqUoyUlnoDjFjcTKq942G5YtbMDHCRWDmpgBzNYflrMPJx6BGuMENS9i0zUHaMhKKYkaQ0CCUJEJ6iMelrypFHpB1nGyfwSCsj6PpCF1cwU39PxMiTMvIc3ekhNZF/vVT8z+uHyr2wY8qDUBGOZx+5IYPKh+n5cEQFwYpFmiAsqN4V4gkSCCsd0txLiDE7foiSUpbMZYqznxwWSfukZp3W6rf1SuMqz6gIDsAhqAILnIMGuAFN0AIYcPAEnsGL8Wi8Gm/G+6y1YOQz+2AOxsc3BK+ZbA==</latexit>

{0}
<latexit sha1_base64="SFUkRMQZ+NFBydjjEBqSw3ZGWpQ=">AAACAXicbVDLSsNAFJ3UV62vqks3g0VwVRItPnZFNy4rmLbQhDKZTtqhk0mYmYghZOUHuNVPcCdu/RK/wN9wkgax1gMXDufcO3Pv8SJGpTLNT6OytLyyulZdr21sbm3v1Hf3ujKMBSY2Dlko+h6ShFFObEUVI/1IEBR4jPS86XXu9+6JkDTkdyqJiBugMac+xUhpyXZS08mG9YbZNAvARWKVpAFKdIb1L2cU4jggXGGGpBxYZqTcFAlFMSNZzYkliRCeojEZaMpRQKSbFstm8EgrI+iHQhdXsFB/T6QokDIJPN0ZIDWRf71c/M8bxMq/cFPKo1gRjmcf+TGDKoT55XBEBcGKJZogLKjeFeIJEggrnc/cS4gxN31IslqRzGWOs58cFkn3pGmdNlu3rUb7qsyoCg7AITgGFjgHbXADOsAGGFDwBJ7Bi/FovBpvxvustWKUM/tgDsbHN6all5s=</latexit>

{�1,�9}
<latexit sha1_base64="TNRISVlnhxi2lICa8yomwbMFaCo=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwYUuiRe2u6MZlBfuAJJTJdNIOnTyYmYgh5AP8ALf6Ce7ErZ/hF/gbTtIg1nrgwuGce2fuPU7IqJC6/qmVlpZXVtfK65WNza3tneruXk8EEcekiwMW8IGDBGHUJ11JJSODkBPkOYz0nel15vfvCRc08O9kHBLbQ2OfuhQjqSTTSmDdOIH1lpUOqzW9oeeAi8QoSA0U6AyrX9YowJFHfIkZEsI09FDaCeKSYkbSihUJEiI8RWNiKuojjwg7yVdO4ZFSRtANuCpfwlz9PZEgT4jYc1Snh+RE/PUy8T/PjKR7aSfUDyNJfDz7yI0YlAHM7ocjygmWLFYEYU7VrhBPEEdYqpTmXkKM2clDnFbyZFoZzn9yWCS904Zx1mjeNmvtqyKjMjgAh+AYGOACtMEN6IAuwCAAT+AZvGiP2qv2pr3PWktaMbMP5qB9fAMoVpjX</latexit>

{�1}
<latexit sha1_base64="LOs08aizYF/q1g+/qKv3CTojg7w=">AAACA3icbVDLSsNAFL3xWeur6tLNYBHcWBItPnZFNy4r2Ac0oUym03boZBJmJmIIWfoBbvUT3IlbP8Qv8DdM0iDWeuDC4Zx7Z+49bsCZ0qb5aSwsLi2vrJbWyusbm1vblZ3dtvJDSWiL+NyXXRcrypmgLc00p91AUuy5nHbcyXXmd+6pVMwXdzoKqOPhkWBDRrBOpY4do2PLTvqVqlkzc6B5YhWkCgWa/cqXPfBJ6FGhCcdK9Swz0E6MpWaE06Rsh4oGmEzwiPZSKrBHlRPn6yboMFUGaOjLtIRGufp7IsaeUpHnpp0e1mP118vE/7xeqIcXTsxEEGoqyPSjYciR9lF2OxowSYnmUUowkSzdFZExlpjoNKGZlzDnTvwQJeU8mcsMZz85zJP2Sc06rdVv69XGVZFRCfbhAI7AgnNowA00oQUEJvAEz/BiPBqvxpvxPm1dMIqZPZiB8fENcA2X/Q==</latexit>

;
<latexit sha1_base64="pqZN78fLKcOx7Cj8ek6cSxDp2IA=">AAACBXicbVDLSsNAFJ3UV62vqks3wSK4KqkWH7uiG5cV7EPaUCbTm3boTBJmbsQQuvYD3OonuBO3fodf4G+YpEGseuDC4Zx7Z+49TiC4Rsv6MAoLi0vLK8XV0tr6xuZWeXunrf1QMWgxX/iq61ANgnvQQo4CuoECKh0BHWdymfqdO1Ca+94NRgHYko487nJGMZFu+yADjDTgoFyxqlYG8y+p5aRCcjQH5c/+0GehBA+ZoFr3alaAdkwVciZgWuqHGgLKJnQEvYR6VIK242zhqXmQKEPT9VVSHpqZ+nMiplLrSDpJp6Q41r+9VPzP64Xontkx94IQwWOzj9xQmOib6fXmkCtgKKKEUKZ4sqvJxlRRhklGcy9RIez4PpqWsmTOU5x85/CXtI+qteNq/bpeaVzkGRXJHtknh6RGTkmDXJEmaRFGJHkkT+TZeDBejFfjbdZaMPKZXTIH4/0LadqZug==</latexit>

Z
<latexit sha1_base64="f1ldFM1VSGA/h89tUtGRHxvKJVA=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWsA9sQ5lMJ+3YySTMTMQQuvMD3OonuBO3/ohf4G+YpEGs9cCFwzn3ztx7nIAzpU3z0ygsLC4trxRXS2vrG5tb5e2dlvJDSWiT+NyXHQcrypmgTc00p51AUuw5nLad8WXqt++pVMwXNzoKqO3hoWAuI1gnUqtHMEe3/XLFrJoZ0DyxclKBHI1++as38EnoUaEJx0p1LTPQdoylZoTTSakXKhpgMsZD2k2owB5VdpxtO0EHiTJAri+TEhpl6u+JGHtKRZ6TdHpYj9RfLxX/87qhds/smIkg1FSQ6UduyJH2UXo6GjBJieZRQjCRLNkVkRGWmOgkoJmXMOd2/BBNSlky5ylOfnKYJ62jqnVcrV3XKvWLPKMi7ME+HIIFp1CHK2hAEwjcwRM8w4vxaLwab8b7tLVg5DO7MAPj4xsKQZfL</latexit>

{0,�1,�9}
<latexit sha1_base64="8eJs6dUPD35vkAPc/n3KjssST9A=">AAACCnicbVDLSsNAFJ3UV62vqks3g0VwoSXRonZXdOOygn1AE8tkOmmHTiZhZiKWkD/wA9zqJ7gTt/6EX+BvOEmDWOuBC4dz7ovjhoxKZZqfRmFhcWl5pbhaWlvf2Nwqb++0ZRAJTFo4YIHoukgSRjlpKaoY6YaCIN9lpOOOr1K/c0+EpAG/VZOQOD4acupRjJSW7uwYmkfw2NJVt5N+uWJWzQxwnlg5qYAczX75yx4EOPIJV5ghKXuWGSonRkJRzEhSsiNJQoTHaEh6mnLkE+nE2dcJPNDKAHqB0MUVzNTfEzHypZz4ru70kRrJv14q/uf1IuVdODHlYaQIx9NDXsSgCmAaARxQQbBiE00QFlT/CvEICYSVDmpmE2LMiR8mSSlLpp7i7CeHedI+qVqn1dpNrdK4zDMqgj2wDw6BBc5BA1yDJmgBDAR4As/gxXg0Xo03433aWjDymV0wA+PjG2T/mXE=</latexit>

{1, 2, ..., 1000, ...}
<latexit sha1_base64="I3truYD7cfc3KqyumjJ09lKXUtY=">AAACFXicbZDJSgMxHMYzdat1q3rw4CVYBA/DkKnF5Vb04rGCXaAzlEyatqGZhSQjlmGewwfwqo/gTbx69gl8DdPpINb6QeDH91+SfF7EmVQIfRqFpeWV1bXiemljc2t7p7y715JhLAhtkpCHouNhSTkLaFMxxWknEhT7Hqdtb3w9rbfvqZAsDO7UJKKuj4cBGzCClbZ65QMngbYJq6ZlWaaNEDKhJiftlSvIQpngItg5VECuRq/85fRDEvs0UIRjKbs2ipSbYKEY4TQtObGkESZjPKRdjQH2qXST7AMpPNZOHw5CoU+gYOb+nkiwL+XE93Snj9VI/q1Nzf9q3VgNLtyEBVGsaEBmFw1iDlUIp2nAPhOUKD7RgIlg+q2QjLDAROnM5jZhzt3kYZKWsmQupzr7yWERWlXLPrVqt7VK/SrPqAgOwRE4ATY4B3VwAxqgCQhIwRN4Bi/Go/FqvBnvs9aCkc/sgzkZH9/hVJuY</latexit>

{...,�1000, ...,�2,�1}
<latexit sha1_base64="PotU73RSbmctZX3gCAH/buUlpEk=">AAACFnicbZDLSsNAFIYn9VbrLepGcDNYBBc1JLV42RXduKxgL9CEMplO26GTCzMTMYT4HD6AW30Ed+LWrU/gazhJi1jrDwPf/OecufxuyKiQpvmpFRYWl5ZXiqultfWNzS19e6clgohj0sQBC3jHRYIw6pOmpJKRTsgJ8lxG2u74Kqu37wgXNPBvZRwSx0NDnw4oRlJZPX3PTgzDqBxbpmlWYI5VtbPTnl42DTMXnAdrCmUwVaOnf9n9AEce8SVmSIiuZYbSSRCXFDOSluxIkBDhMRqSrkIfeUQ4Sf6DFB4qpw8HAVfLlzB3f08kyBMi9lzV6SE5En9rmflfrRvJwbmTUD+MJPHx5KJBxKAMYBYH7FNOsGSxAoQ5VW+FeIQ4wlKFNnMSYsxJ7uO0lCdzken0J4d5aFUN68So3dTK9ctpRkWwDw7AEbDAGaiDa9AATYDBA3gCz+BFe9RetTftfdJa0KYzu2BG2sc3fjSb6Q==</latexit>



− 0 +

><latexit sha1_base64="p0120q1pgn1F8aeg6j2EKIvVRE4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYiJ4CrtRfNyCXjxGMA9IljA7mU2GzM4MM7NCWPIRXjwo4tXv8ebfOJssosaChqKqm+6uUDKqjed9OkvLK6tr64WN4ubW9s5uaW+/pUWiMGliwYTqhEgTRjlpGmoY6UhFUBwy0g7HN5nffiBKU8HvzUSSIEZDTiOKkbFSu9IzQlaK/VLZq3ozuIvEz0kZcjT6pY/eQOAkJtxghrTu+p40QYqUoZiRabGXaCIRHqMh6VrKUUx0kM7OnbrHVhm4kVC2uHFn6s+JFMVaT+LQdsbIjPRfLxP/87qJiS6DlHKZGMLxfFGUMNcIN/vdHVBFsGETSxBW1N7q4hFSCBub0DyEqwzn3y8vklat6p9Wz+5q5fp1HkcBDuEITsCHC6jDLTSgCRjG8AjP8OJI58l5dd7mrUtOPnMAv+C8fwE2zo73</latexit>

?<latexit sha1_base64="eB8JxR6dQwmmWN7JykdXjUXAlik=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJ4CrtRfNyCXjxGMA9IljA7mU2GzM4sM7NCWPIRXjwo4tXv8ebfOJssosaChqKqm+6uIOZMG9f9dJaWV1bX1gsbxc2t7Z3d0t5+S8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++4EqzaS4N5OY+hEeChYygo2V2pVeIE2l2C+V3ao7A1okXk7KkKPRL330BpIkERWGcKx113Nj46dYGUY4nRZ7iaYxJmM8pF1LBY6o9tPZuVN0bJUBCqWyJQyaqT8nUhxpPYkC2xlhM9J/vUz8z+smJrz0UybixFBB5ovChCMjUfY7GjBFieETSzBRzN6KyAgrTIxNaB7CVYbz75cXSatW9U6rZ3e1cv06j6MAh3AEJ+DBBdThFhrQBAJjeIRneHFi58l5dd7mrUtOPnMAv+C8fwEhVo7p</latexit>

P(Z)
<latexit sha1_base64="+S/bz4YjxUM6E/z3Cgh4+Fv73DY=">AAACBnicbVDLSsNAFJ3UV62vqks3g0Wom5Jo8bErunFZwT5oG8pkOmmHTiZhZiKGkL0f4FY/wZ249Tf8An/DSRrEWg9cOJxz78y9xwkYlco0P43C0vLK6lpxvbSxubW9U97da0s/FJi0sM980XWQJIxy0lJUMdINBEGew0jHmV6nfueeCEl9fqeigNgeGnPqUoyUlnoDjFjcTKq942G5YtbMDHCRWDmpgBzNYflrMPJx6BGuMENS9i0zUHaMhKKYkaQ0CCUJEJ6iMelrypFHpB1nGyfwSCsj6PpCF1cwU39PxMiTMvIc3ekhNZF/vVT8z+uHyr2wY8qDUBGOZx+5IYPKh+n5cEQFwYpFmiAsqN4V4gkSCCsd0txLiDE7foiSUpbMZYqznxwWSfukZp3W6rf1SuMqz6gIDsAhqAILnIMGuAFN0AIYcPAEnsGL8Wi8Gm/G+6y1YOQz+2AOxsc3BK+ZbA==</latexit>

Z
<latexit sha1_base64="f1ldFM1VSGA/h89tUtGRHxvKJVA=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWsA9sQ5lMJ+3YySTMTMQQuvMD3OonuBO3/ohf4G+YpEGs9cCFwzn3ztx7nIAzpU3z0ygsLC4trxRXS2vrG5tb5e2dlvJDSWiT+NyXHQcrypmgTc00p51AUuw5nLad8WXqt++pVMwXNzoKqO3hoWAuI1gnUqtHMEe3/XLFrJoZ0DyxclKBHI1++as38EnoUaEJx0p1LTPQdoylZoTTSakXKhpgMsZD2k2owB5VdpxtO0EHiTJAri+TEhpl6u+JGHtKRZ6TdHpYj9RfLxX/87qhds/smIkg1FSQ6UduyJH2UXo6GjBJieZRQjCRLNkVkRGWmOgkoJmXMOd2/BBNSlky5ylOfnKYJ62jqnVcrV3XKvWLPKMi7ME+HIIFp1CHK2hAEwjcwRM8w4vxaLwab8b7tLVg5DO7MAPj4xsKQZfL</latexit>

;
<latexit sha1_base64="pqZN78fLKcOx7Cj8ek6cSxDp2IA=">AAACBXicbVDLSsNAFJ3UV62vqks3wSK4KqkWH7uiG5cV7EPaUCbTm3boTBJmbsQQuvYD3OonuBO3fodf4G+YpEGseuDC4Zx7Z+49TiC4Rsv6MAoLi0vLK8XV0tr6xuZWeXunrf1QMWgxX/iq61ANgnvQQo4CuoECKh0BHWdymfqdO1Ca+94NRgHYko487nJGMZFu+yADjDTgoFyxqlYG8y+p5aRCcjQH5c/+0GehBA+ZoFr3alaAdkwVciZgWuqHGgLKJnQEvYR6VIK242zhqXmQKEPT9VVSHpqZ+nMiplLrSDpJp6Q41r+9VPzP64Xontkx94IQwWOzj9xQmOib6fXmkCtgKKKEUKZ4sqvJxlRRhklGcy9RIez4PpqWsmTOU5x85/CXtI+qteNq/bpeaVzkGRXJHtknh6RGTkmDXJEmaRFGJHkkT+TZeDBejFfjbdZaMPKZXTIH4/0LadqZug==</latexit>

S1+S2={s1 + s2| s1   S1, s2   S2}  
Monotona!

2
<latexit sha1_base64="KT9OV+WEnIcmCBWIzgRwxx0Bspc=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWtA9oQ5lMJ+3QySTMTMQSuvAD3OonuBO3fopf4G84SYNY9cCFwzn3ztx7vIgzpW37wyosLC4trxRXS2vrG5tb5e2dlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98WXqt++oVCwUt3oSUTfAQ8F8RrA20k2PiX65YlftDOgvcXJSgRyNfvmzNwhJHFChCcdKdR070m6CpWaE02mpFysaYTLGQ9o1VOCAKjfJVp2iA6MMkB9KU0KjTP05keBAqUngmc4A65H67aXif1431v6ZmzARxZoKMvvIjznSIUrvRgMmKdF8YggmkpldERlhiYk26cy9hDl3k/vJtJQlc57i5DuHv6R1VHWOq7XrWqV+kWdUhD3Yh0Nw4BTqcAUNaAKBITzCEzxbD9aL9Wq9zVoLVj6zC3Ow3r8ARbmW2g==</latexit>

2
<latexit sha1_base64="KT9OV+WEnIcmCBWIzgRwxx0Bspc=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWtA9oQ5lMJ+3QySTMTMQSuvAD3OonuBO3fopf4G84SYNY9cCFwzn3ztx7vIgzpW37wyosLC4trxRXS2vrG5tb5e2dlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98WXqt++oVCwUt3oSUTfAQ8F8RrA20k2PiX65YlftDOgvcXJSgRyNfvmzNwhJHFChCcdKdR070m6CpWaE02mpFysaYTLGQ9o1VOCAKjfJVp2iA6MMkB9KU0KjTP05keBAqUngmc4A65H67aXif1431v6ZmzARxZoKMvvIjznSIUrvRgMmKdF8YggmkpldERlhiYk26cy9hDl3k/vJtJQlc57i5DuHv6R1VHWOq7XrWqV+kWdUhD3Yh0Nw4BTqcAUNaAKBITzCEzxbD9aL9Wq9zVoLVj6zC3Ow3r8ARbmW2g==</latexit>

Correct addition 
+a - 0 + ⊤

- - - ⊤ ⊤

0 - 0 + ⊤

+ ⊤ + + ⊤

⊤ ⊤ ⊤ ⊤ ⊤

{�3,�2}
<latexit sha1_base64="tkoJfIALqh8VxPcQ93VwFsmXKvY=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwYUvSFh+7ohuXFexDmlAm00k7dPJgZiKGkLUf4FY/wZ249Tv8An/DSRrEWg9cOJxz78y9xw4YFVLXP7XC0vLK6lpxvbSxubW9U97d6wo/5Jh0sM983reRIIx6pCOpZKQfcIJcm5GePb1K/d494YL63q2MAmK5aOxRh2IklXRnxtXGSbVuJsNyRa/pGeAiMXJSATnaw/KXOfJx6BJPYoaEGBh6IK0YcUkxI0nJDAUJEJ6iMRko6iGXCCvOFk7gkVJG0PG5Kk/CTP09ESNXiMi1VaeL5ET89VLxP28QSufciqkXhJJ4ePaREzIofZheD0eUEyxZpAjCnKpdIZ4gjrBUGc29hBiz4ocoKWXJXKQ4/clhkXTrNaNRa940K63LPKMiOACH4BgY4Ay0wDVogw7AwAVP4Bm8aI/aq/amvc9aC1o+sw/moH18A2w6mH4=</latexit>

↵(S1 + S2) v ↵(S1) +
a ↵(S2)

<latexit sha1_base64="g50cIFCEUuVGpt3A0l0z4gdc010=">AAACInicbVDLSgNBEJz1GeNr1aOXwSAYAmE3ETU30YtHRWMCSVx6J51kyOwjM7NCWPItXvwVLx4U9ST4MW7i4rugoaaqm+kuNxRcact6NaamZ2bn5jML2cWl5ZVVc239UgWRZFhlgQhk3QWFgvtY1VwLrIcSwXMF1tz+8divXaNUPPAv9DDElgddn3c4A51Ijllpggh7sHPu2LRAz51SnjbVQEWuQo0D+uXmaeEKvt6lvGPmrKI1Af1L7JTkSIpTx3xutgMWeehrJkCphm2FuhWD1JwJHGWbkcIQWB+62EioDx6qVjw5cUS3E6VNO4FMytd0on6fiMFTaui5SacHuqd+e2PxP68R6c5BK+Z+GGn02cdHnUhQHdBxXrTNJTIthgkBJnmyK2U9kMB0kmp2EkJljL3Pk/+Sy1LRLhfLZ7u5w6M0jgzZJFtkh9hknxySE3JKqoSRG3JHHsijcWvcG0/Gy0frlJHObJAfMN7eAW6LoUQ=</latexit>

{5}
<latexit sha1_base64="wRW2undNoGu/D7rKAesqLHMcwVc=">AAACAXicbVDLSsNAFJ3UV62vqks3g0VwVRKtr13RjcsKpi00oUymk3boZBJmJmIIWfkBbvUT3Ilbv8Qv8DecpEGseuDC4Zx7Z+49XsSoVKb5YVQWFpeWV6qrtbX1jc2t+vZOV4axwMTGIQtF30OSMMqJrahipB8JggKPkZ43vcr93h0Rkob8ViURcQM05tSnGCkt2U564mTDesNsmgXgX2KVpAFKdIb1T2cU4jggXGGGpBxYZqTcFAlFMSNZzYkliRCeojEZaMpRQKSbFstm8EArI+iHQhdXsFB/TqQokDIJPN0ZIDWRv71c/M8bxMo/d1PKo1gRjmcf+TGDKoT55XBEBcGKJZogLKjeFeIJEggrnc/cS4gxN71PslqRzEWO0+8c/pLuUdM6brZuWo32ZZlRFeyBfXAILHAG2uAadIANMKDgETyBZ+PBeDFejbdZa8UoZ3bBHIz3L66sl6A=</latexit>

<latexit sha1_base64="7chpq3RW07fMWpekO5n8sv6DwXA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJURY9FLx4r2A9oStlsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U391hPXRsTqEccJ70Z0oEQoGEUrtfysen7hT3qlsltxZyDLxMtJGXLUe6Uvvx+zNOIKmaTGdDw3wW5GNQom+aTop4YnlI3ogHcsVTTippvNzp2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjTzYRKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGhD8BZfXibNasW7qrgPl+XabR5HAY7hBM7Ag2uowT3UoQEMRvAMr/DmJM6L8+58zFtXnHzmCP7A+fwBgH6PBQ==</latexit>

{2, 3}



− 0 +

><latexit sha1_base64="p0120q1pgn1F8aeg6j2EKIvVRE4=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYiJ4CrtRfNyCXjxGMA9IljA7mU2GzM4MM7NCWPIRXjwo4tXv8ebfOJssosaChqKqm+6uUDKqjed9OkvLK6tr64WN4ubW9s5uaW+/pUWiMGliwYTqhEgTRjlpGmoY6UhFUBwy0g7HN5nffiBKU8HvzUSSIEZDTiOKkbFSu9IzQlaK/VLZq3ozuIvEz0kZcjT6pY/eQOAkJtxghrTu+p40QYqUoZiRabGXaCIRHqMh6VrKUUx0kM7OnbrHVhm4kVC2uHFn6s+JFMVaT+LQdsbIjPRfLxP/87qJiS6DlHKZGMLxfFGUMNcIN/vdHVBFsGETSxBW1N7q4hFSCBub0DyEqwzn3y8vklat6p9Wz+5q5fp1HkcBDuEITsCHC6jDLTSgCRjG8AjP8OJI58l5dd7mrUtOPnMAv+C8fwE2zo73</latexit>

?<latexit sha1_base64="eB8JxR6dQwmmWN7JykdXjUXAlik=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYCJ4CrtRfNyCXjxGMA9IljA7mU2GzM4sM7NCWPIRXjwo4tXv8ebfOJssosaChqKqm+6uIOZMG9f9dJaWV1bX1gsbxc2t7Z3d0t5+S8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32R++4EqzaS4N5OY+hEeChYygo2V2pVeIE2l2C+V3ao7A1okXk7KkKPRL330BpIkERWGcKx113Nj46dYGUY4nRZ7iaYxJmM8pF1LBY6o9tPZuVN0bJUBCqWyJQyaqT8nUhxpPYkC2xlhM9J/vUz8z+smJrz0UybixFBB5ovChCMjUfY7GjBFieETSzBRzN6KyAgrTIxNaB7CVYbz75cXSatW9U6rZ3e1cv06j6MAh3AEJ+DBBdThFhrQBAJjeIRneHFi58l5dd7mrUtOPnMAv+C8fwEhVo7p</latexit>

Complete multiplication  

P(Z)
<latexit sha1_base64="+S/bz4YjxUM6E/z3Cgh4+Fv73DY=">AAACBnicbVDLSsNAFJ3UV62vqks3g0Wom5Jo8bErunFZwT5oG8pkOmmHTiZhZiKGkL0f4FY/wZ249Tf8An/DSRrEWg9cOJxz78y9xwkYlco0P43C0vLK6lpxvbSxubW9U97da0s/FJi0sM980XWQJIxy0lJUMdINBEGew0jHmV6nfueeCEl9fqeigNgeGnPqUoyUlnoDjFjcTKq942G5YtbMDHCRWDmpgBzNYflrMPJx6BGuMENS9i0zUHaMhKKYkaQ0CCUJEJ6iMelrypFHpB1nGyfwSCsj6PpCF1cwU39PxMiTMvIc3ekhNZF/vVT8z+uHyr2wY8qDUBGOZx+5IYPKh+n5cEQFwYpFmiAsqN4V4gkSCCsd0txLiDE7foiSUpbMZYqznxwWSfukZp3W6rf1SuMqz6gIDsAhqAILnIMGuAFN0AIYcPAEnsGL8Wi8Gm/G+6y1YOQz+2AOxsc3BK+ZbA==</latexit>

S1xS2={s1 * s2| s1  S1, s2  S2}  2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

2
<latexit sha1_base64="Jt6Kcotzdtsce+5/O7n05QgGIlE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdNdnYmBXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+6gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsbDZmkRPOpIZhIZm5FZIwlJtqkU8lDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgBI/wDC8Wt56sV+tt3lqyipl9+AXr/Qtldo4C</latexit>

xa - 0 + T
- + 0 - T
0 0 0 0 0
+ - 0 + T
T T 0 T T

Monotona

{�3,�2}
<latexit sha1_base64="tkoJfIALqh8VxPcQ93VwFsmXKvY=">AAACBXicbVDLSsNAFJ3UV62vqks3g0VwYUvSFh+7ohuXFexDmlAm00k7dPJgZiKGkLUf4FY/wZ249Tv8An/DSRrEWg9cOJxz78y9xw4YFVLXP7XC0vLK6lpxvbSxubW9U97d6wo/5Jh0sM983reRIIx6pCOpZKQfcIJcm5GePb1K/d494YL63q2MAmK5aOxRh2IklXRnxtXGSbVuJsNyRa/pGeAiMXJSATnaw/KXOfJx6BJPYoaEGBh6IK0YcUkxI0nJDAUJEJ6iMRko6iGXCCvOFk7gkVJG0PG5Kk/CTP09ESNXiMi1VaeL5ET89VLxP28QSufciqkXhJJ4ePaREzIofZheD0eUEyxZpAjCnKpdIZ4gjrBUGc29hBiz4ocoKWXJXKQ4/clhkXTrNaNRa940K63LPKMiOACH4BgY4Ay0wDVogw7AwAVP4Bm8aI/aq/amvc9aC1o+sw/moH18A2w6mH4=</latexit>

↵(S1 ⇥ S2) = ↵(S1)⇥a ↵(S2)
<latexit sha1_base64="thIZl6oUjJfXFWF2izbL4b8p+0E=">AAACH3icbZBNS0JBFIbn2pfZl9WyzZAEupF7NawWgdSmpWF+gNrl3HHUwbkfzMwNRPwnbforbVoUEe38N83VS1b2wsDLc87hzHmdgDOpTHNqJFZW19Y3kpupre2d3b30/kFd+qEgtEZ87oumA5Jy5tGaYorTZiAouA6nDWd4HdUbD1RI5nt3ahTQjgt9j/UYAaWRnS61gQcDyFZtq62YSyWu2oXcJV7g3Jzfw4IVcnY6Y+bNmfCysWKTQbEqdvqz3fVJ6FJPEQ5StiwzUJ0xCMUIp5NUO5Q0ADKEPm1p64Fe2RnP7pvgE026uOcL/TyFZ/TnxBhcKUeuoztdUAP5txbB/2qtUPXOO2PmBaGiHpkv6oUcKx9HYeEuE5QoPtIGiGD6r5gMQABROtLULISLSKXvk5dNvZC3ivni7WmmfBXHkURH6BhlkYXOUBndoAqqIYIe0TN6RW/Gk/FivBsf89aEEc8col8ypl+hTKD9</latexit>

<latexit sha1_base64="tjJkXTTTZ59u8W+iAhpTW+pnf6c=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi00oWy203bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZelAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqRFSj4BJ9w43ATqqQxpHAdjS+m/ntJ1SaJ/LRTFIMYzqUfMAZNVbyg9wNpr1qza27c5BV4hWkBgWavepX0E9YFqM0TFCtu56bmjCnynAmcFoJMo0pZWM6xK6lksaow3x+7JScWaVPBomyJQ2Zq78nchprPYkj2xlTM9LL3kz8z+tmZnAT5lymmUHJFosGmSAmIbPPSZ8rZEZMLKFMcXsrYSOqKDM2n4oNwVt+eZW0LureVd19uKw1bos4ynACp3AOHlxDA+6hCT4w4PAMr/DmSOfFeXc+Fq0lp5g5hj9wPn8AoJGOkA==</latexit>

{0}
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Trace-based operational semantics
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We abstractly interpret, say, for parity
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The underlying abstract interpretation semantics
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Another example: array bounds using intervals
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Constant Propagation analysis
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An acceleration is needed for finite convergence



Summary what we saw so far: 
Property approximations using Galois insertions



Galois insertions
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Extending approximations to functions
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Fixpoint approximations using Galois insertions



88

Fixpoint approximations using Galois insertions
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Fixpoint approximations using Galois insertions



90

and if the abstract domain does not satisfy the ACC?
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This is a an ascending chain that eventually stabilises 
when

Tarsky thm then gives 

Fixpoint approximation with widening

Xm w lfpF
<latexit sha1_base64="YfZZagBX0GfeCjj/G/IxqYEAHg8=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KlMtPnZFQVxWsA9ox5JJ77ShmUeTjFiG+QC/ww9wq5/gTtyJH+BvmJkOYtUDgcM5594kxw44k8o0343c3PzC4lJ+ubCyura+Udzcako/FBQa1Oe+aNtEAmceNBRTHNqBAOLaHFr26DzxW7cgJPO9azUJwHLJwGMOo0RpqVcs4faN25VjGQYSFIwx5k7Qi7q+Hkp2RhdxrFNm2UyB/5JKRkooQ71X/Oz2fRq64CnKiZSdihkoKyJCMcohLnRDCQGhIzKAjqYecUFaUfqZGO9ppY8dX+jjKZyqPyci4ko5cW2ddIkayt9eIv7ndULlnFgR84JQgUenFzkhx8rHSTO4zwRQxSeaECqYfiumQyIIVbq/mU2Ecyu6m8SFtJnTBEffPfwlzYNy5bBcvaqWamdZR3m0g3bRPqqgY1RDl6iOGoiie/SIntCz8WC8GK/G2zSaM7KZbTQD4+MLdrWk7A==</latexit>

F (Xm) v Xm
<latexit sha1_base64="8Cs908f+/3GP/mOGtfr1xB6P7L0=">AAACIHicbVDLTgIxFO3gC/GFunTTQExwQwYlPnZEE+MSE3kkzEg65QINnQdtxziZsPc7/AC3+gnujEv9AX/DDhAj4kmanJxzz217nIAzqUzzw0gtLC4tr6RXM2vrG5tb2e2duvRDQaFGfe6LpkMkcOZBTTHFoRkIIK7DoeEMLhK/cQdCMt+7UVEAtkt6HusySpSW2tmc5Ws7SceXI1xo3roH2JJDGToSFAyxFtrZvFk0x8DzpDQleTRFtZ39sjo+DV3wFOVEylbJDJQdE6EY5TDKWKGEgNAB6UFLU4+4IO14/JcR3tdKB3d9oY+n8Fj9nYiJK2XkOnrSJaov/3qJ+J/XClX31I6ZF4QKPDq5qBtyrHycFIM7TABVPNKEUMH0WzHtE0Go0vXNbCKc2/F9NMqMmzlLcPzTwzypHxZLR8XydTlfOZ92lEZ7KIcKqIROUAVdoSqqIYoe0BN6Ri/Go/FqvBnvk9GUMc3sohkYn99WwaOv</latexit>

for some m
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lfpF
<latexit sha1_base64="oPOzjFpFyPwPp6EseVALqh9OXd8=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqqRafOyKgrisYB/QhjCZTtqhk0mYmUhDyE/4AW71E9yJW//AL/A3nKRBrHpg4HDOuXcuxw0ZlcqyPozS0vLK6lp5vbKxubW9Y+5WuzKIBCYdHLBA9F0kCaOcdBRVjPRDQZDvMtJzp1eZ37snQtKA36k4JLaPxpx6FCOlJcesMi90kmGgM9mK5DpNHbNm1a0c8C9pFKQGCrQd83M4CnDkE64wQ1IOGlao7AQJRTEjaWUYSRIiPEVjMtCUI59IO8lvT+GhVkbQC4R+XMFc/TmRIF/K2Hd10kdqIn97mfifN4iUd24nlIeRIhzPP/IiBlUAsyLgiAqCFYs1QVhQfSvEEyQQVrquhU2IMTuZxWklb+Yiw+l3D39J97jeOKk3b5u11mXRURnsgwNwBBrgDLTADWiDDsBgBh7BE3g2HowX49V4m0dLRjGzBxZgvH8BYVqeBQ==</latexit>

X̃1 = ?5 F (?)
<latexit sha1_base64="hJS2h9cq1p214v+DGIR7iSGWDjU="></latexit>

X̃0 = ?
<latexit sha1_base64="4x3/2gmdGtGTEYzu7AhTzWUb4q0=">AAACD3icbVDLSsNAFJ3UV62vVJduBovgqiRafCyEohuXFewD2lgmk0k7dPJg5kYtIR/hB7jVT3Anbv0Ev8DfMEmLWOuBC4dz7otjh4IrMIxPrbCwuLS8Ulwtra1vbG7p5e2WCiJJWZMGIpAdmygmuM+awEGwTigZ8WzB2vboMvPbd0wqHvg3MA6Z5ZGBz11OCaRSXy/3gAuHxZ3k1jjv2QHgvl4xqkYOPE/MKamgKRp9/avnBDTymA9UEKW6phGCFRMJnAqWlHqRYiGhIzJg3ZT6xGPKivPXE7yfKg52A5mWDzhXf0/ExFNq7Nlpp0dgqP56mfif143APbVi7ocRMJ9ODrmRwBDgLAfscMkoiHFKCJU8/RXTIZGEQprWzCYihBU/jJNSnsxZhuOfHOZJ67BqHlVr17VK/WKaURHtoj10gEx0guroCjVQE1F0j57QM3rRHrVX7U17n7QWtOnMDpqB9vENHWycrg==</latexit>

X̃2 = X̃1 5 F (X̃1)
<latexit sha1_base64="fmpWPWK+awWJzNLqHlitG+pvTMc="></latexit>

...
<latexit sha1_base64="ylcbTBUo+bbM3fDlkfoHvuREwAM=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSqLFx67oxmUF+4A2lMlk2g6dZMLMTTGELv0At/oJ7sStH+IX+BtO2iDWeuDC4Zx7Z+49XiS4Btv+tJaWV1bX1gsbxc2t7Z3d0t5+U8tYUdagUkjV9ohmgoesARwEa0eKkcATrOWNbjK/NWZKcxneQxIxNyCDkPc5JWCkVnfsS9DFXqlsV+wp8CJxclJGOeq90lfXlzQOWAhUEK07jh2BmxIFnAo2KXZjzSJCR2TAOoaGJGDaTafrTvCxUXzcl8pUCHiq/p5ISaB1EnimMyAw1H+9TPzP68TQv3RTHkYxsJDOPurHAoPE2e3Y54pREIkhhCpudsV0SBShYBKae4kI4aYPyWSWzFWG858cFknztOKcVap31XLtOs+ogA7RETpBDrpANXSL6qiBKBqhJ/SMXqxH69V6s95nrUtWPnOA5mB9fAMYnphl</latexit>

X̃m w F (X̃m)
<latexit sha1_base64="JoI1/fBvpRPcQm5t1DRGEqeYLI4="></latexit>

{X̃|X̃ w F (X̃)}
<latexit sha1_base64="aiR0n13ljm1zdTDixUjKp7zWM1c="></latexit>

Fixpoint approximation with widening

X̃m = X̃m+1 = lfp5 F
<latexit sha1_base64="+LB6TBDjSEA1GgCOPA/69aFEPW4="></latexit>

X̃m�1 = X̃m�2 5 F (X̃m�2)
<latexit sha1_base64="ByBy8HGFp96Erw3t39pLaE3GCTA="></latexit>
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Example: widening on intervals 
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Improve widening on intervals



• Widening gives us an upper approximation                of   

• But                                                so we can improve 
approximations by considering the sequence                  

• for all i we have  

• so we can stop anytime with an upper approximation 
• Defining a Narrowing operator gives us a way to describe  
when to stop

96

Improving on lfp5 F
<latexit sha1_base64="hCGaGQQHwM64+GycThCyDXZ6gfA=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuylSLj11REJcV7APaoWQymTY0kwxJRi3DbP0OP8CtfoI7catf4G+YmRax1gOBwzn33CTHixhV2nE+rbn5hcWl5cJKcXVtfWPT3tpuKhFLTBpYMCHbHlKEUU4ammpG2pEkKPQYaXnDi8xv3RKpqOA3ehQRN0R9TgOKkTZSz4YsiGDXo30tKeJ9Rnxxx7vCRLKNyWXas0tO2ckBZ0llQkpggnrP/ur6Asch4RozpFSn4kTaTZDUFDOSFruxIhHCQ9QnHUM5Colyk/wnKdw3ig8DIc3hGubq70SCQqVGoWcmQ6QH6q+Xif95nVgHp25CeRRrwvH4oiBmUAuY1QJ9KgnWbGQIwpKat0I8QBJhbcqb2oQYc5P7UVrMmznLcPzTwyxpHpYrR+XqdbVUO590VAC7YA8cgAo4ATVwBeqgATB4AE/gGbxYj9ar9Wa9j0fnrElmB0zB+vgGjuqj9g==</latexit>

lfpF
<latexit sha1_base64="Nn5C+K9F6gyAI+quwBW4lnp5pc4=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRItPnZFQVxWsA9oQ5lMJ+3QySTMTIoh5B/8ALf6Ce7Erb/gF/gbTtIg1npg4HDOuXcuxw0ZlcqyPo3S0vLK6lp5vbKxubW9Y+7utWUQCUxaOGCB6LpIEkY5aSmqGOmGgiDfZaTjTq4zvzMlQtKA36s4JI6PRpx6FCOlpYFpMi+E/UBHsg3JTTowq1bNygEXiV2QKijQHJhf/WGAI59whRmSsmdboXISJBTFjKSVfiRJiPAEjUhPU458Ip0kvzyFR1oZQi8Q+nEFc/X3RIJ8KWPf1UkfqbH862Xif14vUt6Fk1AeRopwPPvIixhUAcxqgEMqCFYs1gRhQfWtEI+RQFjpsuY2Icac5CFOK3kzlxnOfnpYJO2Tmn1aq9/Vq42roqMyOACH4BjY4Bw0wC1oghbAYAqewDN4MR6NV+PNeJ9FS0Yxsw/mYHx8AxR8nLo=</latexit>

lfpF v F
n
(lfp5F ) v F (lfp5F )

<latexit sha1_base64="UokwTxlUOpjJwaXkPXwkpzAaMvI="></latexit>

F
n
(lfp5F )

<latexit sha1_base64="4sIW9gEuPAvAvd4mRfd9IXVzyL0="></latexit>

F (lfp5F ) v lfp5F
<latexit sha1_base64="VPJLInhA8Hk6rewaAg2rY2jgPq4="></latexit>

lfp5F
<latexit sha1_base64="BgV3wMbnuQxxAq3mtnnd+oIrSTw=">AAACIHicbVDLSgMxFM3UV62vUZduQovgqky1+NgVBXFZwT6gHUomzbShmWRIMuowdO93+AFu9RPciUv9AX/DTDuItR4IHM655yY5Xsio0o7zYeUWFpeWV/KrhbX1jc0te3unqUQkMWlgwYRse0gRRjlpaKoZaYeSoMBjpOWNLlK/dUukooLf6DgkboAGnPoUI22knl2EzA97XY8OtKSIDxjpizsOu8KE0p3J5bhnl5yyMwGcJ5WMlECGes/+6vYFjgLCNWZIqU7FCbWbIKkpZmRc6EaKhAiP0IB0DOUoIMpNJn8Zw32j9KEvpDlcw4n6O5GgQKk48MxkgPRQ/fVS8T+vE2n/1E0oDyNNOJ5e5EcMagHTYmCfSoI1iw1BWFLzVoiHSCKsTX0zmxBjbnIfjwuTZs5SHP/0ME+ah+XKUbl6XS3VzrOO8mAPFMEBqIATUANXoA4aAIMH8ASewYv1aL1ab9b7dDRnZZldMAPr8xu5T6SJ</latexit>



Narrowing operator

Yn
<latexit sha1_base64="KJBXK9zA0UV2z2YDDLO8eNb/hKo=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWtA9pQ5lMJ+3QySTMTMQQuvAD3OonuBO3fopf4G+YpEGs9cCFwzn3ztx7nIAzpU3z0ygsLC4trxRXS2vrG5tb5e2dlvJDSWiT+NyXHQcrypmgTc00p51AUuw5nLad8WXqt++pVMwXtzoKqO3hoWAuI1gn0s1dX/TLFbNqZkDzxMpJBXI0+uWv3sAnoUeFJhwr1bXMQNsxlpoRTielXqhogMkYD2k3oQJ7VNlxtuoEHSTKALm+TEpolKm/J2LsKRV5TtLpYT1Sf71U/M/rhto9s2MmglBTQaYfuSFH2kfp3WjAJCWaRwnBRLJkV0RGWGKik3RmXsKc2/FDNCllyZynOPnJYZ60jqrWcbV2XavUL/KMirAH+3AIFpxCHa6gAU0gMIQneIYX49F4Nd6M92lrwchndmEGxsc3MOSWzQ==</latexit>

Yn
<latexit sha1_base64="KJBXK9zA0UV2z2YDDLO8eNb/hKo=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWtA9pQ5lMJ+3QySTMTMQQuvAD3OonuBO3fopf4G+YpEGs9cCFwzn3ztx7nIAzpU3z0ygsLC4trxRXS2vrG5tb5e2dlvJDSWiT+NyXHQcrypmgTc00p51AUuw5nLad8WXqt++pVMwXtzoKqO3hoWAuI1gn0s1dX/TLFbNqZkDzxMpJBXI0+uWv3sAnoUeFJhwr1bXMQNsxlpoRTielXqhogMkYD2k3oQJ7VNlxtuoEHSTKALm+TEpolKm/J2LsKRV5TtLpYT1Sf71U/M/rhto9s2MmglBTQaYfuSFH2kfp3WjAJCWaRwnBRLJkV0RGWGKik3RmXsKc2/FDNCllyZynOPnJYZ60jqrWcbV2XavUL/KMirAH+3AIFpxCHa6gAU0gMIQneIYX49F4Nd6M92lrwchndmEGxsc3MOSWzQ==</latexit>

Yn
<latexit sha1_base64="KJBXK9zA0UV2z2YDDLO8eNb/hKo=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWtA9pQ5lMJ+3QySTMTMQQuvAD3OonuBO3fopf4G+YpEGs9cCFwzn3ztx7nIAzpU3z0ygsLC4trxRXS2vrG5tb5e2dlvJDSWiT+NyXHQcrypmgTc00p51AUuw5nLad8WXqt++pVMwXtzoKqO3hoWAuI1gn0s1dX/TLFbNqZkDzxMpJBXI0+uWv3sAnoUeFJhwr1bXMQNsxlpoRTielXqhogMkYD2k3oQJ7VNlxtuoEHSTKALm+TEpolKm/J2LsKRV5TtLpYT1Sf71U/M/rhto9s2MmglBTQaYfuSFH2kfp3WjAJCWaRwnBRLJkV0RGWGKik3RmXsKc2/FDNCllyZynOPnJYZ60jqrWcbV2XavUL/KMirAH+3AIFpxCHa6gAU0gMIQneIYX49F4Nd6M92lrwchndmEGxsc3MOSWzQ==</latexit>

Yn
<latexit sha1_base64="KJBXK9zA0UV2z2YDDLO8eNb/hKo=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRafOyKblxWtA9pQ5lMJ+3QySTMTMQQuvAD3OonuBO3fopf4G+YpEGs9cCFwzn3ztx7nIAzpU3z0ygsLC4trxRXS2vrG5tb5e2dlvJDSWiT+NyXHQcrypmgTc00p51AUuw5nLad8WXqt++pVMwXtzoKqO3hoWAuI1gn0s1dX/TLFbNqZkDzxMpJBXI0+uWv3sAnoUeFJhwr1bXMQNsxlpoRTielXqhogMkYD2k3oQJ7VNlxtuoEHSTKALm+TEpolKm/J2LsKRV5TtLpYT1Sf71U/M/rhto9s2MmglBTQaYfuSFH2kfp3WjAJCWaRwnBRLJkV0RGWGKik3RmXsKc2/FDNCllyZynOPnJYZ60jqrWcbV2XavUL/KMirAH+3AIFpxCHa6gAU0gMIQneIYX49F4Nd6M92lrwchndmEGxsc3MOSWzQ==</latexit>

Yn�1 4 F (Yn�1)
<latexit sha1_base64="l9p1f8gsDXjfjAsOgo7dSc8faTU="></latexit>

F (Y m0
) = Y m0

<latexit sha1_base64="I+/im8J6xg6ROtTHkrYa9IAPMa8=">AAACDnicbVDLSsNAFJ3UV62vqEs3wSLWTUm1+FgIRUFcVrAPaWOZTCft0JkkzEyKIeQf/AC3+gnuxK2/4Bf4G07SINZ64HIP59w7czm2T4mQpvmp5ebmFxaX8suFldW19Q19c6spvIAj3EAe9XjbhgJT4uKGJJLits8xZDbFLXt0mfitMeaCeO6tDH1sMThwiUMQlErq6fpV6e4+Yvvxwfmk9/SiWTZTGLOkkpEiyFDv6V/dvocChl2JKBSiUzF9aUWQS4IojgvdQGAfohEc4I6iLmRYWFF6eWzsKaVvOB5X5UojVX9vRJAJETJbTTIoh+Kvl4j/eZ1AOqdWRFw/kNhFk4+cgBrSM5IYjD7hGEkaKgIRJ+pWAw0hh0iqsKZegpRa0UMYF9JkzhIc/+QwS5qH5cpRuXpTLdYusozyYAfsghKogBNQA9egDhoAgTF4As/gRXvUXrU37X0ymtOynW0wBe3jG2l/m7Q=</latexit>
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lfpF
<latexit sha1_base64="oPOzjFpFyPwPp6EseVALqh9OXd8=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqqRafOyKgrisYB/QhjCZTtqhk0mYmUhDyE/4AW71E9yJW//AL/A3nKRBrHpg4HDOuXcuxw0ZlcqyPozS0vLK6lp5vbKxubW9Y+5WuzKIBCYdHLBA9F0kCaOcdBRVjPRDQZDvMtJzp1eZ37snQtKA36k4JLaPxpx6FCOlJcesMi90kmGgM9mK5DpNHbNm1a0c8C9pFKQGCrQd83M4CnDkE64wQ1IOGlao7AQJRTEjaWUYSRIiPEVjMtCUI59IO8lvT+GhVkbQC4R+XMFc/TmRIF/K2Hd10kdqIn97mfifN4iUd24nlIeRIhzPP/IiBlUAsyLgiAqCFYs1QVhQfSvEEyQQVrquhU2IMTuZxWklb+Yiw+l3D39J97jeOKk3b5u11mXRURnsgwNwBBrgDLTADWiDDsBgBh7BE3g2HowX49V4m0dLRjGzBxZgvH8BYVqeBQ==</latexit>

X̃1 = ?5 F (?)
<latexit sha1_base64="hJS2h9cq1p214v+DGIR7iSGWDjU="></latexit>

X̃0 = ?
<latexit sha1_base64="4x3/2gmdGtGTEYzu7AhTzWUb4q0=">AAACD3icbVDLSsNAFJ3UV62vVJduBovgqiRafCyEohuXFewD2lgmk0k7dPJg5kYtIR/hB7jVT3Anbv0Ev8DfMEmLWOuBC4dz7otjh4IrMIxPrbCwuLS8Ulwtra1vbG7p5e2WCiJJWZMGIpAdmygmuM+awEGwTigZ8WzB2vboMvPbd0wqHvg3MA6Z5ZGBz11OCaRSXy/3gAuHxZ3k1jjv2QHgvl4xqkYOPE/MKamgKRp9/avnBDTymA9UEKW6phGCFRMJnAqWlHqRYiGhIzJg3ZT6xGPKivPXE7yfKg52A5mWDzhXf0/ExFNq7Nlpp0dgqP56mfif143APbVi7ocRMJ9ODrmRwBDgLAfscMkoiHFKCJU8/RXTIZGEQprWzCYihBU/jJNSnsxZhuOfHOZJ67BqHlVr17VK/WKaURHtoj10gEx0guroCjVQE1F0j57QM3rRHrVX7U17n7QWtOnMDpqB9vENHWycrg==</latexit>

X̃2 = X̃1 5 F (X̃1)
<latexit sha1_base64="fmpWPWK+awWJzNLqHlitG+pvTMc="></latexit>

...
<latexit sha1_base64="ylcbTBUo+bbM3fDlkfoHvuREwAM=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSqLFx67oxmUF+4A2lMlk2g6dZMLMTTGELv0At/oJ7sStH+IX+BtO2iDWeuDC4Zx7Z+49XiS4Btv+tJaWV1bX1gsbxc2t7Z3d0t5+U8tYUdagUkjV9ohmgoesARwEa0eKkcATrOWNbjK/NWZKcxneQxIxNyCDkPc5JWCkVnfsS9DFXqlsV+wp8CJxclJGOeq90lfXlzQOWAhUEK07jh2BmxIFnAo2KXZjzSJCR2TAOoaGJGDaTafrTvCxUXzcl8pUCHiq/p5ISaB1EnimMyAw1H+9TPzP68TQv3RTHkYxsJDOPurHAoPE2e3Y54pREIkhhCpudsV0SBShYBKae4kI4aYPyWSWzFWG858cFknztOKcVap31XLtOs+ogA7RETpBDrpANXSL6qiBKBqhJ/SMXqxH69V6s95nrUtWPnOA5mB9fAMYnphl</latexit>

{X̃|X̃ w F (X̃)}
<latexit sha1_base64="aiR0n13ljm1zdTDixUjKp7zWM1c="></latexit>
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...
<latexit sha1_base64="ylcbTBUo+bbM3fDlkfoHvuREwAM=">AAACA3icbVDLSsNAFJ34rPVVdelmsAiuSqLFx67oxmUF+4A2lMlk2g6dZMLMTTGELv0At/oJ7sStH+IX+BtO2iDWeuDC4Zx7Z+49XiS4Btv+tJaWV1bX1gsbxc2t7Z3d0t5+U8tYUdagUkjV9ohmgoesARwEa0eKkcATrOWNbjK/NWZKcxneQxIxNyCDkPc5JWCkVnfsS9DFXqlsV+wp8CJxclJGOeq90lfXlzQOWAhUEK07jh2BmxIFnAo2KXZjzSJCR2TAOoaGJGDaTafrTvCxUXzcl8pUCHiq/p5ISaB1EnimMyAw1H+9TPzP68TQv3RTHkYxsJDOPurHAoPE2e3Y54pREIkhhCpudsV0SBShYBKae4kI4aYPyWSWzFWG858cFknztOKcVap31XLtOs+ogA7RETpBDrpANXSL6qiBKBqhJ/SMXqxH69V6s95nrUtWPnOA5mB9fAMYnphl</latexit>

Ỹ 1 = Ỹ 0 4 F (Ỹ 0)
<latexit sha1_base64="GGbgMxNc6ZqZvB3rXQJZ9/vzHJ8="></latexit>

Ỹ 0 = X̃m = X̃m+1 = lfp5 F
<latexit sha1_base64="gXcV6e3JO7nWw6BYQwP7ozQpcik="></latexit>

Ỹ 2 = Ỹ 1 4 F (Ỹ 1)
<latexit sha1_base64="FOb7bZAZqAMJau0ffJTglO+I0Zs="></latexit>

lfp54F
<latexit sha1_base64="jlaqTb9jT3ATKMPEkDDje02lSG4=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4qlMtPnZFQVxWsA/oDCWTybShmWRIMmoZ5jP8Dj/ArX6CC0Hc9jfMtEWs9UDgcM595XgRo0rb9oeVW1hcWl7JrxbW1jc2t4rbO00lYolJAwsmZNtDijDKSUNTzUg7kgSFHiMtb3CV+a17IhUV/E4PI+KGqMdpQDHSRuoWj1gQQcejPS0p4j1GfPHAZ4Q4coSZkC1IrtNusWSX7THgPKlMSQlMUe8WR44vcBwSrjFDSnUqdqTdBElNMSNpwYkViRAeoB7pGMpRSJSbjD+WwgOj+DAQ0jyu4Vj93ZGgUKlh6JnKEOm++utl4n9eJ9bBuZtQHsWacDxZFMQMagGzlKBPJcGaDQ1BWFJzK8R9JBHWJsuZSYgxN3kcpoVxMhcZTn9ymCfN43LlpFy9rZZql9OM8mAP7INDUAFnoAZuQB00AAZP4AW8gjfr2Xq3Pq2vSWnOmvbsghlYo28XM6p1</latexit>

Fixpoint approximation with widening and narrowing

X̃m�1 = X̃m�2 5 F (X̃m�2)
<latexit sha1_base64="ByBy8HGFp96Erw3t39pLaE3GCTA="></latexit>


