
Chapter 4

BASIC ITERATIVE METHODS

The first iterative methods used for solving large linear systems were based on relaxation of the

coordinates. Beginning with a given approximate solution, these methods modify the compo-

nents of the approximation, one or a few at a time and in a certain order, until convergence is

reached. Each of these modifications, called relaxation steps, is aimed at annihilating one or a

few components of the residual vector. Now, these techniques are rarely used separately. How-

ever, when combined with the more efficient methods described in later chapters, they can be

quite successful. Moreover, there are a few application areas where variations of these methods

are still quite popular.

4.1 Jacobi, Gauss-Seidel, and SOR

This chapter begins by reviewing the basic iterative methods for solving linear sys-
tems. Given an n× n real matrix A andareal n-vector b, theproblem considered is:
Find x belonging to R

n such that

Ax = b (4.1)

Equation (4.1) is a linear system, A is the coefficient matrix, b is the right-hand
side vector, and x is the vector of unknowns. Most of the methods covered in
this chapter involve passing from one iterate to the next by modifying one or a few
components of an approximate vector solution at a time. This is natural since there
are simple criteria when modifying a component in order to improve an iterate. One
example is to annihilate some component(s) of the residual vector b − Ax. The
convergenceof thesemethodsis rarely guaranteed for all matrices, but alargebody of
theory existsfor the casewherethe coefficient matrix arisesfrom thefinite difference
discretization of Ellip tic Partial Differential Equations.

Webegin with thedecomposition

A = D − E − F, (4.2)
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106 CHAPTER 4. BASIC ITERATIVE METHODS

in which D is the diagonal of A, −E its strict lower part, and −F its strict upper
part, asillustrated in Figure 4.1. It is always assumed that the diagonal entries of A
are all nonzero.

D

−F

−E

Figure4.1: Initial partitioning of matrix A.

The Jacobi iteration determines the i-th component of the next approximation
so asto annihilate the i-th component of the residual vector. In the following, ξ

(k)
i

denotes the i-th component of the iterate xk and βi the i-th component of the right-
handside b. Thus, writing

(b − Axk+1)i = 0, (4.3)

in which (y)i represents the i-th component of thevector y, yields

aiiξ
(k+1)
i = −

n
∑

j=1

j 6=i

aijξ
(k)
j + βi,

or

ξ
(k+1)
i =

1

aii






βi −

n
∑

j=1

j 6=i

aijξ
(k)
j






i = 1, . . . , n. (4.4)

This is a component-wise form of the Jacobi iteration. All components of the next
iteratecan begrouped into thevector xk+1. The abovenotation can beused to rewrite
the Jacobi iteration (4.4) in vector form as

xk+1 = D−1(E + F )xk + D−1b. (4.5)

Similarly, the Gauss-Seidel iteration corrects the i-th component of the current
approximate solution, in the order i = 1, 2, . . . , n, again to annihilate the i-th com-
ponent of the residual. However, this time the approximate solution is updated im-
mediately after thenew component is determined. Thenewly computed components
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ξ
(k)
i , i = 1, 2, . . . , n can be changed within a working vector which is redefined at

each relaxation step. Thus, sincetheorder is i = 1, 2, . . ., theresult at the i-th step is

βi −
i−1
∑

j=1

aijξ
(k+1)
j − aiiξ

(k+1)
i −

n
∑

j=i+1

aijξ
(k)
j = 0, (4.6)

which leads to the iteration,

ξ
(k+1)
i =

1

aii



−
i−1
∑

j=1

aijξ
(k+1)
j −

n
∑

j=i+1

aijξ
(k)
j + βi



 , i = 1, . . . , n. (4.7)

Thedefining equation (4.6) can bewritten as

b + Exk+1 − Dxk+1 + Fxk = 0,

which leads immediately to thevector form of theGauss-Seidel iteration

xk+1 = (D − E)−1Fxk + (D − E)−1b. (4.8)

Computing the new approximation in (4.5) requiresmultiplying by the inverse
of the diagonal matrix D. In (4.8) a triangular system must be solved with D − E,
the lower triangular part of A. Thus, the new approximation in a Gauss-Seidel step
can be determined either by solving a triangular system with the matrix D − E or
from the relation (4.7).

A backward Gauss-Seidel iteration can also bedefined as

(D − F )xk+1 = Exk + b, (4.9)

which is equivalent to making the coordinatecorrections in theorder n, n−1, . . . , 1.
A Symmetric Gauss-Seidel Iteration consistsof aforward sweep followed byaback-
ward sweep.

The Jacobi and theGauss-Seidel iterations areboth of the form

Mxk+1 = Nxk + b = (M − A)xk + b, (4.10)

in which
A = M − N (4.11)

is a splitting of A, with M = D for Jacobi, M = D − E for forward Gauss-Seidel,
and M = D − F for backward Gauss-Seidel. An iterative method of the form
(4.10) can be defined for any splitting of the form (4.11) where M is nonsingular.
Overrelaxation is based onthe splitting

ωA = (D − ωE) − (ωF + (1 − ω)D),

and the corresponding Successive Over Relaxation (SOR) method is given by the
recursion

(D − ωE)xk+1 = [ωF + (1 − ω)D]xk + ωb. (4.12)
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The above iteration corresponds to the relaxation sequence

ξ
(k+1)
i = ωξGS

i + (1 − ω)ξ
(k)
i , i = 1, 2, . . . , n,

in which ξGS
i is defined bythe expression in theright-handsideof (4.7). A backward

SOR sweep can bedefined analogously to thebackward Gauss-Seidel sweep (4.9).
A Symmetric SOR (SSOR) step consists of the SOR step (4.12) followed by a

backward SOR step,

(D − ωE)xk+1/2 = [ωF + (1 − ω)D]xk + ωb

(D − ωF )xk+1 = [ωE + (1 − ω)D]xk+1/2 + ωb

This givesthe recurrence
xk+1 = Gωxk + fω,

where

Gω = (D − ωF )−1(ωE + (1 − ω)D) ×

(D − ωE)−1(ωF + (1 − ω)D), (4.13)

fω = ω(D − ωF )−1
(

I + [ωE + (1 − ω)D](D − ωE)−1
)

b. (4.14)

Observing that

[ωE + (1 − ω)D](D − ωE)−1 = [−(D − ωE) + (2 − ω)D](D − ωE)−1

= −I + (2 − ω)D(D − ωE)−1,

fω can be rewritten as

fω = ω(2 − ω) (D − ωF )−1D(D − ωE)−1b.

4.1.1 Block Relaxation Schemes

Block relaxation schemes are generalizations of the “point” relaxation schemes de-
scribed above. They update a whole set of components at each time, typically a
subvector of the solution vector, instead of only one component. The matrix A and
the right-handside andsolution vectors arepartitioned asfollows:

A =













A11 A12 A13 · · · A1p

A21 A22 A23 · · · A2p

A31 A32 A33 · · · A3p
...

...
...

.. .
...

Ap1 Ap2 · · · · · · App













, x =













ξ1

ξ2

ξ3
...
ξp













, b =













β1

β2

β3
...

βp













, (4.15)

in which the partitionings of b and x into subvectors βi and ξi are identical and
compatible with thepartitioning of A. Thus, for any vector x partitioned asin (4.15),

(Ax)i =

p
∑

j=1

Aijξj ,



4.1. JACOBI, GAUSS-SEIDEL, AND SOR 109

in which (y)i denotes the i-th component of the vector i according to the above
partitioning. Thediagonal blocks in A are square andassumed nonsingular.

Now define, similarly to the scalar case, the splitting

A = D − E − F

with

D =









A11

A22
.. .

App









, (4.16)

E = −









O
A21 O

...
...

. ..
Ap1 Ap2 · · · O









, F = −









O A12 · · · A1p

O · · · A2p
. . .

...
O









.

With thesedefinitions, it is easy to generalize the previous threeiterative procedures
defined earlier, namely, Jacobi, Gauss-Seidel, and SOR. For example, the block Ja-
cobi iteration is now defined as atechnique in which the new subvectors ξ

(k)
i are all

replaced according to

Aiiξ
(k+1)
i = ((E + F )xk)i + βi

or,
ξ
(k+1)
i = A−1

ii ((E + F )xk)i + A−1
ii βi, i = 1, . . . , p,

which leads to the sameequation asbefore,

xk+1 = D−1(E + F )xk + D−1b,

except that themeanings of D, E, andF have changed to their block analogues.
With finite difference approximations of PDEs, it is standard to block the vari-

ables and thematrix by partitioning alongwhole linesof themesh. For example, for
the two-dimensional mesh illustrated in Figure2.5, this partitioning is

ξ1 =













u11

u12

u13

u14

u15













, ξ2 =













u21

u22

u23

u24

u25













, ξ3 =













u31

u32

u33

u34

u35













.

This corresponds to the mesh 2.5 of Chapter 2, whose associated matrix pattern is
shown in Figure 2.6. A relaxation can also be defined along the vertical instead
of the horizontal lines. Techniquesof this type are often known as line relaxation
techniques.
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In addition, a block can also correspondto the unknowns associated with a few
consecutive linesin the plane. One such blocking is illustrated in Figure 4.2 for a
6× 6 grid. The corresponding matrix with its block structure is shown in Figure4.3.
An important differencebetween this partitioning and the one corresponding to the
single-line partitioning is that now the matricesAii are block-tridiagonal instead of
tridiagonal. As aresult, solving linear systemswith Aii may be much more expen-
sive. On the other hand, the number of iterations required to achieve convergence
often decreasesrapidly astheblock-size increases.

1 2 3 4 5 6

7 8 9 10 11 12

13 14 15 16 17 18

19 20 21 22 23 24

25 26 27 28 29 30

31 32 33 34 35 36

Figure4.2: Partitioning of a6 × 6 squaremesh into three subdomains.

Figure4.3: Matrix associated with themesh of Figure4.2.

Finally, block techniques can be defined in more general terms. First, by using
blocksthat allow usto updatearbitrary groupsof components, andsecond, by allow-
ing the blocks to overlap. Sincethis is a form of the domain-decomposition method
which will be seen later, we define the approach carefully. So far, our partition has
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been based onan actual set-partition of the variable set S = {1, 2, . . . , n} into sub-
sets S1, S2, . . . , Sp, with the condition that two distinct subsets are disjoint. In set
theory, this is called a partition of S. More generally, a set-decomposition of S
removesthe constraint of disjointness. In other words it is required that the union of
the subsetsSi’s be equal to S:

Si ⊆ S,
⋃

i=1,···,p

Si = S.

In the following, ni denotes the sizeof Si and the subset Si is of the form,

Si = {mi(1), mi(2), . . .mi(ni)}.

A general block Jacobi iteration can be defined asfollows. Let Vi be then × ni

matrix
Vi = [emi(1), emi(2), . . . emi(ni)]

and
Wi = [ηmi(1)emi(1), ηmi(2)emi(2), . . . , ηmi(ni)emi(ni)],

where each ej is the j-th column of then × n identity matrix, andηmi(j) represents
aweight factor chosen so that

W T
i Vi = I.

When there is no overlap, i.e., when the Si’s form a partition of the whole set
{1, 2, . . . , n}, then defineηmi(j) = 1.

Let Aij be theni × nj matrix

Aij = W T
i AVj

and define similarly thepartitioned vectors

ξi = W T
i x, βi = W T

i b.

Note that ViW
T
i is a projector from R

n to the subspaceKi spanned by the columns
mi(1), . . . ,mi(ni). In addition, wehave the relation

x =

s
∑

i=1

Viξi.

Theni-dimensional vector W T
i x represents theprojection ViW

T
i x of x with respect

to thebasis spanned by the columns of Vi. The action of Vi performsthe reverseop-
eration. That meansViy is an extension operation from avector y in Ki (represented
in the basis consisting of the columns of Vi) into a vector Viy in R

n. The operator
W T

i is termed a restriction operator andVi is an prolongation operator.
Each component of the Jacobi iteration can be obtained by imposing the condi-

tion that theprojection of the residual in the span of Si be zero, i.e.,

W T
i



b − A



ViW
T
i xk+1 +

∑

j 6=i

VjW
T
j xk







 = 0.
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Remember that ξj = W T
j x, which can be rewritten as

ξ
(k+1)
i = ξ

(k)
i + A−1

ii W T
i (b − Axk). (4.17)

This leads to the following algorithm:

ALGORITHM 4.1 General Block Jacobi Iteration

1. For k = 0, 1, . . . , until convergenceDo:
2. For i = 1, 2, . . . , p Do:
3. SolveAiiδi = W T

i (b − Axk)
4. Set xk+1 := xk + Viδi

5. EndDo
6. EndDo

As wasthe casewith the scalar algorithms, there is only a slight differencebe-
tween the Jacobi andGauss-Seidel iterations. Gauss-Seidel immediately updates the
component to be corrected at step i, and usesthe updated approximate solution to
compute the residual vector needed to correct the next component. However, the Ja-
cobi iteration usesthe sameprevious approximation xk for this purpose. Therefore,
theblock Gauss-Seidel iteration can bedefined algorithmically asfollows:

ALGORITHM 4.2 General Block Gauss-Seidel Iteration

1. Until convergenceDo:
2. For i = 1, 2, . . . , p Do:
3. SolveAiiδi = W T

i (b − Ax)
4. Set x := x + Viδi

5. EndDo
6. EndDo

From thepoint of view of storage, Gauss-Seidel is more economical becausethenew
approximation can be overwritten over the samevector. Also, it typically converges
faster. On theother hand, the Jacobi iteration has someappeal on parallel computers
sincethe secondDo loop, corresponding to thep different blocks, can be executed in
parallel. Althoughthepoint Jacobi algorithm by itself is rarely a successful technique
for real-lif eproblems, its block Jacobi variant, when using large enough overlapping
blocks, can bequite attractive especially in aparallel computing environment.

4.1.2 Iteration Matrices and Preconditioning

The Jacobi andGauss-Seidel iterations areof the form

xk+1 = Gxk + f, (4.18)

in which

GJA(A) = I − D−1A, (4.19)

GGS(A) = I − (D − E)−1A, (4.20)
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for the Jacobi and Gauss-Seidel iterations, respectively. Moreover, given the matrix
splitting

A = M − N, (4.21)

where A is associated with the linear system (4.1), a linear fixed-point iteration can
bedefined by the recurrence

xk+1 = M−1Nxk + M−1b, (4.22)

which hasthe form (4.18) with

G = M−1N = M−1(M − A) = I − M−1A, f = M−1b. (4.23)

For example, for the Jacobi iteration, M = D, N = D − A, while for the Gauss-
Seidel iteration, M = D − E, N = M − A = F .

The iteration xk+1 = Gxk + f can be viewed as atechnique for solving the
system

(I − G)x = f.

SinceG hasthe form G = I − M−1A, this system can be rewritten as

M−1Ax = M−1b.

The above system which hasthe samesolution astheoriginal system is called apre-
conditioned system and M is the preconditioning matrix or preconditioner. In other
words, a relaxation scheme is equivalent to a fixed-point iteration on a precondi-
tioned system.

For example, for the Jacobi, Gauss-Seidel, SOR, and SSOR iterations, these
preconditioning matrices are, respectively,

MJA = D, (4.24)

MGS = D − E, (4.25)

MSOR =
1

ω
(D − ωE), (4.26)

MSSOR =
1

ω(2 − ω)
(D − ωE)D−1(D − ωF ). (4.27)

Thus, the Jacobi preconditioner is simply the diagonal of A, while the Gauss-Seidel
preconditioner is the lower triangular part of A. The constant coefficients in front of
the matricesMSOR and MSSOR only have the effect of scaling the equations of the
preconditioned system uniformly. Therefore, they are unimportant in the precondi-
tioning context.

Note that the “preconditioned” system may be a full system. Indeed, there is
no reason why M−1 should be a sparse matrix (even thoughM may be sparse),
sincethe inverseof a sparsematrix is not necessarily sparse. This limits the number
of techniquesthat can be applied to solve the preconditioned system. Most of the
iterative techniques used only require matrix-by-vector products. In this case, to
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computew = M−1Av for agiven vector v, first computer = Av and then solve the
system Mw = r:

r = Av,

w = M−1r.

In some cases, it may be advantageous to exploit the splitting A = M − N and
computew = M−1Av asw = (I − M−1N)v by theprocedure

r = Nv,

w = M−1r,

w := v − w.

The matrix N may be sparser than A and the matrix-by-vector product Nv may
be less expensive than the product Av. A number of similar but somewhat more
complex ideashavebeenexploited in the context of preconditioned iterativemethods.
A few of thesewill be examined in Chapter 9.

4.2 Convergence

All themethods seen in theprevious section define a sequenceof iteratesof the form

xk+1 = Gxk + f, (4.28)

in which G is a certain iteration matrix. The questions addressed in this section are:
(a) if theiterationconverges, then is thelimit indeeda solution of theoriginal system?
(b) under which conditions doesthe iteration converge? (c) when the iteration does
converge, how fast is it?

If the above iteration converges, its limit x satisfies

x = Gx + f. (4.29)

In the casewhere the above iteration arisesfrom the splitting A = M −N , it is easy
to seethat the solution x to the above system is identical to that of theoriginal system
Ax = b. Indeed, in this casethe sequence(4.28) hasthe form

xk+1 = M−1Nxk + M−1b

and its limit satisfies
Mx = Nx + b,

or Ax = b. This answersquestion (a). Next, we focuson theother two questions.
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4.2.1 General Convergence Result

If I −G is nonsingular then there is a solution x∗ to the equation (4.29). Subtracting
(4.29) from (4.28) yields

xk+1 − x∗ = G(xk − x∗) = · · · = Gk+1(x0 − x∗). (4.30)

Standard results seen in Chapter 1 imply that if the spectral radius of the iteration
matrix G is lessthan unity, then xk − x∗ convergesto zero and the iteration (4.28)
convergestoward the solution defined by (4.29). Conversely, the relation

xk+1 − xk = G(xk − xk−1) = · · · = Gk(f − (I − G)x0).

showsthat if the iteration convergesfor any x0 andf then Gkv convergesto zero for
any vector v. As aresult, ρ(G) must be lessthan unity and the following theorem is
proved:

Theorem 4.1 Let G be a square matrix such that ρ(G) < 1. Then I − G is nonsin-
gular andtheiteration (4.28) convergesfor any f andx0. Conversely, if theiteration
(4.28) convergesfor for any f andx0, then ρ(G) < 1.

Sinceit is expensive to compute the spectral radius of a matrix, sufficient conditions
that guarantee convergence can be useful in practice. One such sufficient condition
could beobtained by utiliz ing the inequality, ρ(G) ≤ ‖G‖, for any matrix norm.

Corollary 4.2 Let G be a square matrix such that ‖G‖ < 1 for some matrix norm
‖.‖. Then I − G is nonsingular and the iteration (4.28) converges for any initial
vector x0.

Apart from knowing that the sequence (4.28) converges, it is also desirable to
know how fast it converges. The error dk = xk − x∗ at step k satisfies

dk = Gkd0.

The matrix G can be expressed in the Jordan canonical form as G = XJX−1.
Assumefor simplicity that there is only one eigenvalue of G of largest modulus and
call it λ. Then

dk = λkX

(

J

λ

)k

X−1d0.

A careful look at the powers of the matrix J/λ shows that all its blocks, except the
block associated with the eigenvalue λ, converge to zero ask tends to infinity. Let
this Jordan block beof sizep and of the form

Jλ = λI + E,

whereE is nilpotent of index p, i.e., Ep = 0. Then, for k ≥ p,

Jk
λ = (λI + E)k = λk(I + λ−1E)k = λk

(

p−1
∑

i=0

λ−i

(

k

i

)

Ei

)

.
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If k is large enough, then for any λ the dominant term in the above sum is the last
term, i.e.,

Jk
λ ≈ λk−p+1

(

k

p − 1

)

Ep−1.

Thus, thenorm of dk = Gkd0 hasthe asymptotical form

‖dk‖ ≈ C × |λk−p+1|

(

k

p − 1

)

,

whereC is someconstant. Theconvergencefactor of a sequenceis the limit

ρ = lim
k→∞

(

‖dk‖

‖d0‖

)1/k

.

It follows from the above analysis that ρ = ρ(G). The convergence rate τ is the
(natural) logarithm of the inverseof the convergencefactor

τ = − ln ρ.

The above definition depends on the initial vector x0, so it may be termed a
specific convergencefactor. A general convergencefactor can also bedefined by

φ = lim
k→∞

(

max
x0∈Rn

‖dk‖

‖d0‖

)1/k

.

This factor satisfies

φ = lim
k→∞

(

max
d0∈Rn

‖Gkd0‖

‖d0‖

)1/k

= lim
k→∞

(

‖Gk‖
)1/k

= ρ(G).

Thus, the global asymptotic convergence factor is equal to the spectral radius of
the iteration matrix G. The general convergence rate differs from the specific rate
only when the initial error doesnot have any components in the invariant subspace
associated with thedominant eigenvalue. Sinceit is hard to know this information in
advance, thegeneral convergencefactor is moreuseful in practice.

Example 4.1. Consider the simple example of Richardson’s Iteration,

xk+1 = xk + α (b − Axk) , (4.31)

whereα is anonnegative scalar. This iteration can be rewritten as

xk+1 = (I − αA)xk + αb. (4.32)

Thus, the iteration matrix is Gα = I −αA and the convergencefactor is ρ(I −αA).
Assumethat the eigenvaluesλi, i = 1, . . . , n, are all real andsuch that,

λmin ≤ λi ≤ λmax.
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Then, the eigenvaluesµi of Gα are such that

1 − αλmax ≤ µi ≤ 1 − αλmin.

In particular, if λmin < 0 and λmax > 0, at least one eigenvalue is > 1, and so
ρ(Gα) > 1 for any α. In this casethe method will always diverge for some initial
guess. Let us assume that all eigenvalues are positive, i.e., λmin > 0. Then, the
following conditions must be satisfied in order for themethod to converge:

1 − αλmin < 1,

1 − αλmax > −1.

The first condition implies that α > 0, while the secondrequiresthat α ≤ 2/λmax.
In other words, themethodconvergesfor any scalar α which satisfies

0 < α <
2

λmax
.

The next question is: What is the best value αopt for the parameter α, i.e., the value
of α which minimizesρ(Gα)? The spectral radiusof Gα is

ρ(Gα) = max{|1 − αλmin|, |1 − αλmax|}.

This function of α is depicted in Figure 4.4. As the curve shows, the best possible α
is reached at the point where the curve |1 − λmaxα| with positive slope crossesthe
curve |1 − λminα| with negative slope, i.e., when

−1 + λmaxα = 1 − λminα.

1
λmin

1
λmax

αopt

|1 − λminα|

|1 − λmaxα|

α

1

Figure4.4: The curveρ(Gα) as afunction of α.

This gives

αopt =
2

λmin + λmax
. (4.33)
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Replacing this in one of the two curves gives the corresponding optimal spectral
radius

ρopt =
λmax − λmin

λmax + λmin
.

This expression showsthedifficulty with thepresenceof small andlarge eigenvalues.
The convergencerate can be extremely small for realistic problems. In addition, to
achieve goodconvergence, eigenvalue estimates are required in order to obtain the
optimal or a near-optimal α, and this may causedifficulties. Finally, sinceλmax can
be very large, the curve ρ(Gα) can be extremely sensitive near the optimal value
of α. Theseobservations are common to many iterative methods that depend onan
acceleration parameter.

4.2.2 Regular Splittings

Definit ion 4.3 Let A, M, N be three given matrices satisfying A = M − N . The
pair of matricesM, N is a regular splitting of A, if M is nonsingular andM−1 and
N are nonnegative.

With a regular splitting, we associatethe iteration

xk+1 = M−1Nxk + M−1b. (4.34)

Thequestion asked is: Under which conditionsdoes such an iteration converge?The
following result, which generalizesTheorem 1.29, givesthe answer.

Theorem 4.4 Let M, N bea regular splitting of a matrix A. Then ρ(M−1N) < 1 if
and only if A is nonsingular andA−1 is nonnegative.

Proof. DefineG = M−1N . From the fact that ρ(G) < 1, and the relation

A = M(I − G) (4.35)

it follows that A is nonsingular. The assumptions of Theorem 1.29 are satisfied for
thematrix G sinceG = M−1N is nonnegative andρ(G) < 1. Therefore, (I −G)−1

is nonnegative asis A−1 = (I − G)−1 M−1.
To provethe sufficient condition, assumethat A isnonsingular andthat its inverse

is nonnegative. SinceA andM are nonsingular, the relation (4.35) shows again that
I − G is nonsingular and in addition,

A−1N =
(

M(I − M−1N)
)−1

N

= (I − M−1N)−1M−1N

= (I − G)−1G. (4.36)

Clearly, G = M−1N is nonnegative by the assumptions, and as aresult of the
Perron-Frobeniustheorem, thereis anonnegative eigenvector x associated with ρ(G)
which is an eigenvalue, such that

Gx = ρ(G)x.
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From this and by virtueof (4.36), it follows that

A−1Nx =
ρ(G)

1 − ρ(G)
x.

Sincex andA−1N arenonnegative, this shows that

ρ(G)

1 − ρ(G)
≥ 0

and this can be true only when 0 ≤ ρ(G) ≤ 1. Since I − G is nonsingular, then
ρ(G) 6= 1, which implies that ρ(G) < 1.

This theorem establishesthat the iteration (4.34) always converges, if M, N is a
regular splitting andA is an M-matrix.

4.2.3 Diagonally Dominant Matrices

Webegin with a few standard definitions.

Definit ion 4.5 A matrix A is

• (weakly) diagonally dominant if

|ajj | ≥
i=n
∑

i=1

i6=j

|aij |, j = 1, . . . , n.

• strictly diagonally dominant if

|ajj | >
i=n
∑

i=1

i6=j

|aij |, j = 1, . . . , n.

• ir reducibly diagonally dominant if A is irreducible, and

|ajj | ≥

i=n
∑

i=1

i6=j

|aij |, j = 1, . . . , n.

with strict inequality for at least one j.

Often the term diagonally dominant is used instead of weakly diagonally dominant.
Diagonal dominanceis related to an important result in Numerical Linear Alge-

bra known asGershgorin’s theorem. This theorem allows roughlocations for all the
eigenvaluesof A to be determined. In some situations, it is desirable to determine
theselocations in the complex plane by directly exploiting some knowledge of the
entries of thematrix A. The simplest such result is thebound

|λi| ≤ ‖A‖

for any matrix norm. Gershgorin’s theorem provides amore precise localization
result.
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Theorem 4.6 (Gershgorin) Any eigenvalue λ of a matrix A is located in one of the
closed discsof the complex plane centered at aii and having the radius

ρi =

j=n
∑

j=1

j 6=i

|aij |.

In other words,

∀ λ ∈ σ(A), ∃ i such that |λ − aii| ≤

j=n
∑

j=1
j 6=i

|aij |. (4.37)

Proof. Let x be an eigenvector associated with an eigenvalue λ, and let m be the
index of the component of largest modulus in x. Scale x so that |ξm| = 1, and
|ξi| ≤ 1, for i 6= m. Sincex is an eigenvector, then

(λ − amm)ξm = −
n
∑

j=1

j 6=m

amjξj ,

which gives

|λ − amm| ≤
n
∑

j=1

j 6=m

|amj ||ξj | ≤
n
∑

j=1

j 6=m

|amj | = ρm. (4.38)

This completes theproof.

Sincethe result also holds for the transposeof A, a version of the theorem can also
be formulated based oncolumn sumsinstead of row sums.

The n discs defined in the theorem are called Gershgorin discs. The theorem
states that the union of thesen discs contains the spectrum of A. It can also be
shown that if there are m Gershgorin discswhoseunion S is disjoint from all other
discs, then S contains exactly m eigenvalues(counted with their multiplicities). For
example, when one disc is disjoint from the others, then it must contain exactly one
eigenvalue.

An additional refinement which hasimportant consequences concernsthepartic-
ular casewhen A is irreducible.

Theorem 4.7 Let A be an ir reducible matrix, and assume that an eigenvalue λ of
A lies on the boundary of the union of the n Gershgorin discs. Then λ lies on the
boundary of all Gershgorin discs.

Proof. As in the proof of Gershgorin’s theorem, let x be an eigenvector associated
with λ, with |ξm| = 1, and |ξi| ≤ 1, for i 6= m. Start from equation (4.38) in the
proof of Gershgorin’s theorem which states that thepoint λ belongs to them-th disc.
In addition, λ belongs to the boundary of the union of all the discs. As aresult, it
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cannot be an interior point to thedisc D(λ, ρm). This implies that |λ− amm| = ρm.
Therefore, the inequalities in (4.38) both becomeequalities:

|λ − amm| =
n
∑

j=1

j 6=m

|amj ||ξj | =
n
∑

j=1

j 6=m

|amj | = ρm. (4.39)

Let j be any integer 1 ≤ j ≤ n. SinceA is irreducible, its graph is connected and,
therefore, there existsa path from nodem to node j in the adjacency graph. Let this
path be

m, m1, m2, . . . ,mk = j.

By definition of an edge in the adjacency graph, am,m1
6= 0. Becauseof the equality

in (4.39), it is necessary that |ξj | = 1 for any nonzero ξj . Therefore, |ξm1
| must be

equal to one. Now repeating the argument with m replaced by m1 shows that the
following equality holds:

|λ − am1,m1
| =

n
∑

j=1

j 6=m1

|am1,j ||ξj | =
n
∑

j=1

j 6=m1

|am1,j | = ρm1
. (4.40)

The argument can be continued showing each time that

|λ − ami,mi
| = ρmi

, (4.41)

and this is valid for i = 1, . . . , k. In the end, it will be proved that λ belongs to the
boundary of the j-th disc for an arbitrary j.

An immediate corollary of the Gershgorin theorem and the above theorem fol-
lows.

Corollary 4.8 If a matrix A is strictly diagonally dominant or ir reducibly diagonally
dominant, then it is nonsingular.

Proof. If a matrix is strictly diagonally dominant, then the union of the Gershgorin
disks excludesthe origin, so λ = 0 cannot be an eigenvalue. Assumenow that it is
only irreducibly diagonal dominant. Then if it is singular, the zero eigenvalue lieson
theboundary of theunion of theGershgorin disks. In this situation, according to the
previous theorem, this eigenvalue should lie on the boundary of all the disks. This
would mean that

|ajj | =
n
∑

i=1

i6=j

|aij | for j = 1, . . . , n,

which contradicts the assumption of irreducible diagonal dominance.

The following theorem can now be stated.

Theorem 4.9 If A is a strictly diagonally dominant or an ir reducibly diagonally
dominant matrix, then the associated Jacobi and Gauss-Seidel iterations converge
for any x0.
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Proof. We first prove the results for strictly diagonally dominant matrices. Let λ be
the dominant eigenvalue of the iteration matrix MJ = D−1(E + F ) for Jacobi and
MG = (D − E)−1F for Gauss-Seidel. As in the proof of Gershgorin’s theorem, let
x be an eigenvector associated with λ, with |ξm| = 1, and |ξi| ≤ 1, for i 6= 1. Start
from equation (4.38) in theproof of Gershgorin’s theorem which states that for MJ ,

|λ| ≤
n
∑

j=1

j 6=m

|amj |

|amm|
|ξj | ≤

n
∑

j=1

j 6=m

|amj |

|amm|
< 1.

This provesthe result for Jacobi’s method.
For theGauss-Seidel iteration, write them-th row of the equation Fx = λ(D −

E)x in the form

∑

j<m

amjξj = λ



ammξm +
∑

j>m

amjξj



 ,

which yields the inequality

|λ| ≤

∑

j<m |amj ||ξj |

|amm| −
∑

j>m |amj ||ξj |
≤

∑

j<m |amj |

|amm| −
∑

j>m |amj |
.

The last term in the above equation has the form σ2/(d − σ1) with d, σ1, σ2 all
nonnegative andd − σ1 − σ2 > 0. Therefore,

|λ| ≤
σ2

σ2 + (d − σ2 − σ1)
< 1.

In the casewhen the matrix is only irreducibly diagonally dominant, the above
proofsonly show that ρ(M−1N) ≤ 1, whereM−1N is theiteration matrix for either
Jacobi or Gauss-Seidel. A proof by contradiction will be used to show that in fact
ρ(M−1N) < 1. Assumethat λ is an eigenvalue of M−1N with |λ| = 1. Then the
matrix M−1N −λI would be singular and, as aresult, A′ = N −λM would also be
singular. Since |λ| = 1, it is clear that A′ is also an irreducibly diagonally dominant
matrix. This would contradict Corollary 4.8.

4.2.4 Symmetric Positive Definite Matrices

It is possible to show that when A is Symmetric Positive Definite, then SOR will
convergefor any ω in theopen interval (0, 2) andfor any initial guessx0. In fact, the
reverseis also trueunder certain assumptions.

Theorem 4.10 If A is symmetric with positive diagonal elements andfor 0<ω < 2,
SOR convergesfor any x0 if and only if A is positivedefinite.
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4.2.5 Property A and Consistent Orderings

A number of propertieswhich arerelated to thegraph of afinitedifferencematrix are
now defined. Thefirst of theseproperties is called Property A. A matrix hasProperty
A if its graph is bipartite. This means that the graph is two-colorable in the sense
defined in Chapter 3: Its vertices can be partitioned in two sets in such a way that
no two verticesin the same set are connected by an edge. Note that, asusual, the
self -connecting edgeswhich correspondto thediagonal elements are ignored.

Definit ion 4.11 A matrix has Property A if the verticesof its adjacency graph can
be partitioned in two sets S1 andS2, so that any edge in the graphlinksa vertex of
S1 to a vertex of S2.

In other words, nodesfrom the first set are connected only to nodesfrom the second
set and viceversa. This definition is illustrated in Figure4.5.

S2S1

Figure4.5: Graph illustration of Property A.

An alternativedefinition is that amatrix hasProperty A if it can bepermuted into
amatrix with the following structure:

A′ =

(

D1 −F
−E D2

)

, (4.42)

where D1 and D2 are diagonal matrices. This structure can be obtained by first
labeling all the unknowns in S1 from 1 to n1, in which n1 = |S1| and the rest
from n1 + 1 to n. Note that the Jacobi iteration matrix will have the samestructure
except that theD1, D2 blockswill bereplaced byzero blocks. These Jacobi iteration
matrices satisfy an important property stated in the following proposition.

Proposit ion 4.12 Let B bea matrix with the following structure:

B =

(

O B12

B21 O

)

, (4.43)

andlet L andU be the lower and upper triangular partsof B, respectively. Then
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1. If µ is aneigenvalueof B, then so is −µ.

2. The eigenvaluesof thematrix

B(α) = αL +
1

α
U

defined for α 6= 0 are independent of α.

Proof. The first property is shown by simply observing that if
(

x
v

)

is an eigenvector

associated with µ, then
(

x
−v

)

is an eigenvector of B associated with the eigenvalue
−µ.

Consider the second property. For any α, the matrix B(α) is similar to B, i.e.,
B(α) = XBX−1 with X defined by

X =

(

1 O
O α

)

.

This provesthedesired result

A definition which generalizesthis important property is consistently ordered matri-
ces. Varga [293] calls a consistently ordered matrix one for which the eigenvalues
of B(α) are independent of α. Another definition given by Young[322] considers
a specific classof matriceswhich generalize this property. We will usethis defini-
tion here. Unlike Property A, the consistent ordering property depends on the initial
ordering of theunknowns.

Definit ion 4.13 A matrix is said to be consistently ordered if the verticesof its adja-
cency graph can be partitioned in p sets S1, S2, . . ., Sp with the property that any
two adjacent verticesi and j in the graph belong to two consecutive partitions Sk

andSk′ , with k′ = k − 1, if j < i, andk′ = k + 1, if j > i.

It is easy to show that consistently ordered matrices satisfy property A: thefirst color
is made up of all the partitions Si with odd i and the second with the partitions Si

with even i.

Example 4.2. Block tridiagonal matricesof the form

T =















D1 T12

T21 D2 T23

T32 D3
. ..

. . . . .. Tp−1,p

Tp,p−1 Dp















whosediagonal blocksDi arediagonal matrices are called T -matrices. Clearly, such
matrices are consistently ordered. Note that matricesof the form (4.42) are apartic-
ular casewith p = 2.
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Consider now a general, consistently ordered matrix. By definition, there is per-
mutation π of {1, 2, . . . , n} which is theunion of p disjoint subsets

π = π1

⋃

π2 . . .
⋃

πp (4.44)

with the property that if aij 6= 0, j 6= i and i belongs to πk, then j belongs to πk±1

depending onwhether i < j or i > j. This permutation π can be used to permute
A symmetrically. If P is the permutation matrix associated with the permutation π,
then clearly

A′ = P T AP

is aT -matrix.
Not every matrix that can be symmetrically permuted into a T -matrix is con-

sistently ordered. The important property here is that the partition {πi} preserves
the order of the indices i, j of nonzero elements. In terms of the adjacency graph,
there is a partition of the graph with the property that an oriented edge i, j from
i to j always points to a set with a larger index if j > i, or a smaller index oth-
erwise. In particular, a very important consequence is that edges corresponding to
the lower triangular part will remain so in the permuted matrix. The same is true
for the upper triangular part. Indeed, if a nonzero element in the permuted matrix
is a′i′,j′ = aπ−1(i),π−1(j) 6= 0 with i′ > j′, then by definition of the permutation
π(i′) > π(j′), or i = π(π−1(i)) > j = π(π−1(j)). Becauseof the order preserva-
tion, it is necessary that i > j. A similar observation holds for the upper triangular
part. Therefore, this results in the following proposition.

Proposit ion 4.14 If a matrix A is consistently ordered, then there existsa permuta-
tion matrix P such that P T AP is a T -matrix and

(P T AP )L = P T ALP, (P T AP )U = P T AUP (4.45)

in which XL represents the(strict) lower part of X andXU the(strict) upper part of
X.

With the above property it can be shown that for consistently ordered matrices
the eigenvaluesof B(α) asdefined in Proposition 4.12 are also invariant with respect
to α.

Proposit ion 4.15 Let B bethe Jacobi iteration matrix associated with a consistently
ordered matrix A, and let L and U be the lower and upper triangular parts of B,
respectively. Then the eigenvaluesof thematrix

B(α) = αL +
1

α
U

defined for α 6= 0 do not depend onα.
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Proof. First transform B(α) into a T -matrix using the permutation π in (4.44) pro-
vided by thepreviousproposition

P T B(α)P = αP T LP +
1

α
P T UP.

From the previous proposition, the lower part of P T BP is precisely L′ = P T LP .
Similarly, theupper part is U ′ = P T UP , the lower and upper partsof the associated
T -matrix. Therefore, weonly need to show that theproperty is true for aT -matrix.

In this case, for any α, thematrix B(α) is similar to B. This means that B(α) =
XBX−1 with X being equal to

X =













1
αI

α2I
.. .

αp−1I













,

where thepartitioning is associated with the subsetsπ1, . . . , πp respectively.

Note that T -matrices and matriceswith the structure (4.42) are two particular
casesof matriceswhich fulfi ll the assumptionsof the aboveproposition. There are a
number of well known properties related to Property A andconsistent orderings. For
example, it is possible to show that,

• Property A is invariant under symmetric permutations.

• A matrix hasProperty A if and only if there is a permutation matrix P such
that A′ = P−1AP is consistently ordered.

Consistently ordered matrices satisfy an important property which relates the
eigenvaluesof the corresponding SOR iteration matricesto thoseof the Jacobi iter-
ation matrices. The main theorem regarding the theory for SOR is a consequenceof
the following result proved byYoung[322]. Remember that

MSOR = (D − ωE)−1 (ωF + (1 − ω)D)

= (I − ωD−1E)−1
(

ωD−1F + (1 − ω)I
)

.

Theorem 4.16 Let A be a consistently ordered matrix such that aii 6= 0 for i =
1, . . . , n, and let ω 6= 0. Then if λ is a nonzero eigenvalue of the SOR iteration
matrix MSOR, any scalar µ such that

(λ + ω − 1)2 = λω2µ2 (4.46)

is an eigenvalue of the Jacobi iteration matrix B. Conversely, if µ is an eigenvalue
of the Jacobi matrix B and if a scalar λ satisfies(4.46), then λ is an eigenvalue of
MSOR.
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Proof. DenoteD−1E by L andD−1F by U , so that

MSOR = (I − ωL)−1 (ωU + (1 − ω)I)

and the Jacobi iteration matrix is merely L + U . Writing that λ is an eigenvalue
yields

det
(

λI − (I − ωL)−1(ωU + (1 − ω)I)
)

= 0

which is equivalent to

det (λ(I − ωL) − (ωU + (1 − ω)I)) = 0

or
det ((λ + ω − 1)I − ω(λL + U)) = 0.

Sinceω 6= 0, this can be rewritten as

det

(

λ + ω − 1

ω
I − (λL + U)

)

= 0,

which meansthat (λ+ω−1)/ω is an eigenvalueof λL+U . SinceA is consistently
ordered, the eigenvaluesof λL + U which are equal to λ1/2(λ1/2L + λ−1/2U) are
the sameasthoseof λ1/2(L + U), where L + U is the Jacobi iteration matrix. The
proof follows immediately.

This theorem allows us to compute an optimal value for ω, which can be shown
to be equal to

ωopt =
2

1 +
√

1 − ρ(B)2
. (4.47)

A typical SOR procedure startswith someω, for example, ω = 1, then proceedswith
anumber of SOR stepswith this ω. The convergencerate for the resulting iterates is
estimated providing an estimatefor ρ(B) using Theorem 4.16. A better ω is then ob-
tained from theformula (4.47), andthe iteration restarted. Further refinementsof the
optimal ω are calculated and retrofitted in this manner asthe algorithm progresses.

4.3 Alternating Direction Methods

The Alternating Direction Implicit (ADI) method wasintroduced in the mid-1950s
by Peaceman and Rachford [226] specifically for solving equations arising from fi-
nite differencediscretizationsof ellip tic and parabolic Partial Differential Equations.
Consider apartial differential equation of ellip tic type

∂

∂x

(

a(x, y)
∂u(x, y)

∂x

)

+
∂

∂y

(

b(x, y)
∂u(x, y)

∂y

)

= f(x, y) (4.48)

on a rectangular domain with Dirichlet boundary conditions. The equations are dis-
cretized with centered finite differencesusing n + 2 points in the x direction and
m + 2 points in they direction, This results in the system of equations

Hu + V u = b, (4.49)
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in which the matricesH and V represent the three-point central difference approxi-
mations to theoperators

∂

∂x

(

a(x, y)
∂

∂x

)

and
∂

∂y

(

b(x, y)
∂

∂y

)

,

respectively. In what follows, the samenotation is used to represent the discretized
version of theunknown function u.

The ADI algorithm consistsof iterating by solving (4.49) in the x and y direc-
tions alternatively asfollows.

ALGORITHM 4.3 Peaceman-Rachford (PR) ADI

1. For k = 0., 1, . . . , until convergenceDo:
2. Solve: (H + ρkI)uk+ 1

2

= (ρkI − V )uk + b

3. Solve: (V + ρkI)uk+1 = (ρkI − H)uk+ 1

2

+ b

4. EndDo

Here, ρk, k = 1, 2, . . ., is a sequenceof positive acceleration parameters.
The specific casewhereρk is chosen to be a constant ρ deservesparticular atten-

tion. In this case, we can formulate the above iteration in the usual form of (4.28)
with

G = (V + ρI)−1(H − ρI)(H + ρI)−1(V − ρI), (4.50)

f = (V + ρI)−1
[

I − (H − ρI)(H + ρI)−1
]

b (4.51)

or, when ρ > 0, in the form (4.22) with

M =
1

2ρ
(H + ρI)(V + ρI), N =

1

2ρ
(H − ρI)(V − ρI). (4.52)

Note that (4.51) can be rewritten in a simpler form; seeExercise5.
The ADI algorithm is often formulated for solving the time-dependent Partial

Differential Equation

∂u

∂t
=

∂

∂x

(

a(x, y)
∂u

∂x

)

+
∂

∂y

(

b(x, y)
∂u

∂y

)

(4.53)

on the domain (x, y, t) ∈ Ω × [0, T ] ≡ (0, 1) × (0, 1) × [0, T ]. The initial and
boundary conditions are:

u(x, y, 0) = x0(x, y), ∀(x, y) ∈ Ω, (4.54)

u(x̄, ȳ, t) = g(x̄, ȳ, t), ∀(x̄, ȳ) ∈ ∂Ω, t > 0, (4.55)

where ∂Ω is the boundary of the unit square Ω. The equations are discretized with
respect to the spacevariables x and y asbefore, resulting in a system of Ordinary
Differential Equations:

du

dt
= Hu + V u, (4.56)
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in which the matricesH andV have been defined earlier. The Alternating Direction
Implicit algorithm advancesthe relation (4.56) forward in time alternately in the x
andy directions asfollows:

(I −
1

2
∆t H)uk+ 1

2

= (I +
1

2
∆t V )uk ,

(I −
1

2
∆t V )uk+1 = (I +

1

2
∆t H)uk+ 1

2

.

The acceleration parametersρk of Algorithm 4.3 are replaced byanatural time-step.

Horizontal ordering
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13 14 15 16 17 18

19 20 21 22 23 24

Vertical ordering
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15

16
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18

19

20

21

22

23

24

Figure4.6: Thehorizontal and vertical orderings for theunknowns in ADI.

Assuming that the mesh-points are ordered by linesin the x-direction, then the
first step of Algorithm 4.3 constitutes a set of m independent tridiagonal linear sys-
temsof sizen each. However, the secondstep constitutes alarge tridiagonal system
whosethreediagonals areoffset by−m, 0, andm, respectively. This secondsystem
can also berewritten as a set of n independent tridiagonal systemsof sizem each by
reordering thegrid pointsby lines, this time in they direction. Thenatural (horizon-
tal) and vertical orderings are illustrated in Figure 4.6. Whenever moving from one
half step of ADI to thenext, wemust implicitly work with thetransposeof thematrix
representing the solution onthe n × m grid points. This data operation may be an
expensive task on parallel machines and often it is cited asone of the drawbacks of
Alternating Direction Methods in this case.

ADI methods were extensively studied in the 1950s and 1960s for the particular
caseof positive definite systems. For such systems, H and V have real eigenvalues
and the following is a summary of the main results in this situation. First, when H
andV areSymmetric PositiveDefinite, then the stationary iteration (ρk = ρ > 0, for
all k) converges. For the model problem, the asymptotic rate of convergenceof the
stationary ADI iteration using the optimal ρ is the same asthat of SSOR using the
optimal ω. However, each ADI step is more expensive than one SSOR step. One of
the more important results in the ADI theory is that the rate of convergenceof ADI
can be increased appreciably by using a cyclic sequenceof parameters, ρk. A theory
for selecting the best sequence of ρk’s is well understood in the casewhen H and
V commute [38]. For the model problem, the parameters can be selected so that the
timecomplexity is reduced to O(n2 log n), for details see[226].
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PROBLEMS

P-4.1 Consider an n × n tridiagonal matrix of the form

Tα =















α −1
−1 α −1

−1 α −1
−1 α −1

−1 α −1
−1 α















, (4.57)

whereα is a real parameter.

a. Verify that the eigenvalues of Tα aregiven by

λj = α − 2 cos (jθ) j = 1, . . . , n,

where
θ =

π

n + 1

and that an eigenvector associated with each λj is

qj = [sin(jθ), sin(2jθ), . . . , sin(njθ)]
T

.

Under what condition onα does thismatrix become positivedefinite?

b. Now take α = 2. How does this matrix relate to the matrices seen in Chapter 2 for
one-dimensional problems?

(i) Will t heJacobi iterationconverge for thismatrix? If so, what will it sconver-
gencefactor be?

(ii ) Will t he Gauss-Seidel iteration converge for this matrix? If so, what will it s
convergencefactor be?

(iii ) For which values of ω will t heSOR iterationconverge?

P-4.2 Provethat the iterationmatrix Gω of SSOR, asdefined by(4.13), can be expressed as

Gω = I − ω(2 − ω)(D − ωF )−1D(D − ωE)−1A.

Deducethe expression (4.27) for thepreconditioningmatrix associated with theSSOR itera-
tion.

P-4.3 Let A be amatrix with apositivediagonal D.

a. Obtainanexpressionequivalent to that of (4.13) for Gω but which involvesthematrices
SE ≡ D−1/2ED−1/2 andSF ≡ D−1/2FD−1/2.

b. Show that

D1/2GωD−1/2 = (I − ωSF )−1(I − ωSE)−1(ωSE + (1 − ω)I)(ωSF + (1 − ω)I)

c. Now assume that in addition to having a positive diagonal, A is symmetric. Prove that
the eigenvalues of theSSOR iterationmatrix Gω are real and nonnegative.
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P-4.4 Let

A =















D1 −F2

−E2 D2 −F3

−E3 D3

.. .
. . .

.. . −Fm

−Em Dm















,

where theDi blocks arenonsingular matrices which arenot necessarily diagonal.

a. What are theblock Jacobi andblock Gauss-Seidel iterationmatrices?

b. Show aresult similar to that in Proposition 4.15 for theJacobi iterationmatrix.

c. Show also that for ω = 1 (1) the block Gauss-Seidel and block Jacobi iterations either
both convergeor both diverge, and(2) when they both converge, then theblock Gauss-
Seidel iteration is (asymptotically) twice as fast as theblock Jacobi iteration.

P-4.5 Accordingto formula(4.23), thef vector in iteration(4.22) should be equal toM−1b,
where b is the right-hand side andM is given in (4.52). Yet, formula (4.51) gives a different
expression for f . Reconcile the two results, i.e., show that the expression (4.51) can also be
rewritten as

f = 2ρ(V + ρI)−1(H + ρI)−1b.

P-4.6 Show that amatrix hasProperty A if and only if there isapermutationmatrix P such
that A′ = P−1AP is consistently ordered.

P-4.7 Consider amatrix A which isconsistently ordered. Show that the asymptotic conver-
gencerate for Gauss-Seidel isdouble that of theJacobi iteration.

P-4.8 A matrix of the form

B =





0 E 0
0 0 F
H 0 0





is called a three-cyclic matrix.

a. What are the eigenvalues of B? (Express them in terms of eigenvalues of a certain
matrix which depends onE, F , andH.)

b. Assume that a matrix A has the form A = D + B, whereD is a nonsingular diagonal
matrix, and B is three-cyclic. How can the eigenvalues of the Jacobi iteration matrix
be related to those of the Gauss-Seidel iteration matrix? How does the asymptotic
convergencerateof theGauss-Seidel iterationcomparewith that of theJacobi iteration
matrix in this case?

c. Answer thesame questions as in (b) for the case when SOR replaces the Gauss-Seidel
iteration.

d. Generalizethe above results to p-cyclic matrices, i.e., matrices of the form

B =













0 E1

0 E2

0
. ..
0 Ep−1

Ep 0













.
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NOTES AND REFERENCES. Two goodreferences for the material covered in this chapter are Varga
[293] and and Young [322]. Althoughrelaxation-type methods were very popular up to the 1960s,
they are now mostly used as preconditioners, a topic which will be seen in detail in Chapters 9 and
10. One of the main difficulties with these methods is finding an optimal relaxation factor for general
matrices. Theorem 4.7 is dueto Ostrowski. For details ontheuseof Gershgorin’stheorem in eigenvalue
problems, see[246]. Theoriginal ideaof theADI method is described in [226] and thoseresults on the
optimal parameters for ADI can be foundin [38]. A comprehensive text on this classof techniquescan
be foundin [300].


