Chapter 4

BASIC ITERATIVE METHODS

The first iterative methods used for solving large linear systems were based on relaxation of the
coordinates. Beginning with a given approximate solution, these methods modify the compo-
nents of the approximation, one or a few at a time and in a certain order, until convergence is
reached. Each of these modifications, called relaxation steps, is aimed at annihilating one or a
few components of the residual vector. Now, these techniques are rarely used separately. How-
ever, when combined with the more efficient methods described in later chapters, they can be
quite successful. Moreover, there are a few application areas where variations of these methods
are still quite popular.

4.1 Jacobi, Gauss-Seidel, and SOR

This chapter begins by reviewing the bagc iterative methods for solving linea sys-
tems. Givenann x n red matrix A andared n-vedor b, the problem considered is:
Find = belonging to R™ such that

Az = b (4.

Equation is a linear sydem, A is the coefficient matrix, b is the right-hand
side vedor, and x is the vedor of unknowns. Most of the methods covered in
this chapter involve passng from one iterate to the next by modifying ore or a few
components of an approximate vedor solution at atime. This is natural sincethere
are dmple criteria when modifying a component in order to improve an iterate. One
example is to annihilate some component(s) of the resdua vedor b — Axz. The
convergenceof thesemethodsis rarely guaranteed for all matrices but alargebody o
theory existsfor the casavhere the coefficient matrix arisesfrom the finite difference
discretization of Elliptic Partial Differential Equations.
We begin with the decomposition

A=D-E-F, (4.2)
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106 CHAPTER 4. BASIC ITERATIVE METHODS

in which D is the diagorel of A, —F its strict lower part, and —F' its strict upper
part, asillustrated in Figure/4.1, 1t is dways assimed that the diagoral entries of A
are dl norzeo.

Figure 4.1: Initial partitioning of matrix A.

The Jaohi iteration determinesthe i-th component of the next approximation
so asto annihilate the i-th component of the resgdual vedor. In the following, gi(k)
denates the i-th component of the iterate x5, and 3; the i-th component of the right-
hand side b. Thus, writing

(b— Awy); =0, (4.3)

in which (y); represents the i-th component of the vedor y, yields

a€ Y = - > az‘jfj('k) + Bi,
j=1

J#i
or

gD i Bi—> ae? | i=1,..n (4.4)
j=1

2
J#i
This is a component-wise form of the Jaohi iteration. All components of the next
iterate can be grouped into thevedor z 1. The éowve notation can be used to rewrite
the Jaobi iteration in vedor form as

Tpr1 = DY E + F)zy, + D 'b. (4.5)

Similarly, the GaussSeidel iteration correds the i-th component of the aurrent
approximate solution, in the order i = 1,2, ..., n, agan to annihilate the i-th com-
porent of the resdual. However, this time the gproximate solution is updated im-
mediatdy after the new component is determined. The newly computed components
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5§’“>, 1 =1,2,...,n can be changed within a working veaor which is redefined at
ead relaxation step. Thus, sincetheorderisi = 1,2, ..., thereallt at the i-th stepis

i—1

B = > ayel ™ —aue™V = 3 ayel™ =, (4.6)

j=1 j=i+1

which leads to the iteration,

i—1 n
1 .
&= ( > at) = 3w +ﬁi> i=Len (@47)

j=1 j=i+1
The defining equation can be written as
b+ Exgy1 — Dagyy + Fap =0,
which leads immediatdy to the vedor form of the Gauss Seidel iteration
tpy1 = (D — E) 'Fap + (D — E)~'b. (4.8)

Computing the new approximation in requiresmultiplying by the inverse
of the diagoral matrix D. In atriangdar system must be lved with D — E,
the lower trianguar part of A. Thus, the new approximation in a GaussSeidel step
can be determined either by solving a trianguar system with the matrix D — F or
from the relation (4.7).

A backward Gauss Seidel iteration can aso be defined as

(D — F)xpyq = Exp, + b, (4.9)
which is equivalent to making the coordinate corredionsin theorder n,n—1, ..., 1.
A Symmetric Gauss Seidel Iteration consistsof aforward sweep followed by abadk-

ward sweep.
The Jaobi and the Gauss Seid€l iterations ae both of the form

Mz = Nz +b= (M — A)a:k + b, (4.10)

in which
A=M-N (4.11)
is asplitting of A, with M = D for Jamhi, M = D — E for forward Gauss Seidel,
and M = D — F for badkward GaussSeidel. An iterative method o the form

(4.10) can be defined for any splitting of the form (4.11) where M is norsingular.
Overrdaxation is basel onthe 9litting

wA = (D —-wFE) — (wF+ (1 —w)D),

and the correpondng Siwccess/e Over Relaxation (SOR) method is given by the
reaursion
(D —wE)zgiq = [wF + (1 — w)D]xy + wb. (4.12)
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The &oweiteration corregponds to the relaxation sequence

®) i =1,2,...,n,

(2

e = 0efS 1 (1 - w)e

in which £95 is defined by the expresson in the right-hand side of (4.7). A backward
SOR sweep can be defined analogously to the badkward Gauss Seidel sweep (4.9).

A Symmetric SOR (SSOR) step consists of the SOR step followed by a
badkward SOR step,

(D —wE)xq1/0 = [WF+ (1 —w)D]xy +wb
(D-wF)rp1 = [wE+ (1 —w)D]wjq/e +wb

This givesthe reaurrence
Tpp1 = Goxg + fu,

where
G, = (D—-wF) " (wE+(1-w)D) x
(D —wE) Y (wF + (1 -w)D), (4.13)
fo = wD—-wF) ' (I+WwE+(1-w)D|(D-wE)™") b (4.14)
Obseving that
[WE 4+ (1 —w)D|(D —wE)™ = [-(D—-wE)+(2—w)D]|(D—-wE)™!

= I+ (2-w)DD—-wE)™,
fu can berewritten as

fo=w?2-w)(D—-wF)"'D(D-wE)"'b.

4.1.1 Block Relaxation Schemes

Block relaxation schemes ae generalizations of the “point” relaxation schemes de-
saibed above. They update a whole se of components at ead time, typicaly a
subwvedor of the olution vedor, instead of only one component. The matrix A and
the right-hand side and solution vedors ae partitioned asfollows:

A A Az 0 Ay &1 b1
Ag1 Agg Az --- Ag 3 B2

A=|An Asp Az - Ay [ =& |, 0=, (415
Ay Ay o e Ay & B,

in which the partitionings of b and x into subvedors 3; and &; are identical and
compatible with the partitioning of A. Thus, for any vedor x partitioned asin (4.15),

p
(Az); = Z Aij&js

J=1
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in which (y); denotes the i-th component of the vedor i acwrding to the gowe
partitioning. The diagoral blocksin A are yuare and assimed norsingular.
Now define, similarly to the scédar casethe litting

A=D—-FE-F
with
Ay
A
D= > , (4.16)
App
o) O Ap - Ay
Ay Ay - O 0

With thesedefinitions, it is eay to generaize the previous threeiterative procedures
defined ealier, namdy, Ja®mbhi, Gauss Seidel, and SOR. For example, the block Ja
cohi iteration is now defined as atechnique in which the new subvedors gfk) are dl

replaced acarding to

or,
&MY = AFH (B + F)ay), + A8, i=1,....p,

7

which leads to the same equation asbefore,
Tpr1 = DY E + F)ay, + Db,

except that the meanings of D, E, and I’ have changed to their block analogues

With finite difference gproximations of PDEs, it is standard to block the vari-
ables and the matrix by partitioning along whole linesof the mesh. For example, for
the two-dimensional mesh illu strated in Figure/2.5, this partitioning is

U1 U1 u31
u12 U2 u32
S =|wz |, S=|uas|, &=/ us
U4 Uy u34
Uuis Uu2s uss

This corregponds to the mesh[2.5 of Chapter 2, whose assciated matrix pattern is
shown in Figure2.6. A relaxation can aso be defined along the vertical instead
of the horizontal lines Tedhniquesof this type ae often knovn asline rdaxation
techniques
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In addition, a block can aso corregpondto the unknavns assciated with afew
conseattive linesin the plane. One such blocking is illustrated in Figure|4.2 for a
6 x 6 grid. The correpondng matrix with its block structure is shown in Figure/4.3,
An important difference between this partitioning and the one rregpondng to the
single-line partitioning is that now the matrices A;; are block-tridiagoral instead of
tridiagoral. As areallt, solving linea systemswith A;; may be much more expen-
sive. On the other hand, the number of iterations required to achieve convergence
often deaeasesapidly asthe block-size increases

A, A A AL\ A A A
A3—14—a5——16——17—18
"\ Q) 7o) A A A\ A
@ (8) 9) a0 ) a2
O—2—0B—1—_5—®

Figure 4.3: Matrix as®ciated with the mesh of Figure/4.2,

Finally, block techniques ca be defined in more general terms. First, by using
blocksthat alow usto updete arbitrary groups of components and se®nd, by allow-
ing the blocks to overlap. Sincethis is aform of the doman-decomposition method
which will be se@ later, we define the gpproach carefully. So far, our partition has



4.1. JACOBI, GAUSSSEIDEL, AND SOR 111

been basel onan adual se-partition of the variable se S = {1,2,...,n} into sub-
sds 51, Se, . .., Sp, with the condtion that two distinct subses are disjoint. In set
theory, this is cdled a partition of S. More generally, a sd-decompasition of S
removesthe aonstraint of disjointness In other words it is required that the union of
the subsds S;’s be equal to .S

s;ics, |J si=s

i=1,p
In the following, n; denates the dze of S; andthe subse S; is of the form,
S; = {m;(1),m;(2),...m;(n;)}.
A genera block Jaohi iteration can be defined asfollows. Let V; bethen x n;
matrix
Vi = [emi(1)s €mi(2)> -+ - Cminy))
and
Wi = [, (1) €mi (1) Tna(2)€ma(2)> - -+ > T (n) €ma(n) s
where eati ¢; is the j-th column of the n x n identity matrix, and 7,,,, ;) represents

aweight fador chosen so that
wWlv, =1
When there is no owrlap, i.e., when the S;’s form a partition of the whoe se
{1,2,...,n}, then definen,,, ;) = 1.
Let A;; bethen; x n; marix

Ay = WAV
and define dmilarly the partitioned vedors

&=wle, Bi=wlb

7

Note that V; W is a projector from R™ to the subspaceK; spanned by the columns
m;(1), ...,m;(n;). In addtion, we have the relation

T = ZS: Vi&i.
=1

The n;-dimensional veaor W/ z represents the projection V; W'z of x with reped
to the bags spanned by the awlumns of V;. The adion of V; performsthe reverseop-
eration. That means V;y is an extension operation from avedor y in K; (represented
in the bags consisting of the mlumns of V;) into avedor V;y in R™. The operator
W' is termed aredriction operator and V; is an prolongation operator.

Each component of the Jaohi iteration can be obtained by imposing the cond-
tion that the projection of the reddual in the gan of S; be zeo, i.e.,

W o= A [ Vil apr + > VW] | | =0.
J#i
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Remember that £; = Wz, which can be rewritten as

M) — P L AW (b — Auy). (4.17)

This leads to the following algorithm:

ALGORITHM 4.1 Genera Block Jacobi Iteration

1 Fork =0,1,..., urtil convergence Do:
2. For:=1,2,...,p Do:

3. Solve A;;6; = WZT(b — ASEk)

4, Setxpiq = xp + Vid;

5. EndDo

6. EndDo

As wasthe casewith the scdar algorithms, there is only a dight difference be-
tween the Jaobi and Gauss Seidel iterations. Gauss Seidel immediatdy updates the
component to be crreded at step ¢, and usesthe updated approximate solution to
compute the resdual vedor nealed to corred the next component. However, the Ja
cobi iteration usesthe sane previous goproximation x, for this purpose Therefore,
the block Gauss Seidél iteration can be defined algorithmically asfollows:

ALGORITHM 4.2 General Block Gauss Seidel Iteration

1 Until convergence Do:

2. Fori=1,2,...,p Do:

3. Solve A;;6; = WZT(b — ASE)
4, Sety :=x+ V;d;

5. EndDo

6. EndDo

From the point of view of storage, Gauss Seidel is more emnamical becaisethe new
approximation can be overwritten over the sanevedor. Also, it typicaly conwerges
fager. On the other hand, the Jaobi iteration has ®meapped on parallel computers
sincethe seond Do loop, correpondng to the p different blocks, can be exeauted in
paralel. Althoughthe point Ja®mbi algorithm by itself is rarely a suiccess$ul technique
for red-lif e problems its block Ja®bi variant, when using large enough oerlapping
blocks, can be quite attradive epedally in a parallel computing environment.

4.1.2 Iteration Matrices and Preconditioning
The Jaobi and Gauss Seidel iterations ae of the form

rp1 = Gy + f, (4.18)
in which

Gja(A) = I—D A, (4.19)
Gas(A) I—(D-E)'A4, (4.20)
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for the Jaobi and Gauss Seidel iterations, regedively. Moreover, given the matrix
splitting

A=M — N, (4.21)
where A is as®ciated with the linea system (4.1), alinear fixed-point iteration can
be defined by the reaurrence

Tpp1 = M Nz + M1, (4.22)
which hasthe form (4.18) with
G=M1N=MYM-A)=I-M"1A f=M"'b (4.23)

For example, for the Jaohi iteration, M = D, N = D — A, while for the Gauss
Seiddl iteration, M =D —E,N=M — A=F.
The iteration xx1 = Gz + f can be viewed as atechnique for solving the
system
I-Gx=f.

Since G hastheform G = I — M~ A, this system can be rewritten as
M~'Az = M~ 'b.

The above gystem which hasthe sane solution asthe origina system is cdled a pre-
condtioned sygem and M is the precondtioning matrix or precondtioner. In other
words, a relaxation scheme is equivalent to a fixed-point iteration on a pecond-
tioned sygem.

For example, for the Jaohi, GaussSeidel, SOR, and SSOR iterations, these
precondtioning matrices ae, repedively,

M;a = D, (4.24)
Mags = D—FE, (4.25)
1
Msor = ;(D —wk), (4.26)
1
Mssor = m (.D - WE)Dil(D — WF) (427)

Thus, the Jaohi precondtioner is simply the diagoral of A, while the Gauss Seidel
precondtioner is the lower trianguar part of A. The cnstant coefficientsin front of
the maricesMgsor and Mssor only have the dfed of scding the equations of the
precondtioned system uniformly. Therefore, they are unimportant in the precond-
tioning context.

Note that the “precondtioned” system may be afull system. Indeed, there is
no rea®n why M ! shoud be a parse matrix (even though M may be Parse),
sincetheinverseof a garsemarix is not necessaly sparse This limits the number
of techniquesthat can be gplied to solve the precondtioned system. Most of the
iterative techniques used only require matrix-by-vedor products. In this case to
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compute w = M~ Av for agiven vedor v, first compute r = Av and then solve the
system Mw = r:

r = Av,
w = M 'r

In some casesit may be alvantageous to exploit the litting A = M — N and
compute w = M~ Av asw = (I — M~ N)v by the procedure

ﬁ
|
=
<

w
w

The marix N may be garsa than A and the marix-by-vedor product Nv may
be less epensive than the product Av. A number of similar but somewhat more
complex ideashave been exploited in the context of precondtioned iterative methods.
A few of thesewill be examined in Chapter 9.

4.2 Convergence

All the methods se@ in the previous setion define a sguence of iterates of the form
Tp1 = Grg + f, (4.28)

in which GG is a cetain iteration matrix. The quedions addressé in this sedion are:
(a) if theiteration converges thenis thelimit indeed a solution of the original system?
(b) under which condtions doesthe iteration converge? (c) when the iteration dces
converge, how fad is it?

If the ebowe iteration converges its limit x sdisfies

z=Gz+f (4.29)

In the casaevhere the ebowe iteration arisesfrom the litting A = M — N, it iseay
to seethat the lution x to the ebove system is identical to that of the original system
Az = b. Indedd, in this casethe sejuence (4.28) hasthe form

Tpp1 =M Nz + M1

and its limit saisfies
Mx = Nx + b,

or Ax = b. This answers quedion (a). Next, we focus on the other two quedions.



4.2. CONVERGENCE 115

4.2.1 General Convergence Result

If I — G is norsingular then there is a olution ., to the eguation (4.29). Subtrading
(4.29) from (4.28) yields

Tyt — & = Gap —ay) = -+ = G (g — ). (4.30)

Standard reaults seea in Chapter 1 imply that if the gedra radius of the iteration
matrix G is lessthan unty, then x;, — x, convergesto zero and the iteration (4.28)
convergestoward the solution defined by (4.29). Conversdy, the relation

Tpp1 — 2 = Gz —xp1) = - = G¥(f — (I — G)xo).

showsthat if the iteration convergesfor any x and f then G*v convergesto zero for
any vedor v. As areallt, p(G)) must be lessthan unty and the following theorem is
proved:

Theorem 4.1 Let G be a square matrix such that p(G) < 1. Then I — G is norsin-
gular andtheiteration (4.28) corvergesfor any f andx,. Corversdy, if theiteration
(4.28) corvergesfor for any f andxg, then p(G) < 1.

Sinceit is expensive to compute the pedral radius of a matrix, sufficient condtions
that guarantee mnvergence can be useul in pradice. One auch sufficient condtion
could be obtained by uilizing the inequality, p(G) < ||G||, for any matrix norm.

Corollary 4.2 Let G be a square matrix such that ||G|| < 1 for some matrix norm
|l.]l. Then I — G is norsingular and the iteration (4.28) corvergesfor any initial
vedor x.

Apart from knowing that the sejuence (4.28) conwverges it is aso dedrable to
know how fast it converges The aror d = x — x, a step k sdisfies

dp = G*d,.

The marix G can be expressé in the Jrdan canorical form asG = XJX L.
Asamefor simplicity that thereis only one dgenvalue of GG of larged modulus and
cdlit A. Then

k
dszhx<i> X1d,.

A caeful look at the powers of the matrix J/\ shows that all its blocks, except the
block as®ciated with the dgenvalue A\, converge to zero ask tends to infinity. Let
this Jordan block be of size p and o the form

Jy=A+FE,

where F is nilpotent of index p, i.e., EP = 0. Then, for k& > p,

p—1
-k .
J§:@1+Eﬁ:AWI+A1Ef:Ak(§Al<.>Eﬁ.
2
1=0
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If k is large enough then for any A the dominant term in the aove aum is the last
term, i.e.,

k
Jy ~ AP EPL
A p—1

Thus, the norm of dj, = G*d, hasthe aymptotical form
ldell & € [y
k p— 1)
where C' is some constant. The convergencefactor of a sejuenceis the limit

. udku>”‘“
= lim < .
k—oo \ [|do|

It follows from the @ove analysis that p = p(G). The corvergence rate 7 is the
(natural) logarithm of the inverseof the convergencefador

T=—lInp.

The &owve definition depends on the initial vedor g, so it may be termed a
spedfic convergencefador. A general convergencefador can aso be defined by

¢ = lim (max Hdk”>1/k.

k—oo \ zg€ER” Hdo H

1/k
_ 5 |G*dy|
¢ = [lm (5“&? [dol|
1/k
_ : k _
= klggo(HG II) = p(G).

Thus, the globa asymptotic convergence fador is equal to the gedra radius of
the iteration matrix G. The general convergence rate differs from the spedfic rate
only when the initial error doesnaot have any components in the invariant subspace
aswciated with the dominant eigenvalue. Sinceit is hard to know this information in
advance, the general convergencefador is more useful in pradice.

This fador sdisfies

Example 4.1. Consider the dmple example of Richardson's Iteration,

Tpr1 =z + (b — Axy), (4.31)
where « is anonregative scéar. This iteration can be rewritten as

i1 = (I — aA)zxy + abd. (4.32

Thus, the iteration marix is G, = I — oA andthe convergencefador is p(I — aA).
Asamethat the dgenvalues);,i = 1, ..., n, are dl red and such that,

)\min S )\z S )\max-



4.2. CONVERGENCE 117

Then, the dgenvaluesy; of G, are such that
1 —admaz < pi <1 — adpin.

In particular, if A\, < 0and A\pq: > 0, a leag one dgenvalue is > 1, and so
p(Gy) > 1 for any a. In this casethe method will always diverge for some initial
guess Let us assmethat al eigenvalues ae paositive, i.e., A\ > 0. Then, the
following condtions must be sdisfied in order for the method to converge:

1—adpin < 1,
1—almez > —1.

Thefirst condtion impliesthat « > 0, while the seondreguiresthat o < 2/ 44-
In other words, the method convergesfor any scdar o which sdisfies

2
I<a< .

Amaa:

The next quedion is: What is the bed value oy, for the parameter o, i.e., the value
of o which minimizesp(G,)? The edra radius of G, is

p(Go) = max{|1 — a\pinl, |1 — @Amaz|}-

This function of « is depicted in Figure/4.4. Asthe aurve shows, the beg possble o
is readed at the point where the aurve |1 — A4, ¢| with positive dope aosseghe
curve |1 — \ina| With negative dope, i.e., when

—1 4+ Mpazx = 1 — Mpinc.

11— Anaz ]
|1 — )\mmoz|

Figure 4.4: The aurve p(G,,) as afunction of a.

This gives )
(4.33)

Qopt = .
)\min + )\ma;r
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Replacing this in one of the two curves givesthe mrregpondng opimal spedral
radius

_ )\max - )\m'm
Popt \

maz + )\m'm ‘

This expresson showsthe difficulty with the presenceof smdl andlarge égenvalues
The mnvergencerate can be extremdy smadl for redistic problems In addition, to
achieve good convergence, eigenvalue esgimates ae required in order to obtain the
optimal or anea-optimal «, and this may causedifficulties. Finally, since A, can
be very large, the aurve p(G,) can be extremdy sensitive nea the optimal value
of a. Theseobseavations ae comman to many iterative methods that depend onan
accderation parameter. O

4.2.2 Regular Splittings

Definition 4.3 Let A, M, N be three given matrices stisfying A = M — N. The
pair of matrices M, N is a regular splitting of A, if M is norsingular and M —! and
N are nonregative.

With aregular splitting, we assciatethe iteration
Tpp1 = M Ny + M. (4.34)

The quedion aked is: Under which condtions does sich an iteration converge? The
following realt, which generalizesTheorem|1.29] givesthe answer.

Theorem 4.4 Let M, N bearegular splitting of a matrix A. Then p(M~'N) < 1if
and orly if A is norsingular and A~! is nonregative.

Proof. Define G = M~ N. From thefad that p(G) < 1, and the relation
A=M(I-G) (4.35)

it follows that A is norsingular. The assmptions of Theorem|[1.29 are sdisfied for
the matrix G sinceG = M~ N is nonregative and p(G) < 1. Therefore, (I —G)~!
is nonregative asis A~' = (I — G) ' M~ 1.

To provethe aifficient condtion, assaimethat A is norsingular andthat its inverse
is nonregative. Since A and M are nonsingular, the relation shows again that
I — G isnorsingular and in addition,

AN = (M(I-MT'N)T'N

(I-MN)'M-IN
(I-ao)'a. (4.36)
Clearly, G = M~'N is nonregative by the assmptions, and as arealt of the

Perron-Frobeniustheorem, thereis anonregative dgenvedor x as®ciated with p(G)
which is an eigenvalue, such that

Gz = p(G)x.
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From this and by \rtue of (4.36), it follows that
A_le _ p(G)

— .
1-p(G)
Sincex and A~ N are nonregative, this shows that
p(G)
B >
1-p(G)
and this can be true only when 0 < p(G) < 1. Since — G is norsingular, then
p(G) # 1, which impliesthat p(G) < 1. O

This theorem egablishesthat the iteration aways wonwerges if M, N isa
regular splitting and A is an M-marix.
4.2.3 Diagonally Dominant Matrices
We begin with afew standard definitions.
Definition 4.5 Amatrix A is
e (weakly) diagondly dominant if

=1

|ajj| > Z\az‘j\, j=1,...,n.
=1
i

e strictly diagondly dominant if

=N

lajil > lagl, j=1,...,n.
i=1
i#j

e irreducibly diagondly dominant if A is irreducible, and

=N
|aj;| > Z\az‘j\, j=1,...,n.
=
with strict inequdity for at least one ;.

Often the term diagorelly dominant is used instead of weakly diagorelly dominant.

Diagoral dominanceis related to an important result in Numerical Linea Alge-
bra known asGershgarin’s theorem. This theorem allows roughlocations for all the
eigenvaluesof A to be determined. In some situations, it is dedrable to determine
theselocations in the complex plane by diredly exploiting some knowledge of the
entries of the marix A. The smplest such reallt is the bound

Al < [l Al

for any matrix norm. Gershgain’s theorem provides amore predse locdization
result.
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Theorem 4.6 (Gershgorin) Any eigenvalue A of a matrix A is located in one of the
closal discsof the complex plane centered at a;; and having the radius

j=n
pi =Y lail.
j=1
J#i
In other words,
j=n
VA ea(A), Ti suchthat [A—aiul <> ayl. (4.37)

Jj=1
J#i

Proof. Let x be an eigenvedor as®ciated with an eigenvalue A, and let m be the

index of the component of larges modulus in z. Scde x so that |¢,,| = 1, and
|&| < 1, fori # m. Sincex is an eigenvedor, then

(A - amm)&m = - Z amjgj’

j#m
which gives
A = amm| < Z |am; €] < Z |amj| = pm. (4.38)
Jam Jam
This completes the prodf. O

Sincethe reault also hdds for the transposeof A, aversion of the theorem can aso
be formulated basel oncolumn sumsinstead of row sums

The n discs defined in the theorem are cdled Gershgarin discs The theorem
states that the union of thesen discs @mntains the gpedrum of A. It can aso be
shown that if there ae m Gershgain discswhoseunion S is disjoint from all other
discs then S contains exadly m eigenvalues(courted with their multiplicities). For
example, when ore disc is disjoint from the others, then it must contain exadly one
eigenvalue.

An additional refinement which hasimportant consequences oncernsthe partic-
ular casewhen A isirreducible.

Theorem 4.7 Let A be an irreducible matrix, and asume that an eigenvalue \ of
A lies on the bounday of the union of the n Gershgarin discs Then A lies on the
bounday of all Gershgarin discs

Proof. Asin the proof of Gershgarin’s theorem, let = be an eigenvedor as®ciated
with A\, with |£,,] = 1, and |¢;] < 1, for i # m. Start from equation in the
proof of Gershgarin’s theorem which states that the point \ belongsto the m-th disc.
In addition, A\ belongs to the boundary of the union of all the discs. As areallt, it
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canna be an interior paint to the disc D(\, p,,,). Thisimpliesthat (A — G| = pm.-
Therefore, the inequalitiesin both become equadlitiess:

n n
N = amm| = D lam;ll§] =D lam;| = pm- (4.39)
j];';z j];';z

Let 7 be anyinteger 1 < 5 < n. Since A is irreducible, its graph is conreded and,
therefore, there existsa path from node m to node j in the ajacency graph. Let this
path be

m,my,ma,...,Mg :j

By definition of an edge in the adjacency graph, a,, ., # 0. Becauseof the eguality
in (4.39), it is necessey that |¢;| = 1 for any norezero ¢;. Therefore, |&,,, | must be
equal to one. Now repeaing the agument with m replaced by m; shows that the
following equality halds:

n n
A= amymi | = Z |am1,j |§J| = Z ’am1,j| = Pmy- (4.40)
Jj=1 Jj=1
Jj#Fm Jj#my

The agument can be continued showing ead time that
|)‘ - a‘mi:mi| = Pmy> (4'41)

andthis isvalid fori = 1,..., k. Inthe end, it will be proved that A belongs to the
boundxry of the j-th disc for an arbitrary j. O

An immediate corollary of the Gershgarin theorem and the @owe theorem fol-
lows.

Corollary 4.8 If amatrix A isstrictly diagondly dominant or irreducibly diagondly
dominant, then it is norsingular.

Proof. If amatrix is strictly diagorally dominant, then the union of the Gershgarin
disks excludesthe origin, so A = 0 canna be an eigenvalue. Asume now that it is
only irreducibly diagoral dominant. Then if it is singular, the zeo eigenvalue lieson
the boundiry of the union of the Gershgarin disks. In this situation, acarding to the
previous theorem, this eigenvalue shoud lie on the boundxry of al the disks. This
would mean that

n
jajil = lag| for j=1,....n,
oy
which contradicts the assmption of irreducible diagoral dominance O

The following theorem can nav be dated.

Theorem 4.9 If A is a dtrictly diagondly dominant or an irreducibly diagondly
dominant matrix, then the associated Jacobi and GaussSeidel iterations mrnverge
for any x.
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Proof. We first prove the reaults for strictly diagorelly dominant méatrices Let A\ be
the dominant eigenvalue of the iteration matrix M; = D~'(E + F) for Jaobi and
Mg = (D — E)~'F for GaussSeidel. Asin the proof of Gershgarin’s theorem, let
x be an eigenvedor as®ciated with A, with |¢,,,| = 1, and |§;| < 1, for ¢ # 1. Start
from equation in the proof of Gershgarin’s theorem which states that for M,

~ am,] ~ am,]
A< g < >0 S <L
p [ p [
Jj#Fm Jj#m

This provesthe reallt for Jaohi’s method.
For the Gauss Seidel iteration, write the m-th row of the equation Fa = A\(D —
E)x in theform

Z amjgj =A (ammgm + Z amjgj )

j<m j>m
which yields the inequality
2jemlamillésl 2 ljcm lamj]

Al < < .
L Zj>m |am;[1§5]  lamm]| — Zj>m |G|

The last term in the ébove euation hasthe form o3/(d — o1) with d, 01,09 al
nonregative andd — o1 — oo > 0. Therefore,
P

< 1.
o9+ (d— o9 — 01)

Al <

In the casewhen the matrix is only irreducibly diagorelly dominant, the ebove
proofsonly show that p(M ' N) < 1, where M ~! N is theiteration matrix for either
Jaohi or GaussSeidel. A proof by contradiction will be used to show that in fad
p(M~IN) < 1. Assuimethat X is an eigenvalue of M ~'N with |A\| = 1. Then the
matrix M ~'N — A\I would be sngular and, as aresult, A’ = N — A\M would also be
singular. Since|\| = 1, it is clear that A’ is also an irreducibly diagorally dominant
matrix. This would contradict Corollary(4.8 O

4.2.4 Symmetric Positive Definite Matrices

It is possble to show that when A is Symmeéric Positive Definite, then SOR will
converge for any w in the open interval (0, 2) andfor any initial guesszy. Infad, the
reverseis also true under certain assimptions.

Theorem 4.10 If A is symmetric with positive diagond elements andfor 0<w < 2,
SOR corvergesfor any xzq if and ory if A is positive definite.
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4.2.5 Property A and Consistent Orderings

A number of propertieswhich arerelated to the graph o afinite differencematrix are
now defined. Thefirst of thesepropertiesis cdled Property A. A matrix hasProperty
A if its graph is bipartite. This means that the graph is two-colorable in the seise
defined in Chapter 3: Its vertices ca be partitioned in two sds in such a way that
no two verticesin the same se are conreded by an edge. Note that, asusual, the
sdf-conreding edgeswhich correpondto the diagoral elements are ignored.

Definition 4.11 A matrix has Property A if the veticesof its adjacency graph can
be partitioned in two sds S; and Ss, so that any edge in the graphlinksa vertex of
S, to avertex of S5.

In ather words, nodesfrom the first set are cnreded orly to nodesfrom the seond
sé and vice versa This definition is illustrated in Figure/4.5]

Figure 4.5: Graphillustration of Property A.

An dlternative definition is that amatrix hasProperty A if it can be permuted into
amatrix with the following structure:

! _ Dl —F
v (7)) a0
where Dy and Ds are diagonal marices This structure can be obtained by first
labeling al the unknawvns in S; from 1 to ng, in which n; = |S;| and the reg

fromn; + 1 ton. Note that the Jaohi iteration matrix will have the same structure
except that the D1, D, blockswill bereplaced by zero blocks. These Jaghi iteration
matrices séisfy an important property stated in the following propgsition.

Proposition 4.12 Let B be a matrix with the following structure:

_( O B
B_<B21 O>, (4.49)

andlet L andU bethe lower and upgr trianguar parts of B, repedively. Then
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1. If uisaneigenvalue of B, then sois — .

2. The dgenvaluesof the matrix
B(a) = aL + lU
«

defined for « # 0 are independent of «.

Proof. Thefirst property is shown by smply obseving that if () is an eigenvecor
as®ciated with p, then (_xv> is an eigenvedor of B as®ciated with the @genvalue
_M.
Consider the seond poperty. For any «, the marix B(«) is similar to B, i.e.,
B(a) = XBX ! with X defined by

X:(}) g)

This provesthe desred reult O

A definition which generalizesthis important property is consistently ordered matri-
ces Varga[293 cdls a consistently ordered matrix one for which the égenvalues
of B(«a) are independent of «. Ancther definition given by Young[322 considers
a edfic dassof mariceswhich generalize this property. We will usethis defini-
tion here. Unlike Property A, the consistent ordering property depends on the initial
ordering of the unknavns.

Definition 4.13 A matrix is said to be consistently ordered if the veticesof its adja-
cency graphcan ke partitioned in p sds Sy, So, ..., S, with the property that any
two adacent verticesi and j in the graph kelong to two conseaitive partitions .Sy,
andS,/,withk’ =k —1,if j <¢,andk’ =k + 1,if j > 4.

Itis eay to show that consistently ordered matrices séisfy property A: thefirst color
is made up d al the partitions S; with odd ¢ and the seond with the partitions S;
with even i.

Example 4.2. Block tridiagoral maricesof the form

D1 Tio
To1 Do a3
. Tpfl,p
Tp,p—l Dp

whosediagoral blocks D; are diagoral marices ae cdled 7-mérices Clearly, such
matrices ae wnsistently ordered. Note that matricesof the form (4.42) are apartic-
ular casewith p = 2. O



4.2. CONVERGENCE 125

Consider now a general, consistently ordered matrix. By definition, there is per-
mutation 7 of {1,2,...,n} whichis the union of p disjoint subses

7T:7r1U772...U7rp (4.44)

with the property that if a;; # 0, j # 7 andi belongsto 7, then j belongsto 7.+
depending onwhether i < j or ¢ > j. This permutation 7 can be used to permute
A symmdrically. If P is the permutation matrix as®ciated with the permutation ,
then clearly

A= PTAP

is aT-matrix.

Not every matrix that can be symmadrically permuted into a T-métrix is con
sistently ordered. The important property here is that the partition {r;} preserves
the order of the indices, j of norzeio elements. In terms of the ajacency graph,
there is a partition of the graph with the property that an oriented edge ¢, j from
i to j adways poaints to a se with a larger index if j > 4, or a andler index oth-
erwise. In particular, a very important consequence is that edges @rregpondng to
the lower trianguar part will reman so in the permuted matrix. The sane s true
for the upper trianguar part. Indeed, if a norzero element in the permuted matrix
IS aj o = ar-135) .15 # 0 with i’ > ', then by cfinition of the permutation
7(i') > w(j"), ori = w(771(3)) > j = n(7~1(j)). Becauseof the order preseva-
tion, it is necessey that i > j. A similar obsevation hdds for the upper trianguar
part. Therefore, this reaults in the following propasition.

Proposition 4.14 1f a matrix A is consistently ordered, then there exstsa permuta-
tion matrix P such that P” AP is a T-matrix and

(PTAP), = PTA P, (PTAP)y =PTAyP (4.45)

in which X, represantsthe (strict) lower part of X and X the (strict) upper part of
X.

With the éowe property it can be shown that for consistently ordered marices
the dgenvaluesof B(«) asdefined in Propasition|4.12/are dso invariant with reped
to a.

Proposition 4.15 Let B bethe Jacohi iteration matrix associated with a consistently
ordered matrix A, andlet L and U be the lower and upger trianguar parts of B,
regpedively. Then the eégenvaluesof the matrix

B(a) = aL + lU
«

defined for o # 0 do nd depend ona.
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Proof. First transform B(«) into a T-matrix using the permutation 7 in pro-
vided by the previous propasition

1
PT'B(a)P = aPTLP + ~PTUP.
«

From the previous propasition, the lower part of PT BP is predsely L' = PTLP.
Similarly, the upper partis U’ = PTU P, the lower and upger parts of the assciated
T-marix. Therefore, we only need to show that the property is true for a T-matrix.

In this casefor any a, the matrix B(«) is similar to B. This meansthat B(«) =
X BX ! with X being equal to

1

aP~1]
where the partitioning is as®ciated with the subsés . . ., m, repedively. O

Note that T-matrices and mariceswith the gructure are two particular
casesf mariceswhich fulfill the assmptions of the ébove propasition. There ae a
number of well known properties related to Property A and consistent orderings. For
example, it is possble to show that,

e Property A is invariant under symmeric permutations.

e A matrix hasProperty A if and orly if there is a permutation matrix P such
that A’ = P~ AP is consistently ordered.

Consistently ordered matrices séisfy an important property which relates the
eigenvaluesof the corregpondng SOR iteration matricesto thoseof the Jaohi iter-
ation matrices The main theorem regarding the theory for SOR is a consejuence of
the following reault proved by Young[322. Remember that

Msor = (D—-wE)™' (wF+(1-w)D)
= (I-wD'E)y' (wDT'F+(1-w)I).
Theorem 4.16 Let A be a consistently ordered matrix such that a;,; # 0 for ¢ =

1,...,n, andlet w # 0. Thenif X\ is a norzeo eigenvalue of the SOR iteration
matrix Mgor, any s@lar u such that

A+ w—1)% = A?p? (4.46)

is an eigenvalue of the Jacobi iteration matrix B. Corversdy, if 1 is an eigenvalue
of the Jacobi matrix B andif a scalar \ satisfies(4.46), then \ is an eigenvalue of

Msor.
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Proof. Denote D~'E by L and D~'F by U, so that
Mgsor = (I —wL) ™ (wU + (1 — w)I)

and the Jaobi iteration marix is merely L + U. Writing that A is an eigenvalue
yields
det (\ — (I —wL) M (wU + (1 —w)I)) =0

which is equivalent to
det AMI —wL) — (WU + (1 —w)I))=0
or
det (A +w—1)I —w(AL+U)) =0.
Sincew # 0, this can be rewritten as
det <A+:’_11 —(\L+ U)) —0,

which meansthat (A +w — 1) /w is an eigenvalue of AL + U. Since A is consistently
ordered, the égenvaluesof AL + U which are equal to \/2(\/2L + \~1/2U) are
the saneasthoseof A'/2(L + U), where L + U is the Jaohi iteration matrix. The
proof follows immediatdy. O

This theorem allows us to compute an optimal value for w, which can be shown
to be equal to

2
Wopt - m. (4.47)
A typical SOR procedure garts with somew, for example, w = 1, then proceeds with
anumber of SOR steps with this w. The convergencerate for the reallting iterates is
edimated providing an edimate for p(B) using Theorem|4.16| A better w is then ob-
tained from the formula (4.47), and the iteration regarted. Further refinements of the
optimal w are cdculated and retrofitted in this manner asthe dgorithm progresses

4.3 Alternating Direction Methods

The Alternating Diredion Implicit (ADI) method wasintroduced in the mid-1950s
by Peacenan and Rachford spedficdly for solving equations aising from fi-
nite differencediscretizations of elliptic and parabalic Partial Differential Equations.
Consider a partial differential equation of elliptic type

; <a(ﬂf7y)m(ggz’/)) + ;y (M%MW) = f(@.y) (4.48)

onaredanguar doman with Dirichlet boundiry condtions. The equations ae dis-
cretized with centered finite differencesusing n + 2 points in the x diredion and
m + 2 paintsin the y diredion, This reallts in the system of equations

Hu + Vu = b, (4.49)
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in which the matrices H and V' represent the threepoint central difference aproxi-
mations to the operators

aax (a(z,y);x) and aay <b(x,y)§y>,

regedively. In what follows, the same natation is used to represent the discretized
version of the unknaowvn function w.

The ADI algorithm consists of iterating by solving in the z and y direc
tions dternatively asfollows.

ALGORITHM 4.3 Peacenan-Rachford (PR) ADI

1 Fork =0.,1,..., urtil convergenceDo:

2. Solve: (H + ka)uk+% = (,OkI — V)uk +b

3 Solve: (V + prD)ups1 = (prI — H)uk+% +b

4. EndDo

Here, pr, k = 1,2, ..., is a s@uence of paositive accéeration parameters.

The gedfic casewhere p;, is chosen to be a onstant p desevesparticular atten-
tion. In this case we can formulate the aowe iteration in the usual form of (4.28)
with

G = (V+pl) (H—pl)(H + pI)" (V= pI), (4.50)
fo= (Vap) ' I—(H-pIl)(H+pIl) b (4.51)

or, when p > 0, in the form (4.22) with
1 1
M:2—p(H—|—pI)(V+pI), N:?p(H—pI)(V—pI). (4.52)

Note that (4.51) can be rewritten in a Smpler form; seeExercise/5,
The ADI agorithm is often formulated for solving the time-dependent Partial
Differential Equation

ou 0 ou 1o} ou
5% or (a(%y)m;) + oy (b(x,y)ay> (4.53)

on the doman (z,y,t) € Q x [0,7] = (0,1) x (0,1) x [0,7]. The initial and
boundry condtions ae:

’U,(.’I},y,O) - 0(

z,y), V(z,y) €, (4.54)
u('i‘agvt) = z, Y,

Y),
t), ¥(z, )eaQ t>0, (4.55)

where 02 is the boundxry of the unit square €2. The equations ae discretized with
reged to the acevariables x and y asbefore, reailting in a gystem of Ordinary
Differential Equations:

d
C;: = Hu+ Vu, (4.56)
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in which the marices H and V' have been defined ealier. The Alternating Diredion
Implicit algorithm advancesthe relation forward in time alternately in the z
and y diredions asfollows:

1 1
(I — iAt H)uk+% =(I+ §At Vug ,

1 1
The accéeration parameters p,, of Algorithm(4.3 are replaced by a natural time-step.

Horizontal ordering Vertical ordering

Figure 4.6: The horizontal and vertical orderings for the unknavnsin ADI.

Asaiming that the mesh-paints are ordered by linesin the x-diredion, then the
first step of Algorithm|4.3 constitutes a sé of m independent tridiagoral linea sys-
temsof size n ead. However, the seond step constitutes alarge tridiagoral system
whosethreediagorels are off se by —m, 0, andm, repedively. This seondsystem
can also be rewritten as a seof n independent tridiagoral systemsof size m ead by
reordering the grid points by lines this time in the y diredion. The natural (horizon-
tal) and vertical orderings aeillustrated in Figure(4.6. Whenever moving from one
half step of ADI to the next, we must implicitly work with the transposeof the matrix
represeiting the solution onthen x m grid paoints. This data operation may be an
expensive task on parallel machines and diten it is cited asone of the drawbadks of
Alternating Diredion Methods in this case

ADI methods were extensively studied in the 195G and 196G for the particular
caseof positive definite systems. For such systems, H and V' have red eigenvalues
and the following is a simmay of the man reaults in this situation. First, when H
andV are Symmeéric Positive Definite, then the gationary iteration (px, = p > 0, for
al k) converges For the model problem, the aymptotic rate of convergence of the
stationary ADI iteration using the optimal p is the sane asthat of SSOR using the
optimal w. However, eat ADI step is mare expensive than one SSOR step. One of
the more important reaults in the ADI theory is that the rate of convergence of ADI
can beincrease appredably by using a oyclic sequence of parameters, py.. A theory
for sdecting the bed sequence of p;’s is well understood in the casewhen H and
V commute [38]. For the model problem, the parameters can be séected so that the
time complexity is reduced to O(n? logn), for details see[226].
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PROBLEMS

P-4.1 Consider ann x n tridiagoral matrix of the form

a —1
-1 o -1
-1 a -1
T, = 1 o -1 , (4.57)
-1 o -1
-1 «

where o isared parameter.
a. Verify that the égenvalues of T,, are given by

Aj=a—2cos(j0) j=1,...,n,

where
™
n+1

and that an eigenvedor asociated with ead \; is

¢; = [sin(j0),5in(250), ..., sin(nj6)] "

Under what condtion ona does this matrix become positive definite?

b. Now take o = 2. How does this matrix relate to the matrices e in Chapter 2] for
one-dimensional problems?

(i) Will the Jacohi iteration converge for this matrix? If so, what will it s conver-
gencefador be?

(i) Will the GaussSeidel iteration converge for this matrix? If so, what will it s
convergence fador be?

(iii) For which values of w will t he SOR iteration converge?
P-4.2 Provethat theiterationmatrix G, of SSOR, as defined by (4.13), can be expressed as
G,=T-w?2—w)(D—-wF)'D(D-wE)'A.
Deducethe expresson for the precondtioning matrix associated with the SSOR itera-
tion.

P-4.3 Let A be amatrix with apaositive diagoral D.

a. Obtain an expressonequivalent to that of (4.13) for G, but which involvesthe matrices
Sp=D"Y2ED Y2 and Sp = D~Y2FD71/2,

b. Show that
DY2G,D7Y2 = (I —wSF) ' (I —wSp) HwSg + (1 — w))(wSF + (1 — w)I)

¢. Now assume that in addition to having a positive diagorel, A is ymmetric. Prove that
the dgenvalues of the SSOR iteration matrix GG, are red and nonregative.
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P-44 Let
Dy —F
—FEs Dy —Fj3
A= ~E3 D3 ;
. " F,
_Em Dm,

where the D; blocks are norsinguar matrices which are not necessarily diagoral.
a. What are the block Jacobi and block Gauss Seidel iteration matrices?
b. Show aresult similar to that in Propasition[4.15for the Jacohi iteration matrix.

¢. Show also that for w = 1 (1) the block Gauss Seidel and Hock Jambi iterations either
bath converge or both diverge, and (2) when they both converge, then the block Gauss
Seidel iterationis (asymptoticdly) twice & fast as the block Jacobi iteration.

P-4.5 Accordingtoformula(4.23), the f vedor initeration shoud be equal to M —1b,
where b is the right-hand side and M is givenin (4.52). Yet, formula (4.51) gives a diff erent
expressonfor f. Reooncile the two results, i.e., show that the expresson can aso he
rewritten as

f=2p(V+pI)""(H + pI)~'b.

P-4.6 Show that amatrix has Property A if and orly if thereis a permutation matrix P such
that A’ = P~1 AP isconsistently ordered.

P-4.7 Consider amatrix A whichis consistently ordered. Show that the asymptotic conver-
gencerate for GaussSeidel i s doule that of the Jambi iteration.

P-4.8 A matrix of the form 0 0
B = 0 F
H 0

a. What are the d@genvalues of B? (Expressthem in terms of eigenvalues of a ceatain
matrix which dependson E, F', and H.)

b. Asuumethat a matrix A hastheform A = D + B, where D isanorsinguar diagordl
matrix, and B is three-cyclic. How can the @genvalues of the Jambi iteration matrix
be related to thase of the GaussSeidel iteration matrix? How does the asymptotic
convergencerate of the Gauss Seidel it eration compare with that of the Jambi iteration
matrix in this case?

o oy

is cdled athreecyclic matrix.

c. Answer the same questions as in (b) for the case when SOR replaces the Gauss Seidel
iteration.

d. Generdlizethe éowve resultsto p-cyclic matrices, i.e., matrices of the form
0 E
0 FEs
B = 0 .
0 Ep



132 CHAPTER 4. BASIC ITERATIVE METHODS

NOTES AND REFERENCES. Two goodreferences for the material covered in this chapter are Varga
and and Young[322. Althoughrelaxation-type methods were very popuar up to the 196Gs,
they are now mostly used as precondtioners, a topic which will be seen in detail in Chapters 9 and
10. One of the main difficulties with these methods is finding an optimal relaxation factor for general
matrices. Theorem4.7lis dueto Ostrowski. For details onthe use of Gershgarin’stheorem in eigenvalue
problems, see[246]. The original ideaof the ADI method s described in andthose results onthe
optimal parametersfor ADI can be foundin [38]. A comprehensive text on this classof techniques can

be foundin [300]. [ |



