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Computation tree ctlss4.1-1b
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Computation tree ctlss4.1-1b

The computation tree of a transition system
T = (S ,Act,→, s0,AP , L)T = (S ,Act,→, s0,AP, L)T = (S ,Act,→, s0,AP, L) arises by:

• unfolding into a tree

• abstraction from the actions

• projection of the states sss to their labels L(s) ⊆ APL(s) ⊆ APL(s) ⊆ AP
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Computation tree ctlss4.1-1c

The computation tree of state s0s0s0 in a transition system
T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L) arises by:

• unfolding Ts0 = (S ,Act,→, s0,AP, L)Ts0 = (S ,Act,→, s0,AP, L)Ts0 = (S ,Act,→, s0,AP, L) into a tree

• abstraction from the actions

• projection of the states sss to their labels L(s) ⊆ APL(s) ⊆ APL(s) ⊆ AP

7 / 357



Example: computation tree ctlss4.1-1a

mutual exclusion with semaphore and AP = {crit1, crit2}AP = {crit1, crit2}AP = {crit1, crit2}:
∅∅∅

∅∅∅ ∅∅∅

{crit1}{crit1}{crit1} ∅∅∅ ∅∅∅ {crit2}{crit2}{crit2}

∅∅∅ {crit1}{crit1}{crit1} {crit2}{crit2}{crit2} {crit1}{crit1}{crit1}{crit2}{crit2}{crit2}{crit1}{crit1}{crit1}{crit2}{crit2}{crit2} ∅∅∅
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Example: computation tree ctlss4.1-1a

mutual exclusion with semaphore and AP = {crit1, crit2}AP = {crit1, crit2}AP = {crit1, crit2}:
∅∅∅

∅∅∅ ∅∅∅
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path 〈nc1, nc2〉〈nc1, nc2〉〈nc1, nc2〉 〈wait1, nc2〉〈wait1, nc2〉〈wait1, nc2〉 〈crit1, nc2〉〈crit1, nc2〉〈crit1, nc2〉 〈crit1,wait2〉〈crit1,wait2〉〈crit1,wait2〉 . . .. . .. . .
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Example: computation tree ctlss4.1-1a

mutual exclusion with semaphore and AP = {crit1, crit2}AP = {crit1, crit2}AP = {crit1, crit2}:
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path 〈nc1, nc2〉〈nc1, nc2〉〈nc1, nc2〉 〈wait1, nc2〉〈wait1, nc2〉〈wait1, nc2〉 〈crit1, nc2〉〈crit1, nc2〉〈crit1, nc2〉 〈crit1,wait2〉〈crit1,wait2〉〈crit1,wait2〉 . . .. . .. . .��� ��� ��� ��� ���
trace ∅∅∅ ∅∅∅ {crit1}{crit1}{crit1} {crit1}{crit1}{crit1} . . .. . .. . .
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Linear vs. branching time ctlss4.1-2

linear time branching time

behavior
path based state based
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Overview overview6.1

Introduction

Modelling parallel systems

Linear Time Properties
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Computation Tree Logic (CTL) ctlss4.1-4
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
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CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

eventually:

∃♦Φ∃♦Φ∃♦Φ
def
=
def
=
def
= ∃(true U Φ)∃(true UΦ)∃(true U Φ)
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue
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= ?

note: ∃¬♦¬Φ∃¬♦¬Φ∃¬♦¬Φ is no CTL formula
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue
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Computation Tree Logic (CTL) ctlss4.1-4

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
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CTL path formulas:
ϕϕϕ ::=::=::= ©Φ
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eventually:
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def
= ∀(true U Φ)∀(true UΦ)∀(true U Φ)

always:

∃�Φ∃�Φ∃�Φ
def
=
def
=
def
= ¬∀♦¬Φ¬∀♦¬Φ¬∀♦¬Φ

∀�Φ∀�Φ∀�Φ
def
=
def
=
def
= ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

note: ∃¬♦¬Φ∃¬♦¬Φ∃¬♦¬Φ is no CTL formula
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Syntax of CTL ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

©©© =̂̂=̂= next

UUU =̂̂=̂= until
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Syntax of CTL ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

©©© =̂̂=̂= next

UUU =̂̂=̂= until

♦♦♦ =̂̂=̂= eventually

��� =̂̂=̂= always
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Examples for CTL formulas ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

mutual exclusion (safety) ∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )
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Examples for CTL formulas ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

mutual exclusion (safety) ∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )

“every request will be answered eventually”

∀�( request → ∀♦response )∀�( request → ∀♦response )∀�( request → ∀♦response )
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Examples for CTL formulas ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

mutual exclusion (safety) ∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )

“every request will be answered eventually”

∀�( request → ∀♦response )∀�( request → ∀♦response )∀�( request → ∀♦response )

traffic lights ∀�( yellow → ∀©red )∀�( yellow → ∀©red )∀�( yellow → ∀©red )
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Examples for CTL formulas ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

mutual exclusion (safety) ∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )

“every request will be answered eventually”

∀�( request → ∀♦response )∀�( request → ∀♦response )∀�( request → ∀♦response )

traffic lights ∀�( yellow → ∀©red )∀�( yellow → ∀©red )∀�( yellow → ∀©red )

reset possiblity ∀�∃♦start∀�∃♦start∀�∃♦start
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Examples for CTL formulas ctlss4.1-3

CTL (state) formulas:

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕtrue

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣ ∃ϕ ∣∣ ∀ϕ

CTL path formulas:
ϕϕϕ ::=::=::= ©Φ

∣∣ Φ1 U Φ2©Φ
∣∣ Φ1 UΦ2©Φ
∣∣ Φ1 U Φ2

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

∣∣ ♦Φ
∣∣ �Φ

mutual exclusion (safety) ∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )∀�(¬crit1 ∨ ¬crit2 )

“every request will be answered eventually”

∀�( request → ∀♦response )∀�( request → ∀♦response )∀�( request → ∀♦response )

traffic lights ∀�( yellow → ∀©red )∀�( yellow → ∀©red )∀�( yellow → ∀©red )

reset possiblity ∀�∃♦start∀�∃♦start∀�∃♦start

unconditional process fairness ∀�∀♦crit1 ∧ ∀�∀♦crit2∀�∀♦crit1 ∧ ∀�∀♦crit2∀�∀♦crit1 ∧ ∀�∀♦crit2
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Example: 15-puzzle ctlss4.1-5

666 888 222 121212

444 111 131313 555

999 101010 141414

777 111111 151515 333

?�?�?�
111 222 333 444

555 666 777 888

999 101010 111111 121212

131313 141414 151515
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Example: 15-puzzle ctlss4.1-5

666 888 222 121212

444 111 131313 555

999 101010 141414

777 111111 151515 333

?�?�?�
111 222 333 444

555 666 777 888

999 101010 111111 121212

131313 141414 151515

transition system has 16! ≈ 2 · 101316! ≈ 2 · 101316! ≈ 2 · 1013 states
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Example: 15-puzzle ctlss4.1-5

666 888 222 121212

444 111 131313 555

999 101010 141414

777 111111 151515 333

?�?�?�
111 222 333 444

555 666 777 888

999 101010 111111 121212

131313 141414 151515

transition system has 16! ≈ 2 · 101316! ≈ 2 · 101316! ≈ 2 · 1013 states
���

states: game configurations
transitions: legal moves
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Example: 15-puzzle ctlss4.1-5

666 888 222 121212

444 111 131313 555

999 101010 141414

777 111111 151515 333

?�?�?�
111 222 333 444

555 666 777 888

999 101010 111111 121212

131313 141414 151515

• transition system has 16! ≈ 2 · 101316! ≈ 2 · 101316! ≈ 2 · 1013 states
• representation as parallel system:

left ‖ up ‖ down ‖ rightleft ‖ up ‖ down ‖ rightleft ‖ up ‖ down ‖ right

with shared variables field [i ]field [i ]field [i ] for i = 1, . . . , 16i = 1, . . . , 16i = 1, . . . , 16
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Example: 15-puzzle ctlss4.1-5

666 888 222 121212

444 111 131313 555

999 101010 141414

777 111111 151515 333

?�?�?�
111 222 333 444

555 666 777 888

999 101010 111111 121212

131313 141414 151515

• transition system has 16! ≈ 2 · 101316! ≈ 2 · 101316! ≈ 2 · 1013 states
• representation as parallel system:

left ‖ up ‖ down ‖ rightleft ‖ up ‖ down ‖ rightleft ‖ up ‖ down ‖ right

with shared variables field [i ]field [i ]field [i ] for i = 1, . . . , 16i = 1, . . . , 16i = 1, . . . , 16

CTL specification:

∃♦
∧

1≤i≤15

∃♦
∧

1≤i≤15
∃♦

∧
1≤i≤15

“piecepiecepiece iii on field [i ]field [i ]field [i ]”
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Example: 15-puzzle ctlss4.1-5

666 888 222 121212

444 111 131313 555

999 101010 141414

777 111111 151515 333

?�?�?�
111 222 333 444

555 666 777 888

999 101010 111111 121212

131313 141414 151515

• transition system has 16! ≈ 2 · 101316! ≈ 2 · 101316! ≈ 2 · 1013 states
• representation as parallel system:

left ‖ up ‖ down ‖ rightleft ‖ up ‖ down ‖ rightleft ‖ up ‖ down ‖ right

with shared variables field [i ]field [i ]field [i ] for i = 1, . . . , 16i = 1, . . . , 16i = 1, . . . , 16

CTL specification: seeking for a witness for

∃♦
∧

1≤i≤15

∃♦
∧

1≤i≤15
∃♦

∧
1≤i≤15

“piecepiecepiece iii on field [i ]field [i ]field [i ]”
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Semantics of CTL ctlss4.1-11
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Semantics of CTL ctlss4.1-11

define a satisfaction relation |=|=|= for CTL formulas
over APAPAP and a given TS T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)
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Semantics of CTL ctlss4.1-11

define a satisfaction relation |=|=|= for CTL formulas
over APAPAP and a given TS T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)
without terminal states
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Semantics of CTL ctlss4.1-11

define a satisfaction relation |=|=|= for CTL formulas
over APAPAP and a given TS T = (S ,Act,→, S0,AP , L)T = (S ,Act,→, S0,AP, L)T = (S ,Act,→, S0,AP, L)
without terminal states

• interpretation of state formulas over the states

• interpretation of path formulas over the paths
(infinite path fragments)
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Recall: semantics of LTL ctlss4.1-LTL-semantics

for infinite path fragment π = s0 s1 s2 . . .π = s0 s1 s2 . . .π = s0 s1 s2 . . .:

π |= trueπ |= trueπ |= true

π |= aπ |= aπ |= a iff s0 |= as0 |= as0 |= a ,i.e., a ∈ L(s0)a ∈ L(s0)a ∈ L(s0)

π |= ϕ1 ∧ ϕ2π |= ϕ1 ∧ ϕ2π |= ϕ1 ∧ ϕ2 iff π |= ϕ1π |= ϕ1π |= ϕ1 and π |= ϕ2π |= ϕ2π |= ϕ2

π |= ¬ϕπ |= ¬ϕπ |= ¬ϕ iff π �|= ϕπ �|= ϕπ �|= ϕ

π |=©ϕπ |=©ϕπ |=©ϕ iff suffix(π, 1) = s1 s2 s3 . . . |= ϕsuffix(π, 1) = s1 s2 s3 . . . |= ϕsuffix(π, 1) = s1 s2 s3 . . . |= ϕ

π |= ϕ1 Uϕ2π |= ϕ1 Uϕ2π |= ϕ1 Uϕ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

suffix(π, j)suffix(π, j)suffix(π, j) === sj sj+1 sj+2 . . . |= ϕ2sj sj+1 sj+2 . . . |= ϕ2sj sj+1 sj+2 . . . |= ϕ2 and

suffix(π, k)suffix(π, k)suffix(π, k) === sk sk+1 sk+2 . . . |= ϕ1sk sk+1 sk+2 . . . |= ϕ1sk sk+1 sk+2 . . . |= ϕ1 for 0 ≤ k < j0 ≤ k < j0 ≤ k < j
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Satisfaction relation for path formulas ctlss4.1-11a
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Satisfaction relation for path formulas ctlss4.1-11a

Let π = s0 s1 s2 . . .π = s0 s1 s2 . . .π = s0 s1 s2 . . . be an infinite path fragment.
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Satisfaction relation for path formulas ctlss4.1-11a

Let π = s0 s1 s2 . . .π = s0 s1 s2 . . .π = s0 s1 s2 . . . be an infinite path fragment.

π |=©Φπ |=©Φπ |=©Φ iff s1 |= Φs1 |= Φs1 |= Φ
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Satisfaction relation for path formulas ctlss4.1-11a

Let π = s0 s1 s2 . . .π = s0 s1 s2 . . .π = s0 s1 s2 . . . be an infinite path fragment.

π |=©Φπ |=©Φπ |=©Φ iff s1 |= Φs1 |= Φs1 |= Φ

π |= Φ1 UΦ2π |= Φ1 U Φ2π |= Φ1 UΦ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

sjsjsj |=|=|= Φ2Φ2Φ2

sksksk |=|=|= Φ1Φ1Φ1 for 0 ≤ k < j0 ≤ k < j0 ≤ k < j
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Satisfaction relation for path formulas ctlss4.1-11a

Let π = s0 s1 s2 . . .π = s0 s1 s2 . . .π = s0 s1 s2 . . . be an infinite path fragment.

π |=©Φπ |=©Φπ |=©Φ iff s1 |= Φs1 |= Φs1 |= Φ

π |= Φ1 UΦ2π |= Φ1 U Φ2π |= Φ1 UΦ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

sjsjsj |=|=|= Φ2Φ2Φ2

sksksk |=|=|= Φ1Φ1Φ1 for 0 ≤ k < j0 ≤ k < j0 ≤ k < j

semantics of derived operators:

π |= ♦Φπ |= ♦Φπ |= ♦Φ iff there exists j ≥ 0j ≥ 0j ≥ 0 with sj |= Φsj |= Φsj |= Φ

49 / 357



Satisfaction relation for path formulas ctlss4.1-11a

Let π = s0 s1 s2 . . .π = s0 s1 s2 . . .π = s0 s1 s2 . . . be an infinite path fragment.

π |=©Φπ |=©Φπ |=©Φ iff s1 |= Φs1 |= Φs1 |= Φ

π |= Φ1 UΦ2π |= Φ1 U Φ2π |= Φ1 UΦ2 iff there exists j ≥ 0j ≥ 0j ≥ 0 such that

sjsjsj |=|=|= Φ2Φ2Φ2

sksksk |=|=|= Φ1Φ1Φ1 for 0 ≤ k < j0 ≤ k < j0 ≤ k < j

semantics of derived operators:

π |= ♦Φπ |= ♦Φπ |= ♦Φ iff there exists j ≥ 0j ≥ 0j ≥ 0 with sj |= Φsj |= Φsj |= Φ

π |= �Φπ |= �Φπ |= �Φ iff for all j ≥ 0j ≥ 0j ≥ 0 we have: sj |= Φsj |= Φsj |= Φ
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Satisfaction relation for state formulas ctlss4.1-13
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= ∃ϕs |= ∃ϕs |= ∃ϕ iff there is a path π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s)
s.t. π |= ϕπ |= ϕπ |= ϕ
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= ∃ϕs |= ∃ϕs |= ∃ϕ iff there is a path π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s)
s.t. π |= ϕπ |= ϕπ |= ϕ

s |= ∀ϕs |= ∀ϕs |= ∀ϕ iff for each path π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s):
π |= ϕπ |= ϕπ |= ϕ
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Satisfaction relation for state formulas ctlss4.1-13

s |= trues |= trues |= true

s |= as |= as |= a iff a ∈ L(s)a ∈ L(s)a ∈ L(s)

s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2s |= Φ1 ∧ Φ2 iff s |= Φ1s |= Φ1s |= Φ1 and s |= Φ2s |= Φ2s |= Φ2

s |= ¬Φs |= ¬Φs |= ¬Φ iff s �|= Φs �|= Φs �|= Φ

s |= ∃ϕs |= ∃ϕs |= ∃ϕ iff there is a path π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s)
s.t. π |= ϕπ |= ϕπ |= ϕ

s |= ∀ϕs |= ∀ϕs |= ∀ϕ iff for each path π ∈ Paths(s)π ∈ Paths(s)π ∈ Paths(s):
π |= ϕπ |= ϕπ |= ϕ

satisfaction set for state formula ΦΦΦ:

Sat(Φ)
def
=Sat(Φ)
def
=Sat(Φ)
def
=

{
s ∈ S : s |= Φ

}{
s ∈ S : s |= Φ

}{
s ∈ S : s |= Φ

}
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Interpretation of CTL formulas over a TS ctlss4.1-13a
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Interpretation of CTL formulas over a TS ctlss4.1-13a

satisfaction of state formulas over a TS TTT :

T |= ΦT |= ΦT |= Φ iff S0 ⊆ Sat(Φ)S0 ⊆ Sat(Φ)S0 ⊆ Sat(Φ)

where S0S0S0 is the set of initial states

recall: Sat(Φ) =Sat(Φ) =Sat(Φ) =
{
s ∈ S : s |= Φ

}{
s ∈ S : s |= Φ

}{
s ∈ S : s |= Φ

}
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Interpretation of CTL formulas over a TS ctlss4.1-13a

satisfaction of state formulas over a TS TTT :

T |= ΦT |= ΦT |= Φ iff S0 ⊆ Sat(Φ)S0 ⊆ Sat(Φ)S0 ⊆ Sat(Φ)

iff s0 |= Φs0 |= Φs0 |= Φ for all initial states s0s0s0 of TTT

where S0S0S0 is the set of initial states

recall: Sat(Φ) =Sat(Φ) =Sat(Φ) =
{
s ∈ S : s |= Φ

}{
s ∈ S : s |= Φ

}{
s ∈ S : s |= Φ

}
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Semantics of the next operator ctlss4.1-8
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Semantics of the next operator ctlss4.1-8

s |= ∃©Φs |= ∃©Φs |= ∃©Φ iff there exists π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)
s.t. π |= ©Φπ |= ©Φπ |= ©Φ
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Semantics of the next operator ctlss4.1-8

s |= ∃©Φs |= ∃©Φs |= ∃©Φ iff there exists π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)
s.t. π |= ©Φπ |= ©Φπ |= ©Φ, i.e., s1 |= Φs1 |= Φs1 |= Φ

∃©Φ∃©Φ∃©Φ

Post(s) ∩ Sat(Φ) �= ∅Post(s) ∩ Sat(Φ) �= ∅Post(s) ∩ Sat(Φ) �= ∅

s1s1s1

sss
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Semantics of the next operator ctlss4.1-8

s |= ∃©Φs |= ∃©Φs |= ∃©Φ iff there exists π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)
s.t. π |= ©Φπ |= ©Φπ |= ©Φ, i.e., s1 |= Φs1 |= Φs1 |= Φ

s |= ∀©Φs |= ∀©Φs |= ∀©Φ iff for all π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s):
π |= ©Φπ |= ©Φπ |= ©Φ

∃©Φ∃©Φ∃©Φ

Post(s) ∩ Sat(Φ) �= ∅Post(s) ∩ Sat(Φ) �= ∅Post(s) ∩ Sat(Φ) �= ∅

s1s1s1

sss
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Semantics of the next operator ctlss4.1-8

s |= ∃©Φs |= ∃©Φs |= ∃©Φ iff there exists π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)
s.t. π |= ©Φπ |= ©Φπ |= ©Φ, i.e., s1 |= Φs1 |= Φs1 |= Φ

s |= ∀©Φs |= ∀©Φs |= ∀©Φ iff for all π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s)π = s s1 s2 . . . ∈ Paths(s):
π |= ©Φπ |= ©Φπ |= ©Φ, i.e., s1 |= Φs1 |= Φs1 |= Φ

∃©Φ∃©Φ∃©Φ

Post(s) ∩ Sat(Φ) �= ∅Post(s) ∩ Sat(Φ) �= ∅Post(s) ∩ Sat(Φ) �= ∅

s1s1s1

sss
∀©Φ∀©Φ∀©Φ

Post(s) ⊆ Sat(Φ)Post(s) ⊆ Sat(Φ)Post(s) ⊆ Sat(Φ)

sss
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Semantics of until ctlss4.1-9

∃(Φ1 U Φ2)∃(Φ1 U Φ2)∃(Φ1 UΦ2)
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Semantics of until ctlss4.1-9

∃(Φ1 U Φ2)∃(Φ1 U Φ2)∃(Φ1 UΦ2) ∀(Φ1 U Φ2)∀(Φ1 U Φ2)∀(Φ1 UΦ2)
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Semantics of until and eventually ctlss4.1-9

∃(Φ1 U Φ2)∃(Φ1 U Φ2)∃(Φ1 UΦ2) ∀(Φ1 U Φ2)∀(Φ1 U Φ2)∀(Φ1 UΦ2)

∃♦Φ∃♦Φ∃♦Φ
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Semantics of until and eventually ctlss4.1-9

∃(Φ1 U Φ2)∃(Φ1 U Φ2)∃(Φ1 UΦ2) ∀(Φ1 U Φ2)∀(Φ1 U Φ2)∀(Φ1 UΦ2)

∃♦Φ∃♦Φ∃♦Φ ∀♦Φ∀♦Φ∀♦Φ
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Semantics of eventually and always ctlss4.1-10

∀♦Φ∀♦Φ∀♦Φ ∃♦Φ∃♦Φ∃♦Φ
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Semantics of eventually and always ctlss4.1-10

¬∀♦Φ¬∀♦Φ¬∀♦Φ ∃♦Φ∃♦Φ∃♦Φ

∃�Ψ∃�Ψ∃�Ψ
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Semantics of eventually and always ctlss4.1-10

¬∀♦Φ¬∀♦Φ¬∀♦Φ ¬∃♦Φ¬∃♦Φ¬∃♦Φ

∃�Ψ∃�Ψ∃�Ψ ∀�Ψ∀�Ψ∀�Ψ

73 / 357



Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀�∀♦start∀♦start∀♦start
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀� ∀♦start∀♦start∀♦start

Sat(∀♦start)Sat(∀♦start)Sat(∀♦start) === ?
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀� ∀♦start∀♦start∀♦start

Sat(∀♦start)Sat(∀♦start)Sat(∀♦start) ===
{
start, delivered

}{
start, delivered

}{
start, delivered

}
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀�∀♦start∀♦start∀♦start =̂̂=̂= ∀�(start ∨ delivered)∀�(start ∨ delivered)∀�(start ∨ delivered)

Sat(∀♦start)Sat(∀♦start)Sat(∀♦start) ===
{
start, delivered

}{
start, delivered

}{
start, delivered

}
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀�∀♦start∀♦start∀♦start =̂̂=̂= ∀�(start ∨ delivered)∀�(start ∨ delivered)∀�(start ∨ delivered)

Sat(∀♦start)Sat(∀♦start)Sat(∀♦start) ===
{
start, delivered

}{
start, delivered

}{
start, delivered

}

Sat(Φ)Sat(Φ)Sat(Φ) === ∅∅∅
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

T �|= ∀�∀♦startT �|= ∀�∀♦startT �|= ∀�∀♦start

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀�∀♦start∀♦start∀♦start =̂̂=̂= ∀�(start ∨ delivered)∀�(start ∨ delivered)∀�(start ∨ delivered)

Sat(∀♦start)Sat(∀♦start)Sat(∀♦start) ===
{
start, delivered

}{
start, delivered

}{
start, delivered

}

Sat(Φ)Sat(Φ)Sat(Φ) === ∅∅∅
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Example for CTL semantics ctlss4.1-14

TTT
startstartstart

trytrytry

lostlostlost delivereddelivereddelivered

T �|= ∀�∀♦startT �|= ∀�∀♦startT �|= ∀�∀♦start���
“infinitely often startstartstart”

CTL formula

Φ = ∀�Φ = ∀�Φ = ∀�∀♦start∀♦start∀♦start =̂̂=̂= ∀�(start ∨ delivered)∀�(start ∨ delivered)∀�(start ∨ delivered)

Sat(∀♦start)Sat(∀♦start)Sat(∀♦start) ===
{
start, delivered

}{
start, delivered

}{
start, delivered

}

Sat(Φ)Sat(Φ)Sat(Φ) === ∅∅∅
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Specifying “infinitely often” in CTL ctlss4.1-inf-often.tex
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Specifying “infinitely often” in CTL ctlss4.1-inf-often.tex

If sss is a state in a TS and a ∈ APa ∈ APa ∈ AP then:

s |=CTL ∀�∀♦as |=CTL ∀�∀♦as |=CTL ∀�∀♦a

iff for all paths π = s0 s1 s2 . . . ∈ Paths(s)π = s0 s1 s2 . . . ∈ Paths(s)π = s0 s1 s2 . . . ∈ Paths(s):
∞
∃ i ≥ 0.
∞
∃ i ≥ 0.
∞
∃ i ≥ 0. s.t. si |= asi |= asi |= a
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Specifying “infinitely often” in CTL ctlss4.1-inf-often.tex

If sss is a state in a TS and a ∈ APa ∈ APa ∈ AP then:

s |=CTL ∀�∀♦as |=CTL ∀�∀♦as |=CTL ∀�∀♦a

iff for all paths π = s0 s1 s2 . . . ∈ Paths(s)π = s0 s1 s2 . . . ∈ Paths(s)π = s0 s1 s2 . . . ∈ Paths(s):
∞
∃ i ≥ 0.
∞
∃ i ≥ 0.
∞
∃ i ≥ 0. s.t. si |= asi |= asi |= a

iff s |=LTL �♦as |=LTL �♦as |=LTL �♦a
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start ?TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ1 = ∃♦∀�¬startΦ1 = ∃♦∀�¬startΦ1 = ∃♦∀�¬start
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start ?TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ1 = ∃♦Φ1 = ∃♦Φ1 = ∃♦ ∀�¬start∀�¬start∀�¬start

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) ===
{
error

}{
error

}{
error

}
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start ?TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ1 = ∃♦Φ1 = ∃♦Φ1 = ∃♦ ∀�¬start∀�¬start∀�¬start ��� ∃♦∃♦∃♦ errorerrorerror

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) ===
{
error

}{
error

}{
error

}

Sat(∃♦∀�¬start)Sat(∃♦∀�¬start)Sat(∃♦∀�¬start) === ?
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start
√√√TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ1 = ∃♦Φ1 = ∃♦Φ1 = ∃♦ ∀�¬start∀�¬start∀�¬start ��� ∃♦∃♦∃♦ errorerrorerror

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) ===
{
error

}{
error

}{
error

}

Sat(∃♦∀�¬start)Sat(∃♦∀�¬start)Sat(∃♦∀�¬start) === Sat(∃♦error) =Sat(∃♦error) =Sat(∃♦error) = “all states”
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ2 = ∀©∃©∀�¬startΦ2 = ∀©∃©∀�¬startΦ2 = ∀©∃©∀�¬start
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ2 = ∀©∃©Φ2 = ∀©∃©Φ2 = ∀©∃© ∀�¬start∀�¬start∀�¬start

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ2 = ∀©Φ2 = ∀©Φ2 = ∀© ∃©∀�¬start∃©∀�¬start∃©∀�¬start � ∀©� ∀©� ∀© ∃©error∃©error∃©error

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
Sat(∃©∀�¬start)Sat(∃©∀�¬start)Sat(∃©∀�¬start) === {error , try}{error , try}{error , try}
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ2 = ∀©∃©∀�¬startΦ2 = ∀©∃©∀�¬startΦ2 = ∀©∃©∀�¬start ��� ∀©(error ∨ try)∀©(error ∨ try)∀©(error ∨ try)

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
Sat(∃©∀�¬start)Sat(∃©∀�¬start)Sat(∃©∀�¬start) === {error , try}{error , try}{error , try}

Sat(∀©∃©∀�¬start)Sat(∀©∃©∀�¬start)Sat(∀©∃©∀�¬start) === ?
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start
√√√

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ2 = ∀©∃©∀�¬startΦ2 = ∀©∃©∀�¬startΦ2 = ∀©∃©∀�¬start ��� ∀©(error ∨ try)∀©(error ∨ try)∀©(error ∨ try)

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
Sat(∃©∀�¬start)Sat(∃©∀�¬start)Sat(∃©∀�¬start) === {error , try}{error , try}{error , try}

Sat(∀©∃©∀�¬start)Sat(∀©∃©∀�¬start)Sat(∀©∃©∀�¬start) === {error , lost, start}{error , lost, start}{error , lost, start}
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start

T |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ3 = ∃©∀©∀�¬startΦ3 = ∃©∀©∀�¬startΦ3 = ∃©∀©∀�¬start
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start

T |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ3 = ∃©∀©Φ3 = ∃©∀©Φ3 = ∃©∀© ∀�¬start∀�¬start∀�¬start

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start

T |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ3 = ∃©Φ3 = ∃©Φ3 = ∃© ∀©∀�¬start∀©∀�¬start∀©∀�¬start ��� ∃©∃©∃© ∀©error∀©error∀©error

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
Sat(∀©∀�¬start)Sat(∀©∀�¬start)Sat(∀©∀�¬start) === {error}{error}{error}
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start

T |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬startT |= ∃©∀©∀�¬start ?

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ3 = ∃©∀©∀�¬startΦ3 = ∃©∀©∀�¬startΦ3 = ∃©∀©∀�¬start ��� ∃©error∃©error∃©error

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
Sat(∀©∀�¬start)Sat(∀©∀�¬start)Sat(∀©∀�¬start) === {error}{error}{error}

Sat(∃©∀©∀�¬start)Sat(∃©∀©∀�¬start)Sat(∃©∀©∀�¬start) === ?
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Example: CTL semantics ctlss4.1-16

T |= ∃♦∀�¬startT |= ∃♦∀�¬startT |= ∃♦∀�¬start

T |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬startT |= ∀©∃©∀�¬start

T �|= ∃©∀©∀�¬startT �|= ∃©∀©∀�¬startT �|= ∃©∀©∀�¬start

TTT startstartstart

trytrytry

lostlostlost delivereddelivereddeliverederrorerrorerror

Φ3 = ∃©∀©∀�¬startΦ3 = ∃©∀©∀�¬startΦ3 = ∃©∀©∀�¬start ��� ∃©error∃©error∃©error

Sat(∀�¬start)Sat(∀�¬start)Sat(∀�¬start) === {error}{error}{error}
Sat(∀©∀�¬start)Sat(∀©∀�¬start)Sat(∀©∀�¬start) === {error}{error}{error}

Sat(∃©∀©∀�¬start)Sat(∃©∀©∀�¬start)Sat(∃©∀©∀�¬start) === {error , try}{error , try}{error , try}
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no

Sat(∀�¬a)Sat(∀�¬a)Sat(∀�¬a) === {s2}{s2}{s2}
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no

Sat(∀�¬a)Sat(∀�¬a)Sat(∀�¬a) === {s2}{s2}{s2}
Sat(∃©∀�¬a)Sat(∃©∀�¬a)Sat(∃©∀�¬a) === {s2, s1}{s2, s1}{s2, s1}
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no

does T |= ∀�∃©¬aT |= ∀�∃©¬aT |= ∀�∃©¬a hold ?
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no

does T |= ∀�∃©¬aT |= ∀�∃©¬aT |= ∀�∃©¬a hold ?

answer: yes
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no

does T |= ∀�∃©¬aT |= ∀�∃©¬aT |= ∀�∃©¬a hold ?

answer: yes

Sat(∃©¬a)Sat(∃©¬a)Sat(∃©¬a) === {s0, s1, s2}{s0, s1, s2}{s0, s1, s2}
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Example: CTL semantics ctlss4.1-17

s0s0s0 s1s1s1 s2s2s2

∅∅∅ {a}{a}{a} ∅∅∅

does T |= ∃©∀�¬aT |= ∃©∀�¬aT |= ∃©∀�¬a hold ?

answer: no

does T |= ∀�∃©¬aT |= ∀�∃©¬aT |= ∀�∃©¬a hold ?

answer: yes

Sat(∃©¬a)Sat(∃©¬a)Sat(∃©¬a) === {s0, s1, s2}{s0, s1, s2}{s0, s1, s2}
Sat(∀�∃©¬a)Sat(∀�∃©¬a)Sat(∀�∃©¬a) === {s0, s1, s2}{s0, s1, s2}{s0, s1, s2}
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b) ?
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s |= ∃(a U b)s |= ∃(a U b)s |= ∃(a U b)
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)

T |= ∃((∃©a) U b)T |= ∃((∃©a) U b)T |= ∃((∃©a) U b) ?
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)

T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b) as t �|= ∃©at �|= ∃©at �|= ∃©a, u �|= ∃©au �|= ∃©au �|= ∃©a
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)

T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b) as t �|= ∃©at �|= ∃©at �|= ∃©a, u �|= ∃©au �|= ∃©au �|= ∃©a

T |= ∃(a U∀(¬a U b))T |= ∃(a U ∀(¬a U b))T |= ∃(a U∀(¬a U b)) ?
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)

T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b) as t �|= ∃©at �|= ∃©at �|= ∃©a, u �|= ∃©au �|= ∃©au �|= ∃©a

T |= ∃(a U∀(¬a U b))T |= ∃(a U ∀(¬a U b))T |= ∃(a U∀(¬a U b))
√√√
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Example: CTL semantics ctlss4.1-18

sss

ttt uuu

=̂ {a}=̂ {a}=̂ {a}
=̂ {b}=̂ {b}=̂ {b}
=̂ ∅=̂ ∅=̂ ∅

T |= ∃�∃(a U b)T |= ∃�∃(a U b)T |= ∃�∃(a U b)
√√√

as s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)s s s . . . |= �∃(a U b)

T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b)T �|= ∃((∃©a) U b) as t �|= ∃©at �|= ∃©at �|= ∃©a, u �|= ∃©au �|= ∃©au �|= ∃©a

T |= ∃(a U∀(¬a U b))T |= ∃(a U ∀(¬a U b))T |= ∃(a U∀(¬a U b))
√√√

sss uuu

aaa ∀(¬a U b)∀(¬a U b)∀(¬a U b)

. . .. . .. . . |= a U ∀(¬a U b)|= a U∀(¬a U b)|= a U∀(¬a U b)
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Correct or wrong? ctlss4.1-19

Let TTT be a transition system and ΦΦΦ a CTL formula.
Is the following statement correct ?

if T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ then T |= ΦT |= ΦT |= Φ
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Correct or wrong? ctlss4.1-19

Let TTT be a transition system and ΦΦΦ a CTL formula.
Is the following statement correct ?

if T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ then T |= ΦT |= ΦT |= Φ

answer: no

116 / 357



Correct or wrong? ctlss4.1-19

Let TTT be a transition system and ΦΦΦ a CTL formula.
Is the following statement correct ?

if T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ then T |= ΦT |= ΦT |= Φ

answer: no

T |= ΦT |= ΦT |= Φ iff s0 |= Φs0 |= Φs0 |= Φ for all initial states s0s0s0
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Correct or wrong? ctlss4.1-19

Let TTT be a transition system and ΦΦΦ a CTL formula.
Is the following statement correct ?

if T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ then T |= ΦT |= ΦT |= Φ

answer: no

T |= ΦT |= ΦT |= Φ iff s0 |= Φs0 |= Φs0 |= Φ for all initial states s0s0s0

T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ iff there exists an initial state s0s0s0 with
s0 �|= ¬Φs0 �|= ¬Φs0 �|= ¬Φ
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Correct or wrong? ctlss4.1-19

Let TTT be a transition system and ΦΦΦ a CTL formula.
Is the following statement correct ?

if T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ then T |= ΦT |= ΦT |= Φ

answer: no

T |= ΦT |= ΦT |= Φ iff s0 |= Φs0 |= Φs0 |= Φ for all initial states s0s0s0

T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ iff there exists an initial state s0s0s0 with
s0 �|= ¬Φs0 �|= ¬Φs0 �|= ¬Φ

iff there exists an initial state s0s0s0 with
s0 |= Φs0 |= Φs0 |= Φ
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Correct or wrong? ctlss4.1-19

Let TTT be a transition system and ΦΦΦ a CTL formula.
Is the following statement correct ?

if T �|= ¬ΦT �|= ¬ΦT �|= ¬Φ then T |= ΦT |= ΦT |= Φ

answer: no

transition system TTT with 2 initial states:

{a}{a}{a} ∅∅∅ T �|= ∃�aT �|= ∃�aT �|= ∃�a

T �|= ¬∃�aT �|= ¬∃�aT �|= ¬∃�a
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Hamilton path problem ctlss4.1-20
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Hamilton path problem ctlss4.1-20

given: finite directed graph G = (V ,E )G = (V ,E )G = (V ,E )

question: does GGG have a Hamilton path, i.e., a path
that visits each node exactly once ?
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Hamilton path problem ctlss4.1-20

given: finite directed graph G = (V ,E )G = (V ,E )G = (V ,E )

question: does GGG have a Hamilton path, i.e., a path
that visits each node exactly once ?

goal: provide an encoding of the Hamilton path problem
in CTL
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Hamilton path problem ctlss4.1-20

given: finite directed graph G = (V ,E )G = (V ,E )G = (V ,E )

question: does GGG have a Hamilton path, i.e., a path
that visits each node exactly once ?

goal: provide an encoding of the Hamilton path problem
in CTL by means of a transformation

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ
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Hamilton path problem ctlss4.1-20

given: finite directed graph G = (V ,E )G = (V ,E )G = (V ,E )

question: does GGG have a Hamilton path, i.e., a path
that visits each node exactly once ?

goal: provide an encoding of the Hamilton path problem
in CTL by means of a transformation

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ

s.t. GGG has a Hamilton path iff TG �|= ΦTG �|= ΦTG �|= Φ
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CTL-encoding of the Hamilton path problem ctlss4.1-20

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ

s.t. GGG has a Hamilton path iff TG �|= ΦTG �|= ΦTG �|= Φ

126 / 357



CTL-encoding of the Hamilton path problem ctlss4.1-20

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ

s.t. GGG has a Hamilton path iff TG �|= ΦTG �|= ΦTG �|= Φ

v1v1v1 v2v2v2 v3v3v3

digraph GGG

127 / 357



CTL-encoding of the Hamilton path problem ctlss4.1-20

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ

s.t. GGG has a Hamilton path iff TG �|= ΦTG �|= ΦTG �|= Φ

v1v1v1 v2v2v2 v3v3v3

digraph GGG

��� v1v1v1 v2v2v2 v3v3v3

tttTS TGTGTG
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CTL-encoding of the Hamilton path problem ctlss4.1-20

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ

s.t. GGG has a Hamilton path iff TG �|= ΦTG �|= ΦTG �|= Φ

v1v1v1 v2v2v2 v3v3v3

digraph GGG

��� v1v1v1 v2v2v2 v3v3v3

tttTS TGTGTG

CTL formula ΦΦΦ

(v1 ∧ ∃©(v2 ∧ ∃©v3))(v1 ∧ ∃©(v2 ∧ ∃©v3))(v1 ∧ ∃©(v2 ∧ ∃©v3)) ∨∨∨ (v1 ∧ ∃©(v3 ∧ ∃©v2))(v1 ∧ ∃©(v3 ∧ ∃©v2))(v1 ∧ ∃©(v3 ∧ ∃©v2)) ∨∨∨
(v2 ∧ ∃©(v1 ∧ ∃©v3))(v2 ∧ ∃©(v1 ∧ ∃©v3))(v2 ∧ ∃©(v1 ∧ ∃©v3)) ∨∨∨ (v2 ∧ ∃©(v3 ∧ ∃©v1))(v2 ∧ ∃©(v3 ∧ ∃©v1))(v2 ∧ ∃©(v3 ∧ ∃©v1)) ∨∨∨
(v3 ∧ ∃©(v1 ∧ ∃©v2))(v3 ∧ ∃©(v1 ∧ ∃©v2))(v3 ∧ ∃©(v1 ∧ ∃©v2)) ∨∨∨ (v3 ∧ ∃©(v2 ∧ ∃©v1))(v3 ∧ ∃©(v2 ∧ ∃©v1))(v3 ∧ ∃©(v2 ∧ ∃©v1))
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CTL-encoding of the Hamilton path problem ctlss4.1-20

finite
digraph GGG

��� finite TS TGTGTG

+++ CTL formula ΦΦΦ

s.t. GGG has a Hamilton path iff TG �|= ΦTG �|= ΦTG �|= Φ

v1v1v1 v2v2v2 v3v3v3

digraph GGG

��� v1v1v1 v2v2v2 v3v3v3

tttTS TGTGTG

CTL formula ΦΦΦ === negation of the formula

(v1 ∧ ∃©(v2 ∧ ∃©v3))(v1 ∧ ∃©(v2 ∧ ∃©v3))(v1 ∧ ∃©(v2 ∧ ∃©v3)) ∨∨∨ (v1 ∧ ∃©(v3 ∧ ∃©v2))(v1 ∧ ∃©(v3 ∧ ∃©v2))(v1 ∧ ∃©(v3 ∧ ∃©v2)) ∨∨∨
(v2 ∧ ∃©(v1 ∧ ∃©v3))(v2 ∧ ∃©(v1 ∧ ∃©v3))(v2 ∧ ∃©(v1 ∧ ∃©v3)) ∨∨∨ (v2 ∧ ∃©(v3 ∧ ∃©v1))(v2 ∧ ∃©(v3 ∧ ∃©v1))(v2 ∧ ∃©(v3 ∧ ∃©v1)) ∨∨∨
(v3 ∧ ∃©(v1 ∧ ∃©v2))(v3 ∧ ∃©(v1 ∧ ∃©v2))(v3 ∧ ∃©(v1 ∧ ∃©v2)) ∨∨∨ (v3 ∧ ∃©(v2 ∧ ∃©v1))(v3 ∧ ∃©(v2 ∧ ∃©v1))(v3 ∧ ∃©(v2 ∧ ∃©v1))
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Equivalence of CTL formulas ctlss4.1-22
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Equivalence of CTL formulas ctlss4.1-22

Φ1 ≡ Φ2Φ1 ≡ Φ2Φ1 ≡ Φ2 iff for all transition systems TTT :
T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2

132 / 357



Equivalence of CTL formulas ctlss4.1-22

Φ1 ≡ Φ2Φ1 ≡ Φ2Φ1 ≡ Φ2 iff for all transition systems TTT :
T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2

quantification over all transition systems TTT
• without terminal states
• over APAPAP if Φ1Φ1Φ1 and Φ2Φ2Φ2 are CTL formulas over APAPAP
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Equivalence of CTL formulas ctlss4.1-22

Φ1 ≡ Φ2Φ1 ≡ Φ2Φ1 ≡ Φ2 iff for all transition systems TTT :
T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2

iff for all transition systems TTT :
Sat(Φ1) = Sat(Φ2)Sat(Φ1) = Sat(Φ2)Sat(Φ1) = Sat(Φ2)

quantification over all transition systems TTT
• without terminal states
• over APAPAP if Φ1Φ1Φ1 and Φ2Φ2Φ2 are CTL formulas over APAPAP
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Equivalence of CTL formulas ctlss4.1-22

Φ1 ≡ Φ2Φ1 ≡ Φ2Φ1 ≡ Φ2 iff for all transition systems TTT :
T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2

iff for all transition systems TTT :
Sat(Φ1) = Sat(Φ2)Sat(Φ1) = Sat(Φ2)Sat(Φ1) = Sat(Φ2)

Examples:

¬¬Φ¬¬Φ¬¬Φ ≡≡≡ ΦΦΦ

¬(Φ ∧Ψ)¬(Φ ∧Ψ)¬(Φ ∧Ψ) ≡≡≡ ¬Φ ∨ ¬Ψ¬Φ ∨ ¬Ψ¬Φ ∨ ¬Ψ
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Equivalence of CTL formulas ctlss4.1-22

Φ1 ≡ Φ2Φ1 ≡ Φ2Φ1 ≡ Φ2 iff for all transition systems TTT :
T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2T |= Φ1 ⇐⇒ T |= Φ2

iff for all transition systems TTT :
Sat(Φ1) = Sat(Φ2)Sat(Φ1) = Sat(Φ2)Sat(Φ1) = Sat(Φ2)

Examples:

¬¬Φ¬¬Φ¬¬Φ ≡≡≡ ΦΦΦ

¬(Φ ∧Ψ)¬(Φ ∧Ψ)¬(Φ ∧Ψ) ≡≡≡ ¬Φ ∨ ¬Ψ¬Φ ∨ ¬Ψ¬Φ ∨ ¬Ψ
...
...
...

¬∀©Φ¬∀©Φ¬∀©Φ ≡≡≡ ∃©¬Φ∃©¬Φ∃©¬Φ
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Correct or wrong? ctlss4.1-23

∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b

137 / 357



Correct or wrong? ctlss4.1-23

∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b

wrong, e.g,
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Correct or wrong? ctlss4.1-23

∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b

wrong, e.g,

∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b
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Correct or wrong? ctlss4.1-23

∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b

wrong, e.g,

∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b

wrong, e.g.,
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Correct or wrong? ctlss4.1-23

∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b∃♦(a ∧ b) ≡ ∃♦a ∧ ∃♦b

wrong, e.g,

∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b∀♦(a ∧ b) ≡ ∀♦a ∧ ∀♦b

wrong, e.g.,

but:

∀�(Φ1 ∧ Φ2)∀�(Φ1 ∧ Φ2)∀�(Φ1 ∧ Φ2) ≡≡≡ ∀�Φ1∀�Φ1∀�Φ1 ∧∧∧ ∀�Φ2∀�Φ2∀�Φ2

∃♦(Φ1 ∨ Φ2)∃♦(Φ1 ∨ Φ2)∃♦(Φ1 ∨ Φ2) ≡≡≡ ∃♦Φ1∃♦Φ1∃♦Φ1 ∨∨∨ ∃♦Φ2∃♦Φ2∃♦Φ2

141 / 357



Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

both formulas require computation trees
of the form:

|= a|= a|= a

arbitrary
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong,
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0 s0 �|= ∃©∃�as0 �|= ∃©∃�as0 �|= ∃©∃�a
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0 s0 �|= ∃©∃�as0 �|= ∃©∃�as0 �|= ∃©∃�a

note: Sat(∃�a) = ∅Sat(∃�a) = ∅Sat(∃�a) = ∅
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0 s0 �|= ∃©∃�as0 �|= ∃©∃�as0 �|= ∃©∃�a

s0 |= ∃�∃©as0 |= ∃�∃©as0 |= ∃�∃©a
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0 s0 �|= ∃©∃�as0 �|= ∃©∃�as0 �|= ∃©∃�a

s0 |= ∃�∃©as0 |= ∃�∃©as0 |= ∃�∃©a

s0 |= ∃©as0 |= ∃©as0 |= ∃©a
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0 s0 �|= ∃©∃�as0 �|= ∃©∃�as0 �|= ∃©∃�a

s0 |= ∃�∃©as0 |= ∃�∃©as0 |= ∃�∃©a

s0 |= ∃©as0 |= ∃©as0 |= ∃©a

=⇒=⇒=⇒ s0 s0 s0 . . . |= �∃©as0 s0 s0 . . . |= �∃©as0 s0 s0 . . . |= �∃©a
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Correct or wrong? ctlss4.1-24

∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a∀©∀�a ≡ ∀�∀©a

correct.

∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a∃©∃�a ≡ ∃�∃©a

wrong, e.g.,
s0s0s0 s0 �|= ∃©∃�as0 �|= ∃©∃�as0 �|= ∃©∃�a

s0 |= ∃�∃©as0 |= ∃�∃©as0 |= ∃�∃©a

s0 |= ∃©as0 |= ∃©as0 |= ∃©a

=⇒=⇒=⇒ s0 s0 s0 . . . |= �∃©as0 s0 s0 . . . |= �∃©as0 s0 s0 . . . |= �∃©a

=⇒=⇒=⇒ s0 |= ∃�∃©as0 |= ∃�∃©as0 |= ∃�∃©a
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Weak until WWW ctlss4.1-21
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Weak until WWW ctlss4.1-21

in LTL: ϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕ

in CTL: ?
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Weak until WWW ctlss4.1-21

in LTL: ϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕ

duality of UUU and WWW:

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

in CTL: ?
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Weak until WWW ctlss4.1-21

in LTL: ϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕ

duality of UUU and WWW:

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

definition of WWW in CTL on the basis of duality rules:

∃(Φ W Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )∃(Φ WΨ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )∃(ΦW Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )
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Weak until WWW ctlss4.1-21

in LTL: ϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕϕ W ψ
def
= (ϕ U ψ) ∨ �ϕ

duality of UUU and WWW:

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

¬(ϕUψ) ≡ (ϕ ∧ ¬ψ) W (¬ϕ ∧ ¬ψ)

¬(ϕWψ) ≡ (ϕ ∧ ¬ψ) U (¬ϕ ∧ ¬ψ)

definition of WWW in CTL on the basis of duality rules:

∃(Φ W Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ W Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(Φ WΨ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ WΨ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(ΦW Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(ΦW Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )
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Weak until WWW in CTL ctlss4.1-21a

definition of WWW in CTL on the basis of duality rules:

∃(Φ W Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ W Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(Φ WΨ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ WΨ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(ΦW Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(ΦW Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )
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Weak until WWW in CTL ctlss4.1-21a

definition of WWW in CTL on the basis of duality rules:

∃(Φ W Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ W Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(Φ WΨ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ WΨ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(ΦW Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(ΦW Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

note that:

∃(Φ W Ψ) ≡ ∃(Φ U Ψ) ∨ ∃�Φ∃(Φ WΨ) ≡ ∃(Φ U Ψ) ∨ ∃�Φ∃(ΦW Ψ) ≡ ∃(Φ U Ψ) ∨ ∃�Φ

160 / 357



Weak until WWW in CTL ctlss4.1-21a

definition of WWW in CTL on the basis of duality rules:

∃(Φ W Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ W Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(Φ WΨ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(Φ WΨ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∃(ΦW Ψ)
def
= ¬∀( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

∀(ΦW Ψ)
def
= ¬∃( (Φ ∧ ¬Ψ) U (¬Φ ∧ ¬Ψ) )

note that:

∃(Φ W Ψ) ≡ ∃(Φ U Ψ) ∨ ∃�Φ

∀(Φ W Ψ) �≡ ∀(Φ U Ψ) ∨ ∀�Φ

∃(Φ WΨ) ≡ ∃(Φ U Ψ) ∨ ∃�Φ

∀(Φ WΨ) �≡ ∀(Φ U Ψ) ∨ ∀�Φ

∃(ΦW Ψ) ≡ ∃(Φ U Ψ) ∨ ∃�Φ

∀(ΦW Ψ) �≡ ∀(Φ U Ψ) ∨ ∀�Φ
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c) ?
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s s1 s2 . . . |= ♦∃(a W c)s s1 s2 . . . |= ♦∃(a W c)s s1 s2 . . . |= ♦∃(a W c)
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b) ?
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
?
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

) √√√
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

) √√√
↑↑↑

three types of paths: (s t)ω(s t)ω(s t)ω or (s t)+ vω(s t)+ vω(s t)+ vω or (s t)∗ s u vω(s t)∗ s u vω(s t)∗ s u vω
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

) √√√
↑↑↑

three types of paths: (s t)ω(s t)ω(s t)ω or (s t)+ vω(s t)+ vω(s t)+ vω or (s t)∗ s u vω(s t)∗ s u vω(s t)∗ s u vω

in all three cases: π |= �∃©(b ∨ c)π |= �∃©(b ∨ c)π |= �∃©(b ∨ c)
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

) √√√

sss ttt sss ttt sss ttt
. . .. . .. . . |= �∃©(b ∨ c)|= �∃©(b ∨ c)|= �∃©(b ∨ c)
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

) √√√

sss ttt sss ttt vvv vvv
. . .. . .. . . |= �∃©(b ∨ c)|= �∃©(b ∨ c)|= �∃©(b ∨ c)
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Weak until WWW in CTL ctlss4.1-21b

vvv

uuu

sss

ttt

• =̂ {a}=̂ {a}=̂ {a}
• =̂ {b}=̂ {b}=̂ {b}• =̂ {c}=̂ {c}=̂ {c}

T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)T |= ∀♦∃(a W c)
√√√

as s |= ∃(a W c)s |= ∃(a W c)s |= ∃(a W c)

T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)T |= ∃(a W ∃�b)
√√√

as s |= ∃�as |= ∃�as |= ∃�a

T |= ∀
(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

)
T |= ∀

(
(∃©(b ∨ c)) W (a ∧ b)

) √√√

sss ttt sss uuu vvv vvv
. . .. . .. . . |= �∃©(b ∨ c)|= �∃©(b ∨ c)|= �∃©(b ∨ c)
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Expansion laws ctlss4.1-26
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ ?
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ

∃(Φ W Ψ)∃(Φ W Ψ)∃(Φ W Ψ) ≡≡≡
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ

∃(Φ W Ψ)∃(Φ W Ψ)∃(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ

∃(Φ W Ψ)∃(Φ W Ψ)∃(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))

∀(Φ W Ψ)∀(Φ W Ψ)∀(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ

∃(Φ W Ψ)∃(Φ W Ψ)∃(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))

∀(Φ W Ψ)∀(Φ W Ψ)∀(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))

∃�Φ∃�Φ∃�Φ ≡≡≡ ?
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Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ

∃(Φ W Ψ)∃(Φ W Ψ)∃(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))

∀(Φ W Ψ)∀(Φ W Ψ)∀(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))

∃�Φ∃�Φ∃�Φ ≡≡≡ Φ ∧ ∃©∃�ΦΦ ∧ ∃©∃�ΦΦ ∧ ∃©∃�Φ

183 / 357



Expansion laws ctlss4.1-26

∃(ΦU Ψ)∃(Φ UΨ)∃(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ UΨ))Ψ ∨ (Φ ∧ ∃©∃(ΦU Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ U Ψ))

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ UΨ))Ψ ∨ (Φ ∧ ∀©∀(ΦU Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ U Ψ))

∃♦Ψ∃♦Ψ∃♦Ψ ≡≡≡ Ψ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦ΨΨ ∨ ∃©∃♦Ψ

∀♦Ψ∀♦Ψ∀♦Ψ ≡≡≡ Ψ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦ΨΨ ∨ ∀©∀♦Ψ

∃(Φ W Ψ)∃(Φ W Ψ)∃(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))Ψ ∨ (Φ ∧ ∃©∃(Φ W Ψ))

∀(Φ W Ψ)∀(Φ W Ψ)∀(Φ W Ψ) ≡≡≡ Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))Ψ ∨ (Φ ∧ ∀©∀(Φ W Ψ))

∃�Φ∃�Φ∃�Φ ≡≡≡ Φ ∧ ∃©∃�ΦΦ ∧ ∃©∃�ΦΦ ∧ ∃©∃�Φ

∀�Φ∀�Φ∀�Φ ≡≡≡ Φ ∧ ∀©∀�ΦΦ ∧ ∀©∀�ΦΦ ∧ ∀©∀�Φ
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

duality of UUU and WWW, e.g.:
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

duality of UUU and WWW, e.g.:

∀(ΦU Ψ)∀(Φ UΨ)∀(Φ UΨ)
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

duality of UUU and WWW, e.g.:

∀(ΦU Ψ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))∀(Φ UΨ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))∀(Φ UΨ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

duality of UUU and WWW, e.g.:

∀(ΦU Ψ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) W (¬Φ ∧ ¬Ψ))

∀(Φ UΨ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) W (¬Φ ∧ ¬Ψ))

∀(Φ UΨ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) W (¬Φ ∧ ¬Ψ))
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Duality laws ctlss4.1-27

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

duality of UUU and WWW, e.g.:

∀(ΦU Ψ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ

∀(Φ UΨ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ

∀(Φ UΨ) ≡ ¬∃((Φ ∧ ¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) W (¬Φ ∧ ¬Ψ))

≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ
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Duality laws ctlss4.1-27a

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

duality of UUU and WWW yields

∀(ΦU Ψ) ≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ∀(ΦU Ψ) ≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ∀(Φ UΨ) ≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ
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Duality laws ctlss4.1-27a

duality of ��� and ♦♦♦:

∀�Φ∀�Φ∀�Φ ≡≡≡ ¬∃♦¬Φ¬∃♦¬Φ¬∃♦¬Φ

∀♦Φ∀♦Φ∀♦Φ ≡≡≡ ¬∃�¬Φ¬∃�¬Φ¬∃�¬Φ

self-duality of©©©:

∀©Φ∀©Φ∀©Φ ≡≡≡ ¬∃©¬Φ¬∃©¬Φ¬∃©¬Φ

∃©Φ∃©Φ∃©Φ ≡≡≡ ¬∀©¬Φ¬∀©¬Φ¬∀©¬Φ

derivation of ∀U∀U∀U from ∃U∃U∃U and ∃�∃�∃�:

∀(ΦU Ψ) ≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ∀(ΦU Ψ) ≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ∀(Φ UΨ) ≡ ¬∃((¬Ψ) U(¬Φ ∧ ¬Ψ)) ∧ ¬∃�¬Ψ

∀U∀U∀U and ∀©∀©∀© are expressible via ∃U∃U∃U, ∃©∃©∃© and ∃�∃�∃�
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Existential normalform for CTL ctlss4.1-28

For each CTL formula ΨΨΨ there is an equivalent
CTL formula ΦΦΦ built by

• operators of propositional logic

• the modalities ∃©∃©∃©, ∃U∃U∃U and ∃�∃�∃�.
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Existential normalform for CTL ctlss4.1-28

For each CTL formula ΨΨΨ there is an equivalent
CTL formula ΦΦΦ built by

• operators of propositional logic

• the modalities ∃©∃©∃©, ∃U∃U∃U and ∃�∃�∃�.

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣

∃©Φ
∣∣ ∃(Φ1 U Φ2)

∣∣ ∃�Φ∃©Φ
∣∣ ∃(Φ1 UΦ2)

∣∣ ∃�Φ∃©Φ
∣∣ ∃(Φ1 U Φ2)

∣∣ ∃�Φ
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Existential normalform for CTL ctlss4.1-28

For each CTL formula ΨΨΨ there is an equivalent
CTL formula ΦΦΦ built by

• operators of propositional logic

• the modalities ∃©∃©∃©, ∃U∃U∃U and ∃�∃�∃�.

ΦΦΦ ::=::=::= true
∣∣ a

∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣true

∣∣ a
∣∣ Φ1 ∧ Φ2

∣∣ ¬Φ
∣∣

∃©Φ
∣∣ ∃(Φ1 U Φ2)

∣∣ ∃�Φ∃©Φ
∣∣ ∃(Φ1 UΦ2)

∣∣ ∃�Φ∃©Φ
∣∣ ∃(Φ1 U Φ2)

∣∣ ∃�Φ

transformation Ψ� ΦΨ� ΦΨ� Φ relies on:

∀©Ψ∀©Ψ∀©Ψ ��� ¬∃©¬Ψ¬∃©¬Ψ¬∃©¬Ψ

∀(Ψ1 U Ψ2)∀(Ψ1 U Ψ2)∀(Ψ1 UΨ2) ��� ¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2
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Example: ∃∃∃-normal form for CTL formula ctlss4.1-28a

CTL formula ��� CTL formula in ∃∃∃-normal form

∀©Ψ∀©Ψ∀©Ψ ��� ¬∃©¬Ψ¬∃©¬Ψ¬∃©¬Ψ

∀(Ψ1 U Ψ2)∀(Ψ1 U Ψ2)∀(Ψ1 UΨ2) ��� ¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2

∀((∀©a) U¬c)∀((∀©a) U¬c)∀((∀©a) U¬c)
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Example: ∃∃∃-normal form for CTL formula ctlss4.1-28a

CTL formula ��� CTL formula in ∃∃∃-normal form

∀©Ψ∀©Ψ∀©Ψ ��� ¬∃©¬Ψ¬∃©¬Ψ¬∃©¬Ψ

∀(Ψ1 U Ψ2)∀(Ψ1 U Ψ2)∀(Ψ1 UΨ2) ��� ¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2

∀((∀©a) U¬c)∀((∀©a) U¬c)∀((∀©a) U¬c)

≡≡≡ ¬∃(¬¬c U((¬∀©a) ∧ ¬¬c))¬∃(¬¬c U((¬∀©a) ∧ ¬¬c))¬∃(¬¬c U((¬∀©a) ∧ ¬¬c)) ∧ ¬∃�¬¬c∧ ¬∃�¬¬c∧ ¬∃�¬¬c
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Example: ∃∃∃-normal form for CTL formula ctlss4.1-28a

CTL formula ��� CTL formula in ∃∃∃-normal form

∀©Ψ∀©Ψ∀©Ψ ��� ¬∃©¬Ψ¬∃©¬Ψ¬∃©¬Ψ

∀(Ψ1 U Ψ2)∀(Ψ1 U Ψ2)∀(Ψ1 UΨ2) ��� ¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2

∀((∀©a) U¬c)∀((∀©a) U¬c)∀((∀©a) U¬c)

≡≡≡ ¬∃(¬¬c U((¬∀©a) ∧ ¬¬c))¬∃(¬¬c U((¬∀©a) ∧ ¬¬c))¬∃(¬¬c U((¬∀©a) ∧ ¬¬c)) ∧ ¬∃�¬¬c∧ ¬∃�¬¬c∧ ¬∃�¬¬c

≡≡≡ ¬∃(c U((¬∀©a) ∧ c))¬∃(c U((¬∀©a) ∧ c))¬∃(c U((¬∀©a) ∧ c)) ∧ ¬∃�c∧ ¬∃�c∧ ¬∃�c
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Example: ∃∃∃-normal form for CTL formula ctlss4.1-28a

CTL formula ��� CTL formula in ∃∃∃-normal form

∀©Ψ∀©Ψ∀©Ψ ��� ¬∃©¬Ψ¬∃©¬Ψ¬∃©¬Ψ

∀(Ψ1 U Ψ2)∀(Ψ1 U Ψ2)∀(Ψ1 UΨ2) ��� ¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2¬∃(¬Ψ2 U(¬Ψ1 ∧ ¬Ψ2)) ∧ ¬∃�¬Ψ2

∀((∀©a) U¬c)∀((∀©a) U¬c)∀((∀©a) U¬c)

≡≡≡ ¬∃(¬¬c U((¬∀©a) ∧ ¬¬c))¬∃(¬¬c U((¬∀©a) ∧ ¬¬c))¬∃(¬¬c U((¬∀©a) ∧ ¬¬c)) ∧ ¬∃�¬¬c∧ ¬∃�¬¬c∧ ¬∃�¬¬c

≡≡≡ ¬∃(c U((¬∀©a) ∧ c))¬∃(c U((¬∀©a) ∧ c))¬∃(c U((¬∀©a) ∧ c)) ∧ ¬∃�c∧ ¬∃�c∧ ¬∃�c

≡≡≡ ¬∃(c U((∃©¬a) ∧ c))¬∃(c U((∃©¬a) ∧ c))¬∃(c U((∃©¬a) ∧ c)) ∧ ¬∃�c∧ ¬∃�c∧ ¬∃�c
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Positive normal form ctlss4.1-29
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Positive normal form ctlss4.1-29

• negation only on the level of literals
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Positive normal form ctlss4.1-29

• negation only on the level of literals

• uses for each operator its dual
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Positive normal form ctlss4.1-29

• negation only on the level of literals

• uses for each operator its dual

∗∗∗ truetruetrue and falsefalsefalse

∗∗∗ conjunction and disjunction
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Positive normal form for CTL ctlss4.1-29

• negation only on the level of literals

• uses for each operator its dual

∗∗∗ truetruetrue and falsefalsefalse

∗∗∗ conjunction and disjunction

∗∗∗ existential and universal path quantification

∗∗∗ until and weak until
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Positive normal form for CTL ctlss4.1-29

• negation only on the level of literals

• uses for each operator (one of) its dual(s)

∗∗∗ truetruetrue and falsefalsefalse

∗∗∗ conjunction and disjunction

∗∗∗ existential and universal path quantification

∗∗∗ until and weak until

alternatively: until and release
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Positive normal form for CTL ctlss4.1-29

• negation only on the level of literals

• uses for each operator (one of) its dual(s)

∗∗∗ truetruetrue and falsefalsefalse

∗∗∗ conjunction and disjunction

∗∗∗ existential and universal path quantification

∗∗∗ until and weak until

alternatively: until and release

but no additional operator for©©© required
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Positive normal form for CTL ctlss4.1-30

syntax of CTL formulas in PNF:

state formulas:

ΦΦΦ ::=::=::= truetruetrue
∣∣∣∣∣∣ false

∣∣ a
∣∣ ¬a

∣∣ Φ1 ∧ Φ2

∣∣ Φ1 ∨ Φ2

∣∣false
∣∣ a

∣∣ ¬a
∣∣ Φ1 ∧ Φ2

∣∣ Φ1 ∨ Φ2

∣∣false
∣∣ a

∣∣ ¬a
∣∣ Φ1 ∧ Φ2

∣∣ Φ1 ∨ Φ2

∣∣
∃ϕ∃ϕ∃ϕ

∣∣∣∣∣∣ ∀ϕ∀ϕ∀ϕ
path formulas:

ϕϕϕ ::=::=::= ©Φ©Φ©Φ
∣∣∣∣∣∣ Φ1 U Φ2

∣∣ Φ1 W Φ2Φ1 UΦ2

∣∣ Φ1 WΦ2Φ1 UΦ2

∣∣ Φ1 W Φ2
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Positive normal form for CTL ctlss4.1-30

syntax of CTL formulas in PNF:

state formulas:

ΦΦΦ ::=::=::= truetruetrue
∣∣∣∣∣∣ false

∣∣ a
∣∣ ¬a

∣∣ Φ1 ∧ Φ2

∣∣ Φ1 ∨ Φ2

∣∣false
∣∣ a

∣∣ ¬a
∣∣ Φ1 ∧ Φ2

∣∣ Φ1 ∨ Φ2

∣∣false
∣∣ a

∣∣ ¬a
∣∣ Φ1 ∧ Φ2

∣∣ Φ1 ∨ Φ2

∣∣
∃ϕ∃ϕ∃ϕ

∣∣∣∣∣∣ ∀ϕ∀ϕ∀ϕ
path formulas:

ϕϕϕ ::=::=::= ©Φ©Φ©Φ
∣∣∣∣∣∣ Φ1 U Φ2

∣∣ Φ1 W Φ2Φ1 UΦ2

∣∣ Φ1 WΦ2Φ1 UΦ2

∣∣ Φ1 W Φ2

For each CTL formula ΨΨΨ there is an equivalent
CTL formula ΦΦΦ in PNF
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ

¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ

¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ

¬∃(Φ1 U Φ2) � ∀((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 UΦ2) � ∀((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 U Φ2) � ∀((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))
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CTL ��� CTL-PNF ctlss4.1-31

CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ

¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ

¬∃(Φ1 U Φ2) � ∀((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 UΦ2) � ∀((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 U Φ2) � ∀((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))

¬∀(Φ1 U Φ2) � ∃((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 UΦ2) � ∃((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 U Φ2) � ∃((Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))
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CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ

¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ

¬∃(Φ1 U Φ2) � ∀((����Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 UΦ2) � ∀((����Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 U Φ2) � ∀((����Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))

¬∀(Φ1 U Φ2) � ∃((����Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 UΦ2) � ∃((����Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 U Φ2) � ∃((����Φ1 ∧ ¬Φ2) W (¬Φ1 ∧ ¬Φ2))
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CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ

¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ

¬∃(Φ1 U Φ2) � ∀(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 UΦ2) � ∀(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 U Φ2) � ∀(¬Φ2 W (¬Φ1 ∧ ¬Φ2))

¬∀(Φ1 U Φ2) � ∃(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 UΦ2) � ∃(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 U Φ2) � ∃(¬Φ2 W (¬Φ1 ∧ ¬Φ2))
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CTL formula��� CTL formula in PNF

¬true¬true¬true ��� falsefalsefalse

¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)¬(Φ1 ∧ Φ2)��� ¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2¬Φ1 ∨ ¬Φ2 de Morgan laws

¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ¬∃©Φ � ∀©¬Φ

¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ¬∀©Φ � ∃©¬Φ

¬∃(Φ1 U Φ2) � ∀(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 UΦ2) � ∀(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∃(Φ1 U Φ2) � ∀(¬Φ2 W (¬Φ1 ∧ ¬Φ2))

¬∀(Φ1 U Φ2) � ∃(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 UΦ2) � ∃(¬Φ2 W (¬Φ1 ∧ ¬Φ2))¬∀(Φ1 U Φ2) � ∃(¬Φ2 W (¬Φ1 ∧ ¬Φ2))

... exponential blowup possible ...
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