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Linear vs branching time CrLssd 11
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Linear vs branching time

oTLss4.1-1

transition system

T = (S, Act,—, Sp, AP, L)

state graph
+ labeling

linear-time view

state sequences

abstraction from actions

AN

branching-time view

states & branches
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Linear vs branching time

oTLss4.1-1

transition system

T = (S, Act,—, Sp, AP, L)

state graph
+ labeling

linear-time view

state sequences

Y

traces

abstraction from actions

VAN

on AP

projection | branching-time view

states & branches

J

computation tree
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Computation tree oTLssd.1-18
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Computation tree oTLssd.1-18

The computation tree of a transition system
T = (S, Act,—, 5, AP, L) arises by:

e unfolding into a tree
e abstraction from the actions

e projection of the states s to their labels L(s) C AP
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Computation tree orLssd.1-1c

The computation tree of state sp in a transition system
T = (S, Act,—, Sp, AP, L) arises by:

e unfolding 7, = (S, Act, —, s, AP, L) into a tree
e abstraction from the actions

e projection of the states s to their labels L(s) C AP
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Example: computation tree oTLssd.1-1a

mutual exclusion with semaphore and AP = {crity, crity }:
%]
/ \

%] %]
{critI}/ \Q é \critz}
/N AN

1%} {crltl} {Crltz} {crltl}{cntg}{cntl}{cntg} Q
FON ' ' ' ' '
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Example: computation tree oTLssd.1-1a

mutual exclusion with semaphore and AP = {crity, crity }:
%]
/ \

%] %]
{critI}/ \Q é \critz}
/N AN

1%} {crltl} {Crltz} {crltl}{cntg}{cntl}{cntg} Q
FON ' ' ' ' '

path (ncy, nca) (waity, ncp) (crity, ncy) (crity, waity) . ..
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Example: computation tree oTLssd.1-1a

mutual exclusion with semaphore and AP = {crity, crity }:

%]

“
“
L’.

VAN
{crit; } %)

%]

/ / N\

& {erity} {crito} {erity }{crit }{crity } {critz} @

FoN \

i

\
%)
|
%] \{‘crit2}

/N AN

\ \ \

path (ncy, nca) (waity, ncp) (crity, ncy) (crity, waity) . ..

l

trace 4] [

{crit; } {crit; }
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Linear vs. branching time

linear time

oTLSS4.1-2

branching time

behavior

path based

state based
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Linear vs. branching time

oTLSS4.1-2

linear time branching time
behavior path based state based
traces computation tree
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Linear vs. branching time

oTLSS4.1-2

linear time branching time
behavior path based state based
traces computation tree
temporal LTL CTL

logic

path formulas

state formulas

13 /357



Linear vs. branching time

oTLSS4.1-2

linear time branching time
behavior path based state based
traces computation tree
temporal LTL CTL
logic path formulas state formulas
model PSPACE-complete PTIME
checking| O(size(T) - exp(|¢|)) | O(size(T) - |®|)
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Linear vs. branching time

oTLSS4.1-2

linear time branching time
behavior path based state based
traces computation tree
temporal LTL CTL
logic path formulas state formulas
model PSPACE-complete PTIME
checking| O(size(T) - exp(|¢|)) | O(size(T) - |®|)
: trace inclusion simulation
impl. : - :
: trace equivalence bisimulation
relation

PSPACE-complete

PTIME
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Linear vs. branching time

oTLSS4.1-2

linear time branching time
: path based state based
behavior :
traces computation tree
temporal LTL CTL
logic path formulas state formulas
model PSPACE-complete PTIME
checking| O(size(T) - exp(|¢|)) | O(size(T) - |®|)
- trace inclusion simulation
rellrgfic-)n trace equivalence bisimulation
PSPACE-complete PTIME
fairness can be requires special
encoded

treatment
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OverView OVERVIEWG.1

Introduction

Modelling parallel systems

Linear Time Properties

Regular Properties

Linear Temporal Logic (LTL)

Computation Tree Logic
syntax and semantics of CTL —
expressiveness of CTL and LTL
CTL model checking
fairness, counterexamples/witnesses
CTL* and CTL*

Equivalences and Abstraction
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Computation Tree Logic (CTL) orissd.1-4
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,

eventually:

0 ¥ I(trueU o)
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Computation Tree Logic (CTL)

oTLSS4.1-4

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o U,

eventually:
0 ¥ I(trueU o)
Voo %7
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,

eventually:
0 ¥ I(trueU o)
Voo & V(true U @)
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,

eventually: always:

e ¥ Jtweuod) O E 7

Voo & V(true U @)
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:
p u= Q| o U,
eventually: always:
e ¥ Jtweuod) O E 7

Voo & V(true U @)

note: I-O-® is no CTL formula
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,

eventually: always:
def

e ¥ Jtweud) 00 ¥ wo-o
Voo & V(true U @)
note: I-O-® is no CTL formula
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Computation Tree Logic (CTL) orissd.1-4

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | El<p|‘v’<p
CTL path formulas:
p u= Q| o U,
eventually: always:
e ¥ Jtweud) 00 ¥ wo-o

Voo E V(trueU®) VOO & —30-0
note: I-O-® is no CTL formula
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Syntax Of CTL orLssd.1-3

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p

CTL path formulas:
p = Q¢ | P U,

O
U

next

I 1

until
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Syntax Of CTL orLssd.1-3

CTL (state) formulas:
¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:
p u= Q| o Ud, | O |Od
O = next O = eventually
U = until O = always
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”
VO( request — V{)response )
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<l>1/\¢2 | ' | Elcp|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”

VO( request — V{)response )
traffic lights vO( yellow — YQred)
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<|>1/\¢2 | ' | El<p|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”

VO( request — V{)response )
traffic lights vO( yellow — YQred)
reset possiblity VO3 start
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Examples for CTL formulas orLssd 13

CTL (state) formulas:

¢ = true|a|<|>1/\¢2 | ' | El<p|‘v’<p
CTL path formulas:

p u= Q| o Ud, | O |Od

mutual exclusion (safety) VO(-crity V —crity)
“every request will be answered eventually”

VO( request — V{)response )
traffic lights vO( yellow — YQred)
reset possiblity VO3 start
unconditional process fairness YLINOcrity A VOV crit,
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Example: 15-puzzle CTLSS4. 15

6[8[212] , [L1[2]3]4
41 /13]5| 5, [5]6][78
9 [10]14 9 (101112
7 [11]15] 3 13|14 |15
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Example: 15-puzzle CTLSS4. 15

6[8[212] , [L1[2]3]4
41 /13]5| 5, [5]6][78
9 [10]14 9 (101112
7 [11]15] 3 13|14 |15

transition system has 16! ~ 2-10'3 states
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Example: 15-puzzle CTLSS4. 15
6 | 8|2 12 - 1234
4 111|135 ~ 5,16 |7 8
9 10|14 9 10|11 12
7 11|15 3 13|14 |15

transition system has 16! ~ 2-10'3 states

,

states:
transitions:

game configurations

legal moves
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Example: 15-puzzle

oTLSS4.1-5

2

3

6

7

6 8|2 |12

4 11 13|5
9 10|14

71115 3

O =

10

11

12

e transition system has 16! ~ 2 -10!3 states

13

14

15

representation as parallel system:

with shared variables field[i] fori=1,...,16

left || up || down || right
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Example: 15-puzzle CTLSS4. 15

6[8[212] , [L1[2]3]4
41 /13]5| 5, [5]6][78
9 [10]14 9 (101112
7 [11]15] 3 13|14 |15

e transition system has 16! ~ 2 -10!3 states
e representation as parallel system:
left || up || down || right
with shared variables field[i] fori=1,...,16

CTL specification:
A0 A ‘“piece i on field[i]"

1<i<15
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Example: 15-puzzle CTLSS4. 15

6[8[212] , [L1[2]3]4
41 /13]5| 5, [5]6][78
9 [10]14 9 (101112
7 [11]15] 3 13|14 |15

e transition system has 16! ~ 2 -10!3 states
e representation as parallel system:
left || up || down || right
with shared variables field[i] fori=1,...,16

CTL specification: seeking for a witness for
A0 A ‘“piece i on field[i]"

1<i<15

39/357



Semantics of CTL ctLssd 111
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Semantics of CTL ctLssd 111

define a satisfaction relation |= for CTL formulas
over AP and a given TS T = (S, Act, —, Sy, AP, L)
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Semantics of CTL ctLssd 111

define a satisfaction relation |= for CTL formulas
over AP and a given TS T = (S, Act, —, Sy, AP, L)
without terminal states
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Semantics of CTL ctLssd 111

define a satisfaction relation |= for CTL formulas
over AP and a given TS T = (S, Act, —, Sy, AP, L)
without terminal states

e interpretation of state formulas over the states

e interpretation of path formulas over the paths
(infinite path fragments)
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Reca l I : Se ma nti CS Of LT L CTLS$4.1-LTL-SEMANTICS

for infinite path fragment m = sy 515, .. .:

T [= true

Tl a iff spl=a e, a€lL(s)
TEeiApy iff mlEp and @2
T = iff T

T = Qg iff suffix(m,1)=s19s...F¢
7w |= @1 Uy iff there exists j > 0 such that
suffix(m,j) = Sj Sj+1 Sj+2 ... |F 2 and

suffix(m, k) = skSk+15k+2 ---FE @1 for0< k <
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Satisfaction relation for path formulas orLssd.1-11a
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Satisfaction relation for path formulas orLssd.1-11a

Let 1 = 59815 ... be an infinite path fragment.
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Satisfaction relation for path formulas orLssd.1-11a

Let 1 = 59815 ... be an infinite path fragment.

7T|=O¢ iff 51|=¢
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Satisfaction relation for path formulas orLssd.1-11a

Let 1 = 59815 ... be an infinite path fragment.

T = Q® iff s =®

m | ® U, iff there exists j > 0 such that
si @
sk P for0< k<j
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Satisfaction relation for path formulas orLssd.1-11a

Let 1 = 59815 ... be an infinite path fragment.

T = Q® iff s =®

m | ® U, iff there exists j > 0 such that
si @
sk P for0< k<j

semantics of derived operators:

7 = Q¢ iff there exists j > 0 with sj = ®
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Satisfaction relation for path formulas orLssd.1-11a

Let 1 = 59815 ... be an infinite path fragment.

T = Q® iff s =®

m | ® U, iff there exists j > 0 such that
si @
sk P for0< k<j

semantics of derived operators:
7 = Q¢ iff there exists j > 0 with sj = ®
m =0¢ iff forall j >0 we have: sj=®

50 /357



Satisfaction relation for state formulas CTLss4.1-13
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Satisfaction relation for state formulas CTLss4.1-13

s | true
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Satisfaction relation for state formulas CTLss4.1-13

s | true
skEa iff ae€ L(s)
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Satisfaction relation for state formulas CTLss4.1-13

s | true
skEa iff ae€ L(s)
S|=¢1/\¢2 iff s|=¢1ands|=¢2
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Satisfaction relation for state formulas orrss4.1-13
s | true
skEa iff ae€ L(s)
S|=¢1/\¢2 iff s|=¢lands|=¢2
S |= - iff s bé (0}

55 /357



Satisfaction relation for state formulas CTLss4.1-13

s | true

skEa iff ae€ L(s)

sE®PAD, iff sE®; andsE D)
s iff s>

skE3Jp iff there is a path m € Paths(s)

st. T
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Satisfaction relation for state formulas CTLss4.1-13

s | true

skEa iff ae€ L(s)

sE®PAD, iff sE®; andsE D)

s iff s>

skE3Jp iff there is a path m € Paths(s)
st. T

s EVe iff for each path m € Paths(s):

T
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Satisfaction relation for state formulas CTLss4.1-13

s | true

skEa iff ae€ L(s)

sE®PAD, iff sE®; andsE D)

s iff s>

skE3Jp iff there is a path m € Paths(s)
st. T

s EVe iff for each path m € Paths(s):

TR

satisfaction set for state formula ®:

Sat(®) ¥ {seS:sE o)
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Interpretation of CTL formulas over a TS cussaiasa
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Interpretation of CTL formulas over a TS cussaiasa

satisfaction of state formulas over a TS 7 :

TEo iff SC Sat(d)

where Sy is the set of initial states

recall: Sat(®) = {s€S:sfd}

60 /357



Interpretation of CTL formulas over a TS cussaiasa

satisfaction of state formulas over a TS 7 :

TE® iff S C Sat(P)
iff so = @ for all initial states sp of T

where Sy is the set of initial states

recall: Sat(®) = {s€S:sfd}
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Semantics of the next operator oTLSS4.1-8
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Semantics of the next operator oTLSS4.1-8

s E3IOP iff there exists T =551 5, ... € Paths(s)
st. m = Q®
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Semantics of the next operator oTLSS4.1-8

s EIOP iff there exists T =551 5, ... € Paths(s)
st. tE Q®,ie,5E®

30

S1

Post(s) N Sat(®) # &
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Semantics of the next operator oTLSS4.1-8

s EIOP iff there exists T =551 5, ... € Paths(s)
st. tE Q®,ie,5E®
s EVO® iff forallm=sss)...€ Paths(s):
T Q®

30¢
s
S1

Post(s) N Sat(®) # &
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Semantics of the next operator oTLSS4.1-8

s EIOP iff there exists T =551 5, ... € Paths(s)
st. tE Q®,ie,5E®
s EVO® iff forallm=ss s, ... € Paths(s):
Tk Qb ie,s5E®

30¢ VYOO
S S
S1

Post(s) N Sat(®) # & Post(s) C Sat(®)
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Semantics of until LI

(P, U d,)
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Semantics of until LI

A(41U0,) o V(®1U®,) o
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Semantics of until and eventually CTL884.1-9

A(41U0,) o V(®1U®,) o

A0d
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Semantics of until and eventually CTL884.1-9

A(41U0,) o V(®1U®,) o
S o VOO o
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Semantics of eventually and always CTL884.1-10

VooP A0d
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Semantics of eventually and always CTL884.1-10

VOO

KRER KREN

=l
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Semantics of eventually and always CTL884.1-10

VOO -~30d

K5 LD KR
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Example for CTL semantics

T
start

(lost ) (_ delivered )

CTLSS4.1-14
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Example for CTL semantics

T
start

(lost ) (_ delivered )

CTLSS4.1-14

CTL formula
& = VOVYOstart
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Example for CTL semantics

T
start

(lost ) (_ delivered )

CTLSS4.1-14

CTL formula
¢ = VO | V)start

Sat(VOstart) =
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Example for CTL semantics orLssd 114

T
start

(Iost) ( delivered ]

CTL formula
¢ = VO | V)start

Sat(VQstart) = {start, delivered }
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Example for CTL semantics orLssd 114

T
start

(lost ) (_ delivered )

CTL formula
& = VOV{Qstart = V0O(start V delivered)

Sat(VQstart) = {start, delivered }
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Example for CTL semantics orLssd 114

T
start

(lost ) (_ delivered )

CTL formula
& = VOV{Qstart = V0O(start V delivered)

Sat(VQstart) = {start, delivered }
Sat(®) = @
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Example for CTL semantics orLssd 114
T T |~ VOO start
start

(lost ) (_ delivered )

CTL formula
& = VOV{Qstart = V0O(start V delivered)

Sat(VQstart) = {start, delivered }
Sat(®) = @
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Example for CTL semantics orLssd 114

T T W VOVOstart
“infinitely often start”

(lost ) (_ delivered )

CTL formula
& = VOV{Qstart = V0O(start V delivered)

Sat(VQstart) = {start, delivered }
Sat(®) = @

81/357



Specifying “infinitely often” in CTL

82 /357



Specifying “infinitely often” in CTL

If sisastateina TS and a € AP then:

s e VOVOa
iff  for all paths m = sps1 5. .. € Paths(s):

o0
3i>0. st. siEa
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Specifying “infinitely often” in CTL

If sisastateina TS and a € AP then:

s e VOVOa
iff  for all paths m = sps1 5. .. € Paths(s):

o0
3i>0. st. siEa

iff S |=|_T|_ D(}a
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Example: CTL semantics

T start

try

(lost) (error) (delivered)

®; = IQV-start

CcTLSS4.1-16

T |= 3OVO-start ?



Example: CTL semantics oTLSS4.1-16

T (start T |= 3OVO-start ?

try

(lost) (error) (delivered)

®; = 3| VO-start

Sat(VO-start) = {error}




Example: CTL semantics oTLSS4.1-16

T (start T |= 3OVO-start ?

try

(lost) (error) (delivered)

¢, = 3AQ| VO-start | ~» IO error

Sat(VO-start) = {error}
Sat(AQVO-start) = 7
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Example: CTL semantics oTLSS4.1-16

T start

try

T | 3OVO-start  +/

(lost) (error) (delivered)

o, =

30

VO-start

~ Q| error

Sat(VO-start) =
Sat(3IQVO-start) =

{error}

Sat(3Qerror) = “all states”
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start
Iry T = VOIOVO-start ?

(lost) (error) (delivered)

&, = VYOIV -start
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start
Iry T | VOIAOVO-start ?

(lost) (error) (delivered)

®; = VO30

Sat(VO-start) = {error}
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start

Iry T = VOIOVO-start ?

(lost) (error) (delivered)

&, = VO |AQVO-start| ~~ YO (AQerror

Sat(VO-start) = {error}
Sat(3QVO-start) = {error,try}
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start

Iry T = VOIOVO-start ?

(lost) (error) (delivered)

o, = VOIAOQVO-start  ~ YO(error V try)

Sat(VO-start) = {error}
Sat(AQVO-start) = {error, try}
Sat(VO3IQOVO-start) = ?
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Example: CTL semantics

T start

try

(lost) (error) (delivered)

CcTLSS4.1-16

T | AQVOstart
T EVYO3OvO-start /

o, = VOIAOQVO-start  ~ YO(error V try)
Sat(VO-start) = {error}
Sat(AQVO-start) = {error, try}
Sat(VO3AOQV-start) = {error, lost, start}
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Example: CTL semantics oTLSS4.1-16

T (start T = IOVO-start
try T = vO3QVvO-start
T = 3OVOVO-start ?

(lost) (error) (delivered)

&3 = IOVOV-start
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Example: CTL semantics oTLSS4.1-16

T (start T = IOVO-start
try T = vO3QVvO-start
T = 3OVOVO-start ?

(lost) (error) (delivered)

®; = 30VO

Sat(VO-start) = {error}
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Example: CTL semantics oTLSS4.1-16

T (start T = IOVO-start
try T = vO3QVvO-start
T = 3OVOVO-start ?

(lost) (error) (delivered)

&3 = IO \VOVO=start| ~» IO |VOerror

Sat(VO-start) = {error}
Sat(VOVO-start) = {error}
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Example: CTL semantics oTLSS4.1-16

T (start T = IOVO-start
T = vO3QVvO-start
T = 3OVOVO-start ?

try

(lost) (error) (delivered)

&3 = IOQOVQOVO-start ~» |AQerror

Sat(VO-start) = {error}
Sat(VOVO-start) = {error}
Sat(IQOVQOVO-start) = ?
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Example: CTL semantics oTLSS4.1-16

T (start T b= 30OVO-start
try T E VO3AQOVO-start
T = 3OVQOVO-start

(lost) (error) (delivered)

&3 = IOQOVQOVO-start ~» |AQerror

Sat(VO-start) = {error}
Sat(VOVO-start) = {error}
Sat(AOQVQVO-start) = {error, try}
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Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]

does T |= 3QV0O-a hold ?
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Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]
does 7 = 3QVO-a hold ?

answer. no
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Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]
does 7 = 3QVO-a hold ?

answer. no

Sat(VO-a) = {s}

101 /357



Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]
does 7 = 3QVO-a hold ?

answer. no

Sat(VO-a) {52}
Sat(AQVO-a) = {s, s}
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Example: CTL semantics
S0 51 2
O )
%] {a} %]

does T |= 3QV0O-a hold ?

answer. no

CTLSS4.1-17

does T |=VO3(O—a hold ?
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Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]

does T |= 3QV0O-a hold ?

answer. no

does T |=VO3(O—a hold ?

answer: Yes
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Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]

does T |= 3QV0O-a hold ?

answer. no

does T |=VO3(O—a hold ?

answer: Yes

Sat(A0—-a) = {so, 5,5}
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Example: CTL semantics oTLSs4.1-17
So 51 L)
O )
%] {a} %]

does T |= 3QV0O-a hold ?

answer. no

does T |=VO3(O—a hold ?

answer: Yes

Sat(A0-a) = {s, 5,9}
Sat(VO3IO—a) = {s0, 51,9}
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ ={b}
O=g

T k= 303(aU b) ?
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ ={b}
O=g

T E=303(aUb) Vv asspE3(aUb)
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ ={b}
O=g

T =303(aUb) v assss...E0O3(aUb)
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T k= 3((303) U b) ?
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T = 3((30a) U b) as t £ 30a, u = 3I0a
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Example: CTL semantics oTLSs4.1-18

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T = 3((30a) U b) as t £ 30a, u = 3I0a
T E=3(aUV(—-aUb)) ?



Example: CTL semantics = cus 4118

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T = 3((30a) U b) as t £ 30a, u = 3I0a
T E3(aUV(-aUb))



Example: CTL semantics = cus 4118

s ® ={a}
t u @ = {b}
O=g
T =303(aUb) v assss...E0O3(aUb)

T = 3((30a) U b) as t £ 30a, u = 3I0a
T E3(aUV(-aUb))

O—@— - | aUV(=aUb)
I véan)
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.
Is the following statement correct ?

if T —-® then T E®
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.
Is the following statement correct ?

if T —-® then T E®

answer. no
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.

Is the following statement correct ?

if T —-® then T E®

answer. no

TE® iff s ® forallinitial states s
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.

Is the following statement correct ?

if T —-® then T E®

answer. no

TE® iff s ® forallinitial states s

T £~ iff there exists an initial state sp with
s0 [ P
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.

Is the following statement correct ?

if TF-® then T E®

answer. no

TE® iff s ® for all initial states sp

T £~ iff there exists an initial state sp with
s0 [ P

iff there exists an initial state s with

s ®
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Correct or wrong? CTL884.1-19

Let 7 be a transition system and ® a CTL formula.
Is the following statement correct ?

if T —-® then T E®

answer. no

transition system 7" with 2 initial states:
{a} ) T £ 30a
T bé -d0a
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Hamilton path problem CTL884.1-20
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Hamilton path problem CTL884.1-20

given: finite directed graph G = (V, E)
question: does G have a Hamilton path, i.e., a path
that visits each node exactly once ?
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Hamilton path problem CTL884.1-20

given: finite directed graph G = (V, E)
question: does G have a Hamilton path, i.e., a path
that visits each node exactly once ?

goal: provide an encoding of the Hamilton path problem
in CTL
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Hamilton path problem CTL884.1-20

given: finite directed graph G = (V, E)
question: does G have a Hamilton path, i.e., a path
that visits each node exactly once ?

goal: provide an encoding of the Hamilton path problem
in CTL by means of a transformation

finite o finite TS 7¢
digraph G + CTL formula ¢

124 /357



Hamilton path problem CTL884.1-20

given: finite directed graph G = (V, E)
question: does G have a Hamilton path, i.e., a path
that visits each node exactly once ?

goal: provide an encoding of the Hamilton path problem
in CTL by means of a transformation

finite o finite TS 7¢
digraph G + CTL formula ¢

s.t. G has a Hamilton path iff Tg £ ®
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CTL-encoding of the Hamilton path problem crissii2

finite s finite TS 7¢
digraph G + CTL formula ¢

s.t. G has a Hamilton path iff 7g [~ ®
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CTL-encoding of the Hamilton path problem crissii2

finite s finite TS 7¢
digraph G + CTL formula ¢

s.t. G has a Hamilton path iff 7g [~ ®

digraph G
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CTL-encoding of the Hamilton path problem crissii2

finite s finite TS 7¢
digraph G + CTL formula ¢

s.t. G has a Hamilton path iff 7g [~ ®

digraph G TS T¢ G.
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CTL-encoding of the Hamilton path problem crissii2

finite s finite TS 7¢
digraph G + CTL formula ¢

s.t. G has a Hamilton path iff 7¢ £ @

~ (T—w)
digraph G TS
igrap ¢ O.

CTL formula

(V1 A HO(V2 A HOV3)) \Y (V1 A HO(V3 A HOVQ)) \Y
(V2 A ElO(Vl 7AN ElOV3)) \ (V2 A ElO(V3 A ElOVl)) V
(V3 A ElO(Vl 7AN HOVQ)) \ (V3 A HO(VQ A ElOVl))
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CTL-encoding of the Hamilton path problem crissii2

finite s finite TS 7¢
digraph G + CTL formula ¢

s.t. G has a Hamilton path iff 7¢ £ @

~ (T—w)
digraph G TS
igrap ¢ O.

CTL formula ® = negation of the formula

(V1 A HO(V2 A HOV3)) \Y (V1 A HO(V3 A HOVQ)) \Y
(V2 A ElO(Vl 7AN ElOV3)) \ (V2 A ElO(V3 A ElOVl)) V
(V3 A ElO(Vl 7AN HOVQ)) \ (V3 A HO(VQ A ElOVl))
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Equivalence of CTL formulas orLssd 122
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Equivalence of CTL formulas orLssd 122

&, =®, iff for all transition systems 7 :
T |= ¢, = T |= P,
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Equivalence of CTL formulas orLssd 122

&, =®, iff for all transition systems 7 :
T |= ¢, = T |= P,

quantification over all transition systems 7°

e without terminal states
e over AP if ®; and &, are CTL formulas over AP
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Equivalence of CTL formulas orLssd 122

&, =®, iff for all transition systems 7 :
T |= ¢, = T |= P,

iff  for all transition systems 7 :

Sat(¢1) = Sat(¢2)

quantification over all transition systems 7°

e without terminal states
e over AP if ®; and &, are CTL formulas over AP
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Equivalence of CTL formulas orLssd 122

&, =®, iff for all transition systems 7 :
T |= ¢, = T |= P,

iff  for all transition systems 7 :

Sat(¢1) = Sat(¢2)

Examples:
- = ¢
ﬂ(‘b A W) = dVvV-V
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Equivalence of CTL formulas orLssd 122

&, =®, iff for all transition systems 7 :
T |= ¢, = T |= P,

iff  for all transition systems 7 :

Sat(¢1) = Sat(¢2)

Examples:
- = ¢
ﬂ(‘b A W) = dVvV-V

VO® = 30—
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Correct or wrong? CTLssd 1-23

A0(aA b) = F0a A FOb
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Correct or wrong? CTLssd 1-23

A0(aA b) = F0a A FOb

wrong, e.g, \O<g
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Correct or wrong? CTLssd 1-23

A0(aA b) = F0a A FOb
wrong, e.g, \O<g
VO(aAb) = VOa A VOb
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Correct or wrong? CTLssd 1-23

A0(aA b) = F0a A FOb

wrong, e.g, \O<g
VO(aAb) = VOa A VOb

wrong, e.g., \C O .:]
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Correct or wrong? CTLssd 1-23

A0(aA b) = F0a A FOb

wrong, e.g, \O<g

VO(aAb) = VOa A VOb

wrong, e.g., \C ® .:]

but:

VO(®; A D,)
30(P1 V )

voe, A VO,
A00; v P,

141 /357



Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa
correct.

both formulas require computation trees
of the form:

arbitrary

®Fa
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

3030a

I030a
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Correct or wrong?

vVOVOa = VOVQa

correct.

CTLSS4.1-24

3030a

wrong,

I030a
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

3030a = 3I030a

wrong, e.g.,

58
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

3030a = 3I030a

wrong, e.g.,

\50 o 8 so J£ 3030a
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

3030a = 3I030a

wrong, e.g.,

\50 o 8 so J£ 3030a

note: Sat(30a) = &
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

3030a = 3I030a

wrong, e.g.,

S0 s = 3030a
\6 ® 8 % = 3030a
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Correct or wrong?

vVOVOa = VOVQa

correct.

CTLSS4.1-24

3030a = 3I030a

wrong, e.g.,

58

s p£ 3030a
s = 3030a

s = 30a
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Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

3030a = 3I030a

wrong, e.g.,
S0 s = 3030a
\6 ® 8 % = 3030a
s = 30a
= s5%% --- F030a

152 /357



Correct or wrong? CrLssd 1-24

vVOVOa = VOVQa

correct.

30302 = I090a
wrong, e.g.,
S0 s = 3030a
\6 ® 8 % = 3030a
s = 30a

= s5%% --- F030a
— 5 3030a
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Weak Until W oTLSs4.1-21
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Weak Until W oTLSs4.1-21

inLTL: o W< o (pUy) v Op

in CTL: 7
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Weak Until W oTLSs4.1-21

inLTL: o W< o (pUy) v Op

duality of U and W:
(¢ U%) (o A=) W (=9 A=)
(W) = (e A=) U(—p A1)

in CTL: 7
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Weak Until W oTLSs4.1-21

inLTL: o W< o (pUy) v Op

duality of U and W:
(¢ U%) (o A=) W (=9 A=)
(W) = (e A=) U(—p A1)

definition of W in CTL on the basis of duality rules:

JOWW) & (0 A-W) U(=dA-V))
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Weak until W

CcTLSS4.1-21

def

inLTL: oWy = (¢Uy) v Oy

(¢ U%)
(W)

duality of U and W:

(o A=) W(=p A )
= (e A9) U(=p A )

definition of W in CTL on the basis of duality rules:

3(dW W)
V(oW W)

(P A-W) U (=D A-V))

e _3(( A-W) U (=0 A-V))
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Weak until W in CTL

OTLSS4.1-21A

definition of W in CTL on the basis of duality rules:

OWW) & (¢ A-W) U(=d A W)
V(OWW) & —3((® A-W) U(~dA-V))
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Weak until W in CTL

OTLSS4.1-21A

definition of W in CTL on the basis of duality rules:

OWW) & (¢ A-W) U(=d A W)
V(OWW) & —3((® A-W) U(~dA-V))

note that:

(> W W)

(e U W) v 300
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Weak until W in CTL

OTLSS4.1-21A

definition of W in CTL on the basis of duality rules:

OWW) & (¢ A-W) U(=d A W)
V(OWW) & —3((® A-W) U(~dA-V))

note that:

JeWW) = JeU W) v I00
V(OWW) # V(o U W) v vOoe
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Weak until W in CTL

S

T EVY03(aW c)

CTLSs4.1-21B

L

A e
o
e

o000
111
0
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Weak until W in CTL cTLSs4.1-21B

S

L

A e
o
e

S
o000
111
0

TEVOI(aWc) / asskE3IaWc)

163 /357



Weak until W in CTL cTLSs4.1-21B

S

L

A e
o
e

S
o000
111
0

TEVOI(aWc) / asssis...E03(aWc)
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Weak until W in CTL cTLSs4.1-21B

: 30!
u ® = {p}
' ®={c}

"4

TEVOI(aWc) / asskE3IaWc)
T |=3(a W 30b) ?
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Weak until W in CTL cTLSs4.1-21B

: 30!
u ® = {p}
' ®={c}

"4

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
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Weak until W in CTL

CTLSs4.1-21B

S

® = (5}
u ® = {h}
tN ®={c}

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a

T EY(EO(bV ) W(anb)) ?



Weak until W in CTL

CTLSs4.1-21B

S

® = (5}
u ® = {h}
tN ®={c}

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
T EV(@EO(bV ) W(anb) v



Weak until W in CTL

CTLSs4.1-21B

S

® = (a)
: u ® = {h}

) °={q

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
TEY(@EO6Y ) Wanh)

three types of paths: (st)” or (st)* v or (st)*suv¥



Weak until W in CTL cTLSs4.1-21B

: 30!

u ® = {p}
‘ ®={c}

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
TEV(@EO(BV ) W(aAb) v
three thes of paths: (st)” or (st)* v or (st)*suv¥
in all three cases: = EO30(bV c)
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Weak until W in CTL

CTLSs4.1-21B

S

® = {2}
u ® = {p}
FN ®={c}

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
T EV(@EO(bV ) W(anb) v

s t s t s t |=|:E|O(bVC)



Weak until W in CTL

CTLSs4.1-21B

S

® = {2}
u ® = {p}
FN ®={c}

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
T EV(@EO(bV ) W(anb) v

s t s t v v |=|:E|O(bVC)



Weak until W in CTL

CTLSs4.1-21B

S

® = {2}
u ® = {p}
FN ®={c}

TEVOI(aWc) / asskE3IaWc)
TE3(aWw3Ob) / asspE=3T0a
T EV(@EO(bV ) W(anb) v

s t s u v v

E=O30(bV <)



Expansion laws CTLS84.1-26
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Expansion laws CTLS84.1-26

JPUW) = WV (P AIOI(PUW))
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Expansion laws CTLS84.1-26
A(PUV) = VvV (d ATOI(PUV))
V(eUuw) = ?
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Expansion laws CTLS84.1-26
A(PUV) = VvV (d ATOI(PUV))
V(eUW) = vV (b AVOV(PUW))
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Expansion laws CTLS84.1-26
A(PUV) = VvV (d ATOI(PUV))
V(eUW) = vV (b AVOV(PUW))
=0 v v 30OV
YOV = WV Vv VYOVOV
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Expansion laws CTLS84.1-26
A(PUV) = VvV (d ATOI(PUV))
V(eUW) = vV (b AVOV(PUW))
=0 v v 30OV
YOV = WV Vv VYOVOV

W V) =
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Expansion laws = cus 4126

JPUW) = WV (b AIOI(PUW))
V(OUW) = Wy (o A VOV(SUW))
OV = Vv IOV
YOU = W v YOVOW

APWW) = Vv (0AITOI(P W W)



Expansion laws = cus 4126

JPUW) = WV (b AIOI(PUW))
V(OUW) = Wy (o A VOV(SUW))
OV = Vv IOV
YOU = W v YOVOW

APWW) = Vv (0AITOI(P W W)
VOWW) = WV (&AVOY(® W W)



Expansion laws = cus 4126

JPUW) = WV (b AIOI(PUW))
V(OUW) = Wy (o A VOV(SUW))
OV = Vv IOV
YOU = W v YOVOW

APWW) = Vv (0AITOI(P W W)
VOWW) = WV (&AVOY(® W W)

o = 7



Expansion laws = cus 4126

JPUW) = WV (b AIOI(PUW))
V(OUW) = Wy (o A VOV(SUW))
OV = Vv IOV
YOU = W v YOVOW

APWW) = Vv (0AITOI(P W W)
VOWW) = WV (&AVOY(® W W)

¢ = o A 0300



Expansion laws CTLS84.1-26

(U W)
V(o U W)

A0V
VoW

(P W V)
V(o W W)

=l

vie =

= WV (¢ A3OI(PUW))
= Vv (d A VYOY(PUW))

v v 3030V
= Vv VYOWOW

= ¥V (®AITOI(® W W)
= WV (®AVOVY(® W W¥))

® A 3030
® A YOVObO
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CTLSS4.1-27

Duality laws

duality of O and ¢:

vOe = 30
VOd = -3~
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Duality laws CTLS$4.1-27

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = -VO¢

186 /357



Duality laws CTLS$4.1-27

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = -VO¢

duality of U and W, e.g.:
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Duality laws CTLS$4.1-27

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = -VO¢

duality of U and W, e.g.:
V(U W)
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Duality laws CTLS$4.1-27

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = -VO¢

duality of U and W, e.g.:
V(q) U W) = —El((q) A —n\ll) W (—|¢ N ﬂW))
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Duality laws

CTLSS4.1-27

vOo =
VOob =

duality of O and ¢:

self-duality of O):

~30-d VOO = -30-¢
~30-¢ D = VOO0

V(o U W)

duality of U and W, e.g.:

—3((P A V) W (D A V)
—3((~V) W (= A =V))
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Duality laws

CTLSS4.1-27

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = VO
duality of U and W, e.g.:
V(eUWV) = -3((PA-V)W(=dAV))
= -3J((-V) W (= A -V))
= -J((-V)U(=P A-V)) A -0~V

191 /357



Duality IaWS CTLSS4.1-27A

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = -30-¢
Voo = -3J0-¢ A0 = -VO¢

duality of U and W yields
V(eUV) = -3J((-V)U(—~P A V) A -0~V
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Duality IaWS CTLSS4.1-27A

duality of O and ¢: self-duality of O):
vOe = -30-¢ VO = 30
Voo = -3J0-¢ A0 = -VO¢

derivation of YU from 3U and 30O:

V(OUW) = -3((-V)U(=d A V) A -0~V

VYU and V(O are expressible via 3U, 30 and 0]
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Existential normalform for CTL CTLSS4.1-28

For each CTL formula W there is an equivalent
CTL formula ® built by

e operators of propositional logic
e the modalities 30, U and 30.
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Existential normalform for CTL CTLSS4.1-28

For each CTL formula W there is an equivalent
CTL formula ® built by

e operators of propositional logic
e the modalities 30, U and 30.

¢ = true | a | P, NPy | - |
A0 | (e UD,) | 300
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Existential normalform for CTL CTLSS4.1-28

For each CTL formula W there is an equivalent
CTL formula ® built by

e operators of propositional logic
e the modalities 30, U and 30.

¢ = true | a | P, NPy | - |
A0 | (e UD,) | 300

transformation W ~~» ® relies on:
YOW ~» ~dOW
V(\Ill U \U2) > ﬂa(ﬂ“h U(ﬂwl A —I\U2)) A —IE":lﬂ\lb
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Example: Jd-normal form for CTL formula ...

CTL formula ~» CTL formula in 3-normal form
VOV ~» =30V
V(\Ill U \Ug) R ﬂﬂ(ﬂ‘”g U(ﬂ\lll A —I\U2)) A ~d0O-,

Y((VOa) U —c)
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Example: Jd-normal form for CTL formula ...

CTL formula ~» CTL formula in 3-normal form
VOV ~» =30V
V(\Ill U \Ug) R ﬂﬂ(ﬂ‘”g U(ﬂ\lll A —I\U2)) A ~d0O-,

Y((VOa) U —c)
= -3(--cU((-VOa) A -—c)) A ~A0--c
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Example: Jd-normal form for CTL formula ...

CTL formula ~» CTL formula in 3-normal form
VOV ~» =30V
V(\Ill U \Ug) R ﬂﬂ(ﬂ‘”g U(ﬂ\lll A —I\U2)) A ~d0O-,

Y((VOa) U —c)
—3(—~—~cU((-VQOa) A 7—¢c)) A —~I0-—c
-3(cU((-VOa) A c)) A -3A0c
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Example: Jd-normal form for CTL formula ...

CTL formula ~» CTL formula in 3-normal form
VOV ~» =30V
V(\Ill U \Ug) R ﬂﬂ(ﬂ‘”g U(ﬂ\lll A —I\U2)) A ~d0O-,

Y((VOa) U —c)
—3(—~—~cU((-VQOa) A 7—¢c)) A —~I0-—c
-3(cU((-VOa) A c)) A -3A0c
-3(cU((FIO-a)Ac)) A -T0c
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Positive normal form CTL884.1-29
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Positive normal form CTL884.1-29

e negation only on the level of literals
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Positive normal form CTL884.1-29

e negation only on the level of literals

e uses for each operator its dual
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Positive normal form CTL884.1-29

e negation only on the level of literals

e uses for each operator its dual
x true and false

* conjunction and disjunction
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Positive normal form for CTL CTLS$4.1-29

e negation only on the level of literals

e uses for each operator its dual

*

*

*

true and false
conjunction and disjunction
existential and universal path quantification

until and weak until
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Positive normal form for CTL CTLS$4.1-29

e negation only on the level of literals

e uses for each operator (one of) its dual(s)

*

*

*

true and false

conjunction and disjunction

existential and universal path quantification
until and weak until

alternatively: until and release
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Positive normal form for CTL CTLS$4.1-29

e negation only on the level of literals

e uses for each operator (one of) its dual(s)

*

*

*

*

true and false

conjunction and disjunction

existential and universal path quantification
until and weak until

alternatively: until and release

but no additional operator for () required
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Positive normal form for CTL CTLS54.1-30

syntax of CTL formulas in PNF:

state formulas:
b = true | false | a | -3 | P,ANDy | DV Dy
Jp | Vo
path formulas:

e = QP | P1UD, | W,
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Positive normal form for CTL CTLS54.1-30

syntax of CTL formulas in PNF:

state formulas:
& = true | false | a| —a| 1A Dy | D1V D,
Jp | Vo
path formulas:
e = QP | P1UD, | W,

For each CTL formula W there is an equivalent
CTL formula ® in PNF
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~» false
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~» false

(P A D) ~» 2Dy Vb,  de Morgan laws
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~ false
(P A D) ~» 2Dy Vb,  de Morgan laws
—A00 ~ VO-0
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~~ false

(P A D) ~» 2Dy Vb,  de Morgan laws
—A00 ~ VO-0

VO® ~ A0
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~~ false

(P A D) ~» by Vb,  de Morgan laws
300 ~ VO-¢

VO® ~ A0

—A(D1UBy) ~ V(D1 A D) W (= A D))
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~~ false

(P A D) ~» by Vb,  de Morgan laws
300 ~ VO-¢

VO® ~ A0

—A(D1UBy) ~ V(D1 A D) W (= A D))
“W(D1UBy) ~ F((D1 A —Dy) W (= A D))
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~~ false

(P A D) ~» by Vb,  de Morgan laws
300 ~ VO-¢

VO® ~ A0

—A(D1UBy) ~ V(A —Dy) W (=1 A =)
V(DU By) ~ (A D) W (=1 A =)
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~~ false

(P A D) ~» 2Dy Vb,  de Morgan laws
300 ~ VO-0

VO® ~ A0

—A(D1UDBy) > V(~r W (~b1 A —dy))
V(DU D)) ~» I(~by W (~b1 A —by))
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CTL > CTL—PNF oTLSs4.1-31

CTL formula ~» CTL formula in PNF

—true ~~ false

(P A D) ~» 2Dy Vb,  de Morgan laws
300 ~ VO-0

VO® ~ A0

—A(D1UDBy) > V(~r W (~b1 A —dy))
V(DU D)) ~» I(~by W (~b1 A —by))

.. exponential blowup possible ...
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