94II.2 A Bundle ApproachIn this Chapter, extensive computational experiences with a Bundle-type Cost Decompositionapproach to (MMCF) are presented: to the best of our knowledge, only one attempt [Me90] [Me94]had already been done to use Bundle methods in this context, and just making use of pre-existent (andpartly outdated) NDO software. A specialized Bundle code for (MMCF) has been developed, as a partof the larger research described in Part I, whose main characteristics are-a simple �main� logic, based on a new heuristic for the t parameter handling;-use of the efficient BTT (QP) solver, that allows a Lagrangean Variables Generation strategy;-a �polymorphic� Lagrangean Relaxation solver, using specialized (and efficient) codes for thesolution of the different types of single-commodity Min-Cost Flow subproblems.The code was developed for being subsequently used - if found efficient - within approaches to morecomplex problems requiring the solution of (MMCF) as a subroutine: however, many interestingissues related to this usage, such as efficiency of the reoptimization in case of cost / capacity changes,have not yet been faced. The relevant details of the implementation are presented in ⁄II.2.1, while⁄II.2.2 describes the other (specialized or not) codes against which it has been compared on the datasets described in ⁄II.2.3: the computational results are presented and discussed in ⁄II.2.4.II.2.1 Implementation detailsThe MMCFB code follows the general scheme for Bundle algorithms presented in Part I, using asimple implementation that is described in Figure 9. At each iteration, the predicted increase v = jb( d ) is compared with the obtained increase Dj = j( y ) - j( ył ), and the current point ismoved to y only if a sufficient (relative) increase has been obtained. Otherwise, the �aggregatedlinearization error� s is used to test the �reliability� of the newly obtained information: if a is not toolarge than s, then the addition of g to b is expected to consistently improve the �accuracy� of jb(),otherwise t is decreased, forcing the next tentative point to be �closer� to ył, where jb() is (hopefully)accurate enough. The IncreaseT() and DecreaseT() functions are described in Figure 10, and arerespectively based on the (b) and (a) formulae of ⁄I.5.1: exploiting the (directional) derivative in yrather than in ył seems to be more reasonable when a step to y has already been decided, and theIncreaseT() heuristic guarantees that t will be increased (if and) only if dg > 0, as in the ~SS(ii)condition of BT (Cf. ⁄I.5.2). On the contrary, using �near� information might be better if jb() is

Chapter II.2: A Bundle Approach95already known to be a �poor� approximation of j() at y: using the two different heuristics seems toslightly reduce, on the average, the iterations count.MMCFBÆ choose m1 ˛ [0, 1] , 0 < m2 , t0 > 0 , t* > 0 and e > 0 æ;ył = 0; t = t0; Æ calculate j( ył ) and g( ył ) æ; b = { ( g( ył ) , 0 ) };repeatÆ b-strategy: eliminate outdated subgradients æ;Æ solve (D«bt) and (P«bt) for q and d æ; s = abq;if( t*|| d ||2 + s £ ej( ył ) )thenSTOP;elsey = ył + d;Æ calculate j( y ), g( y ) and the corresponding a æ;Æ add ( g , a ) to b æ;if( Dj = j( y ) - j( ył ) ‡ m1jb( d ) )thenył = y; a = a + dG; t = IncreaseT();elseif( a > m2s )then t = DecreaseT();until( STOP );Figure 9: the �main� of the MMCFB codeÆ let M > 1 , m < 1 and tM ‡ t0 ‡ tm be fixed æ;IncreaseT()=max{ t , min{ tM , Mt , 2tv( v - Dj ) } }DecreaseT()=min{ t , max{ tm , mt , ( a + Dj ) / 2a } }Figure 10: the heuristic t-strategiesSince no �Long Term� t-strategy is implemented, MMCFB is prone to the risk of the �small t�phenomenon (Cf. ⁄I.5.3): however, this is avoided in practice by setting m2 » 3, a much larger valuethan the .9 suggested in [Ki89] and [SZ92]. As a result, the value of t never changes after the firstfew iterations: therefore, a �good� choice of t0 is important, altough the heuristics usually suffice toremedy to blatantly wrong settings. In fact, a good guess for t0 is usually just any value in the orderof magnitude of the t�s showing up in the first few iterations: this is also the way in which t* can bechosen, say an order of magnitude larger than t0. The choice of the other parameters is far less critical:m1 seems to be properly fixed to 0.1, the absolute safeguards on t should never enter to play (this iseasily obtained in the same way as for t0 and t*) and the increasing / decreasing factors seem to beproperly fixed to 10 and .1 respectively.An important characteristic of MMCFB is the Lagrangean Variables Generation strategy: only theLagrangean variables that are really necessary, i.e. those that at some iteration have a strictly positiveentry of the direction d, are explicitly �created� in the (QP) solver. This approach can be seen from aprimal viewpoint as a row generation strategy, where a constraint is added only when it is violated bythe aggregate primal solution corresponding to d: clearly, this is effective only thanks to the two-level

Part II: Multicommodity Flows96active set strategy of BTT, that efficiently supports the on-line creation and destruction of variables of(P«bt). Especially for �easy� problems, few Lagrangean variables ever become nonzero, so that thesize of (P«bt) can be kept much smaller than m: furthermore, the set of active Lagrangean variables isvery stable after the first few iterations, so that �pricing� - determining whether new variables have tobe generated - can be done with a low frequency.Some other details of the Bundle-specific part of the implementation might be of interest:-the b-strategy consists in eliminating the subgradients that have zero qi multiplier for more than afixed number (» 20) of consecutive iterations: no aggregation is ever performed, hence nolimitations are imposed (in principle) on the Bundle size, but the b-strategy suffices to keep it smallenough, and the computational experience showed that severe limitations on the size of b have anegative effect on the convergence speed;-�pricing� in the LVG strategy is done for all the first p1 (» 30) iterations, and then once every p2(» 10) iterations: it is not computationally convenient to eliminate an �active� variable yi once it hasbeen generated, so that the active set is monotonically nondecreasing;-upon termination, MMCFB can report the �full� optimal solution[ xł1 .. xłk ] = Si = 1..l [ xi˚1 .. xi˚k ]qi ,where q is the optimal solution of the last (D«bt), at the price of the extra memory required forstoring all the flows [ xi˚1 ... xi˚k ] corresponding to subgradients that are still in b: however,performances in time are essentially not affected, and furthermore the aggregate optimal solution xłA = Sh ˛ K xłh can be recovered at essentially no cost as u - Gbq.In most cases, and especially if k is large w.r.t. m, most of the time is spent in solving the Min-CostFlow subproblems: hence, having a fast (MCF) solver capable to efficiently reoptimize after costchanges is obviously important. However, for some instances the subproblems are in fact ShortestPath (Tree) problems, that can be solved much faster than general (MCF)s: therefore, any general-purpose Cost Decomposition (MMCF) solver should have specialized solvers that are invokedaccording to the properties of each subproblem. In MMCFB, the encapsulation and polymorphismfeatures of C++ are exploited for this purpose: the abstract base class McfClass defines a standardinterface for (MCF) solvers, and k objects of proper derived classes are constructed within MMCFBaccording to the properties of each single subproblem, making it easy to deal even with instances withnonuniform subproblems. The public methods of McfClass, properly redefined in the derivedclasses, are used for changing the costs, solving the problems and collecting the results: hence, it iseasy to extend MMCFB to special classes of instances by just developing the appropriate subproblemsolver. Moreover, MMCFB is completely independent from upgrades, or even complete changes, inthe (MCF) solver: up to now, two derived classes have been coded, the RelaxIV classimplementing an efficient Relaxation-type (MCF) solver [Be91] (Cf. also ⁄II.4.3), and the SPTreeclass implementing four classical (SPT) algorithms (queue, dequeue, Dykstra and c-heap [GP88]).An analogous structure has been used for MMCFB itself: an abstract base class MMCFClass hasbeen defined, and both MMCFB all the codes described in ⁄II.2.2 has been inserted into derivedclasses, making it possible for an application to use any of them indifferently. Moreover, a service

Chapter II.2: A Bundle Approach97class Graph provides a unified mean to read (MMCF) instances (from files, in several differentformats, or from memory) and handle them: preprocessing, changes or queries of the instance�s dataand memory management are all implemented within Graph, making it easy to use an existing(MMCF) solver by only writing small pieces of interface code.Hence, MMCFB is composed of several independent modules, that are succintly described in Figure12, where arrows represent functional interactions, thick lines inheritance relationships and dashedlines virtual methods redefined in a descendant class. This structure was really useful during thedevelopment process, since it made possible to improve the different parts independently and indifferent instants of time: for instance, the RelaxIV class was at a certain point almost entirelyrewritten to follow the latest algorithmic developments, and the SPTree class was developed muchlater than RelaxIV, when the first instances with (SPT) subproblems had to be solved.

SPTreeSolveMcf()

Graph

MMCFBundleMMCFBundle()FiAndGi()

BMinQuad

MMCFClassSolve()Solve()

Costs()Capacities()

. . .McfClassSolveMcf()McfgetX()ChangeCosts()NewCostsK()

ConstrViolation()

RelaxIVSolveMcf()

. . .Figure 11: basic structure of the MMCFClass, McfClass and Graph classesAs in the MinQuad and BMinQuad classes discussed in ⁄I.3.6, there were a number of differentalternatives that was not practical to accommodate by means of the inheritance and polymorphismmechanisms, and that were made available in the �compile time switches� fashion: for instance, it ispossible to choose among no Lagrangean Variables Generation at all, the standard �monotone�version where no attempt is ever made to delete an active variable and a �full� version where variablesare dynamically deleted as well as created. Also, the �abstract� data type mechanism discussed in⁄I.3.6 was precious in this case: the two types FNumber and CNumber, designed to hold �flows�and �costs� respectively, can be uniformly changed throughout all the code by modifying a few linesin an appropriate include file, so that, knowing at compile time if flows and/or costs are integer, the(SPT) and (MCF) solver can perform some very basic operations more efficiently, such as all the �x = 0� tests that need not to be implemented as �| x | £ e�.Although apparently minor, many of these implementation details are critical for the overall efficiencyof the code: for instance, the effects of the Lagrangean Variables Generation strategy are shown inTable 1, where the Rel. Ratio column shows the attained speedup in the (D«bt) solution. That is, theLVG strategy decreases the syncronization cost by up to a factor of 5, significantly reducing the total

Part II: Multicommodity Flows98execution time (the Ratio column): this is especially important for problems with relatively fewcommodities, where the (D«bt) cost is relatively high. On the contrary, for problems with manycommodities the computation of j() is by far the bottleneck of the algorithm: however, Table 2 showsthat, if the subproblems are (SPT)s, then relevant savings on the total execution time can be obtainedby using the specialized (relatively naive) solver (SPT column) rather then the (sophisticated) generic(MCF) solver (MCF column), even on the problems with small graphs and few commodities.

knmRatioRel. Ratio1 0 5 0 4 0 0 1 . 4 7 4 . 8 8 1 0 5 0 6 2 5 1 . 5 1 2 . 7 2 1 0 1 0 0 1 6 0 0 1 . 3 8 4 . 2 2 1 0 1 0 0 2 5 0 0 1 . 6 8 5 . 1 8 1 0 0 5 0 5 3 5 1 . 5 2 2 . 6 7 1 0 0 3 0 5 1 8 1 . 7 2 3 . 0 8 1 0 0 3 0 6 8 2 1 . 6 8 3 . 0 2 1 0 0 1 0 0 1 6 0 0 1 . 5 7 3 . 7 3 4 0 0 3 0 5 2 0 1 . 4 8 2 . 4 5 4 0 0 3 0 6 8 6 1 . 5 0 2 . 5 6

Table 1: effect of the variables generation strategy knmSPTMCFRatio34 7 9 8 0 . 0 2 0 . 0 4 2 . 0 0 68 5 2 0 4 0 . 0 9 0 . 1 8 1 . 9 8 53 4 2 1 6 2 . 4 2 6 . 3 5 2 . 3 8 1 5 4 3 2 8 5 1 3 . 3 6 3 3 . 8 7 2 . 3 1 1 0 1 9 0 5 0 2 1 . 2 3 3 . 8 3 3 . 5 1 1 5 2 8 5 7 7 1 3 . 3 8 1 0 . 6 8 3 . 8 3

Table 2: effect of using a (SPT) solver instead of a (MCF) oneHowever, the clearest example is the specialized BTT algorithm: this is shown in the second set oftables in ⁄I.3.7, where it is compared with a non-specialized Interior-Point (QP) using an earlyversion of MMCFB. The solution of (D«bt) requires up to 20% of the total running time, and the non-specialized (QP) solver is always at least 1.5 orders of magnitude slower than BTT, clearly making aBundle code impractical for the excessive cost of syncronization phase: note that the other (QP) codetested in ⁄I.3.7 (on (Dbt) only) is exactly the one used within the previous Bundle approach to(MMCF) [Me94]. Furthermore, these results are prudential, since they do not take into account theextra advantages of the BTT algorithm, such as the ability to efficiently cope with variables creationand deletion that is necessary to implement the LVG strategy.Other than providing good performances, the modular structure of the code made it easier to enhanceand to extended it to different problems: in fact, both the parallel version of Chapter II.3 and theextended version for Fixed Charge problems of Chapter II.5 have been obtained by just specialisingsome of the classes (MMCFBundle and Graph respectively), while keeping all the rest unchanged.II.2.2 The other codesOne of the objectives of this research was to understand where a modern Cost Decomposition codestands, in terms of efficiency, among the other solution methods described in ⁄II.1.4: hence, an efforthas been done to compare MMCFB with recent alternative (MMCF) solvers.II.2.2.1 A general-purpose (LP) solverIn principle, any (LP) solver can be used to solve (MMCF) problems: actually, commercial general-purpose (LP) solvers can be the best choice for solving even quite large Multicommodity problems,since they are often the result of an impressive amount of work and experience obtained during manyyears of development, and exploit the state of the art in matrix factorisation algorithms, pricing rules,

Chapter II.2: A Bundle Approach99sophisticated data structures, preprocessing and software technology.Cplex 3.0 [Cp94] is one of the best commercial (LP) solvers on the market: it offers Primal and Dualsimplex algorithms, a Network simplex algorithm for exploiting the embedded network structure ofthe problems, and a Barrier (Interior Point) algorithm. As for the other codes, efforts have been madeto use Cplex in its full power, by repeatedly solving subsets of the test problems with variouscombinations of the available optimization parameters in order to find a sensible setting: this processis very important in order to obtain a fair computational comparison, as the following data will show.Cplex can identify the network structure embedded in a (LP), and efficiently solve the restricted (LP)to obtain a good starting base for the �Pure� Primal and Dual (PP and PD) simplex algorithms: theperformances of the resulting �Hybrid� Primal and Dual algorithms (HP and HD) are reported inTable 3, where Size = mk is the number of variables of the (LP) and figures are averaged withingroups of several problems, and depicted in Chart 1.

SizePPPDHPHD5 1 2 5 9 . 0 2 2 . 7 2 4 . 7 3 1 . 3 6 1 6 0 0 0 5 0 . 9 0 2 3 . 4 7 2 1 . 3 7 6 . 0 7 2 5 0 0 0 8 1 . 0 5 1 4 . 1 5 2 2 . 6 5 5 . 4 1 4 7 8 5 0 5 0 4 . 0 4 1 2 4 . 3 3 2 5 . 4 8 1 0 . 0 6 6 8 2 2 5 1 3 9 3 . 6 3 4 2 . 2 4 1 8 . 9 6 8 . 1 0 6 1 2 7 5 1 6 4 6 . 3 5 2 5 4 . 1 3 1 8 5 . 0 4 7 8 . 9 4 2 0 7 7 3 3 1 6 7 0 7 . 6 6 4 9 2 . 3 3 2 4 4 . 8 9 4 4 . 6 7 2 5 7 7 0 0 1 3 3 0 1 . 8 8 5 5 6 . 3 9 1 6 5 . 5 6 4 8 . 5 5

Table 3: different simplex options for Cplex

SizeHD1HD2HD3HD45 1 2 5 4 . 0 8 1 . 3 6 2 . 1 1 1 . 3 4 1 6 0 0 0 1 9 . 6 5 5 . 9 9 1 1 . 0 0 6 . 0 8 2 5 0 0 0 1 8 . 2 4 6 . 1 6 1 9 . 7 1 5 . 3 9 4 7 8 5 0 1 3 . 3 5 1 1 . 9 5 5 1 . 0 3 1 0 . 0 0 6 8 2 2 5 8 . 0 5 1 0 . 7 6 7 1 . 5 9 8 . 0 6 6 1 2 7 5 1 0 0 0 * 5 4 . 0 7 1 5 2 . 3 6 7 9 . 1 6 2 0 7 7 3 3 1 0 0 0 * 8 8 . 3 8 6 8 1 . 2 7 4 4 . 8 8 2 5 7 7 0 0 5 7 . 5 3 9 2 . 5 8 8 4 6 . 6 5 4 8 . 4 8

Table 4: different pricing rules for Cplex

11 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 5 1 2 5 1 6 0 0 0 2 5 0 0 0 4 7 8 5 0 6 8 2 2 5 6 1 2 7 5 2 0 7 7 3 3 2 5 7 7 0 0

PPPDHPHDChart 1: different simplex options for CplexFor these instances, a Dual approach can be 30 times faster than a Primal one, and the �warm start�speeds up the the solution of up to a factor of 70, so that the Hybrid Dual version can be 400 timesfaster than the Pure Primal one: hence, it is not unfair to regard Cplex as a semi-specialized algorithmfor network-structured problems. Other details, such as the pricing strategy, can have a dramaticimpact on the number of iterations and hence on the performances: Table 4 and Chart 2 report a

Part II: Multicommodity Flows100comparison between the four available pricing rules for the Dual simplex, the standard dual pricingHD1 and three variants of the steepest-edge rule HD2-4, showing that performance improvements ofup to a factor of 15 (and more, since the instances marked with �*� had taken much longer than 1000seconds to terminate) can be obtained by just selecting the appropriate rule.

11 0 1 0 0 1 0 0 0 5 1 2 5 1 6 0 0 0 2 5 0 0 0 4 7 8 5 0 6 8 2 2 5 6 1 2 7 5 2 0 7 7 3 3 2 5 7 7 0 0 HD1 HD2 HD3 HD4Chart 2: different pricing rules for CplexII.2.2.2 A Primal Partitioning codeThe PPRN 1.0 [Ca94] code is an available� recent implementation of the Reduced Gradient algorithmfor the Generalised Nonlinear (MMCF) discussed in Sec. II.1.4.1, i.e. a Primal Partitioning approachwhen applied to the linear case: in their computational experience [CN95], the authors show that itgenerally outperforms the known MCNF85 Primal Partitioning code [Ke79], so that it can beregarded as a good representative of this class of methods. As for the other codes, an appropriatetuning of its (several) optimization parameters can significantly enhance the performances: the mostimportant choice concerns the Phase 0 strategy, i.e. whether the starting base is obtained from anyfeasible solution of the k (MCF)s rather then from their optimal solutions, as in the �warm start� ofCplex. As shown in Table 5 and Chart 3, in this case also exploiting the optimal solutions decreasethe running times of up to a factor of 20 (Opt vs Feas columns): moreover, appropriate selection ofthe pricing rule can result in a speedup of 3, as shown in Table 6 and Chart 4 (description of thepricing rules of PPRN is out of the scope of this work). Whem judging the performances of PPRN, itis necessary to take into account the fact that it is an academic code at its first final version, while allthe others (except MMCFB) have a much longer history, and it has been written in FORTRAN whileall the others have been coded in C (whose compilers may be more efficient): furthermore (from apersonal communication by the authors) it does not have a preprocessing phase yet, and due to itsinput format it was impossible to exploit the preprocessing made by Graph.

� PPRN is available in a library (.a) format for some different architectures (mainly Unix workstations) at ftp://ftp-eio.upc.es/pub/onl/codes/pprn/libpprn: Jordi Castro can be contacted at jcastro@etse.urv.es

Chapter II.2: A Bundle Approach101

SizeOptFeas7 1 2 5 2 . 2 1 6 . 8 9 1 8 2 5 0 7 . 8 7 2 9 . 6 2 2 8 7 5 0 7 . 7 6 5 3 . 6 8 5 0 7 8 3 9 . 4 3 4 3 . 2 4 6 3 8 5 0 3 2 . 3 3 1 4 5 . 3 9 9 1 2 5 0 1 1 . 2 4 2 7 1 . 7 3 2 0 7 8 6 7 5 5 . 6 2 4 2 5 . 6 8 2 6 8 2 0 0 2 9 . 2 8 6 2 6 . 7 3

Table 5: Phase 0 options for PPRN

SizeP 1 P 3 7 1 2 5 2 1 . 9 9 6 4 . 0 2 1 8 2 5 0 8 . 4 0 4 1 . 4 1 2 8 7 5 0 3 0 . 1 3 3 2 . 8 4 5 0 7 8 3 8 . 9 8 2 5 . 9 9 6 3 8 5 0 4 . 6 7 5 . 8 8 9 1 2 5 0 4 2 . 0 6 5 3 . 5 0 2 0 7 8 6 7 3 1 . 8 5 3 6 . 3 3 2 6 8 2 0 0 8 . 9 0 1 6 . 3 8

Table 6: pricing rules for PPRN

01 0 0 2 0 0 3 0 0 4 0 0 5 0 0 6 0 0 7 0 0 7 1 2 5 1 8 2 5 0 2 8 7 5 0 5 0 7 8 3 6 3 8 5 0 9 1 2 5 0 2 0 7 8 6 7 2 6 8 2 0 0

OptFeasChart 3: Phase 0 options for PPRN

01 0 2 0 3 0 4 0 5 0 6 0 7 0 7 1 2 5 1 8 2 5 0 2 8 7 5 0 5 0 7 8 3 6 3 8 5 0 9 1 2 5 0 2 0 7 8 6 7 2 6 8 2 0 0

P 1P 3Chart 4: pricing rules for PPRNII.2.2.3 Interior Point codesSome preliminari versions of IPM, a specialized Interior Point code for (MMCF) [CN96] that is stillevolving quite significantly, were kindly made available by the authors for comparison. The codedoes not currently handle zero single-commodity capacities, i.e. uijh = 0, while all but one of theclasses of instances have such �forbidden� arcs: the obvious workaround, i.e. setting uijh to some very

Part II: Multicommodity Flows102small number and/or cijh to some very large number, might result in numerical problems, yet the codewas able to solve (almost) all the instances; on the other hand, explicitly handling this case wouldrequire separate symbolic factorization of the k different blocks of the AQ-2AT matrix (Cf. Sec.II.1.4.4), which is costly both in memory and time.For the non-matrix-based IP method of [SM91], only (indirect) comparisons can be provided, andonly for one class of problems: hence, two general-purpose (LP) solvers based on the IP technologywere also tested, one being the Cplex 3.0 Barrier solver (that will be referred to as IPCplex) and theother the L0Q0 2.21 code [Va92] [VC93] [Va94], a recent implementation of the primal-dual, pathfollowing, predictor-corrector approach. Again, some optimization parameters were tuned forimproving the performances: the most important is the choice between �myopic� (Minimum LocalFillIn) and �global� (Priority Minimum Degree modified Cholesky and Multiple Minimum Degreerespectively) heuristics for column ordering when computing the LLT factorisation of the (full) AQ-2AT matrix. For IPCplex, the myopic heuristic is more efficient, as shown in Table 7 where foreach of MMD and MLF the two columns with L and R reports the time obtained with Leftward andRightward Cholesky factorisation (another possible degree of freedom): the table also shows that thetotal number of iterations is very small, and that it is not always possible to find the �best� setting fora given parameter (MMD-L is better than MMD-D on small problems and worse on larger ones). ForL0Q0, the global heuristic is uniformly better, but does not dramatically improve the performances:this difference is not surprising, since the two codes use different (normal equations and reduced-KKT respectively) approaches to matrix factorisation.

knmSizeI t e r MMD-LMMD-RMLF-LMLF-R1 0 5 0 6 2 5 6 2 5 0 1 2 3 7 . 7 0 3 0 . 9 7 3 3 . 2 4 2 7 . 8 4 1 0 5 0 6 2 5 6 2 5 0 1 2 3 7 . 3 5 3 0 . 9 8 3 3 . 1 3 2 7 . 6 0 1 0 0 3 0 5 1 8 5 1 8 0 0 1 2 3 7 0 9 . 1 2 3 3 4 4 . 7 4 1 7 8 9 . 2 3 1 8 2 9 . 6 5 1 0 0 3 0 5 1 9 5 1 9 0 0 1 3 4 0 3 6 . 8 3 3 3 8 2 . 3 9 1 9 2 7 . 0 1 1 9 3 5 . 8 2

Table 7: some examples from Cplex-Barrier optimization parameters tuningInterestingly enough, the preprocessing done by Graph improves the performances of L0Q0 of overa factor of 10 (vs only a few percent of MMCFB), since it is used to diminish the size of the actual(LP) passed to the solver: this far less important for Cplex, that embeds his own efficientpreprocessing phase, but some improvements can still be obtained, showing that knowledge of the(LP) structure makes it easier to locate redundant constraints, and suggesting that a smarterpreprocessing phase may be profitable.II.2.2.4 A Column Generation codeA comparison was also possible with a modern Column Generation code, developed for (repeatedly)solving (MMCF) in a Branch & Bound approach to the Integer (MMCF) [BHV96], and using Cplexfor solving the �Master� problem at each iteration. The BCG code was not directly available, anywayit only solves undirected (MMCF)s, so that it would not have been able to solve all the other classesof instances without (minor) modifications: however, the authors shared the test instances and theresults, even some not reported in the article, allowing a quite satisfactory comparison. On the otherhand, only (MMCFB) and the non-specialized codes were able to deal with undirected instances: that

Chapter II.2: A Bundle Approach103of being orthogonal to the type of subproblem is a seldom noticed but relevant advantage ofdecomposition approaches to (MMCF).II.2.2.5 Other codesThe above codes do not exhaust all the proposed computational approaches to (MMCF): only indirectcomparisons were possible with other IP methods [ZaG95] [SM91], different Cost Decompositionapproaches [PZ94] [ZaA95] and e-approximation algorithms [GK95a], while no comparison at allwas possible with Resource Decomposition approaches [Ko94] or Primal-Dual methods [Ze91]. Theindirect comparisons concern the PDS problems (Cf. Sec. II.2.3.3), that are difficult (MMCF) withlarge graphs but few commodities and (MCF) subproblems, and therefore are not representative ofother classes of instances, such as those arising in telecommunications: furthermore, the codes wereran on a really etherogeneous set of computers, ranging from vector supercomputers to massivelyparallel supercomputers to (clusters of) workstations of different models, making it difficult to extractmeaningful information from the time figures.However, the available codes are at least sufficient to draw a picture of the current scenery ofcomputational approaches to (MMCF), to see where Cost Decomposition methods stand: hopefully,other tests will come to further enhance our understanding.II.2.3 The test problemsThe other fundamental ingredient for obtaining a sensible computational comparison is an adequate setof test problems: several data sets and random generators of (MMCF)s are available, and have beenused in the literature to test some of the proposed approaches. However, many of the �standard� testproblems are small, and even the larger ones have a small number of commodities: this is probablydue to the fact that, with most of the methods, the complexity of solving a (MMCF) grows rapidlywith k, so that problems with hundreds of commodities have for long time been out of reach. For ourexperiments, some known data sets have been gathered that might be considered representative ofclasses of instances arising in practice: however, when no satisfactory test problems were available,different random generators have been used to produce data sets with controlled characteristics, inorder to understand the impact of some of them, such as the number of commodities, on the relativeperformances of the various approaches.II.2.3.1 The Canad problemsThe first data set is a bunch of 96 problems, generated with two custom random generators (one forbipartite and the other for general graphs) developed in the context of heuristic approaches to theFixed Charge (MMCF) problem [GC95]: the (MMCF) solved in this Chapter have been obtained bysimply ignoring the �fixed charge costs�, but the same instances are used again in ⁄II.5.2 in theiroriginal setting. A parameter called capacity ratio was available as a �knob� to produce lightly orheavily capacitated instances: as (MMCF)s, the problems have shown a posteriori to be quite �easy�,but the corresponding Fixed Charge problems are known to be �hard�, showing that efficient solutionof �easy� (MMCF)s still can have an interest. Furthermore, this data set is the only one havinginstances where the number of commodities is considerably larger that the number of nodes (up to

Part II: Multicommodity Flows104400 vs 30), as in some real applications.The instances are divided into the three groups:-32 bipartite problems (group A) with multiple sources and sinks for each commodity;-32 nonbipartite problems (group B) with single source/sink for each commodity;-32 nonbipartite problems (group C) with multiple sources and sinks for each commodity;and the characteristics of the instances are shown in Table 8 of Sec. II.2.4.1: for each choice of (k, n, m), two �easy� and two �hard� instances have been generated, whose results will always bereported in an aggregate form.II.2.3.2 The Mnetgen generatorMnetgen [AK77] is a well-known random generator: an improved C++ version has been developedfor these tests, where the internal random number generator (that has shown not to be portable) hasbeen replaced with the drand48() routine in the standard C library, the output file format has beenmade more �standard� [JL92] and (what appeared to be) a minor bug has been fixed. 216 problemshave been generated with uniform rules: the problems are divided in 18 groups of 12 problems each,each group being characterised by a pair (n, k) for n in {64, 128, 256} and k in {4, 8, ... , n} (asMnetgen cannot generate problems with k > n). Within each group, 6 problems are �sparse� and 6 are�dense�, with m / n respectively equal to about 3 and 8: in both these subgroups, 3 problems are�easy� and 3 are �hard�, where an easy problem has mutual capacity constraints on the 40% of thearcs and 10% of the arcs with an �high� cost, while the figures are 80% and 30% respectively for ahard problem. Finally, the 3 subproblems characterised by the touple (n, k, S, D) (S ˛ {sparse, dense}, D ˛ {easy, hard}) have respectively 30%, 60% and 90% of arcs withindividual capacity constraints. Randomly generated instances are believed to be generally �easier�than real-world problems: however, the �hard� Mnetgen instances, especially if �dense� also, have aposteriori shown to be significantly harder to solve (by all the codes) than both the �easy� ones andother instances of equivalent size.II.2.3.3 The PDS problemsThe PDS (Patient Distribution System) instances come from a probelm of transportation of patientsfrom a place of military conflict: the available data represents only one basic problem, but the model isparametric in the planning horizon t (the number of days) in that the problems have a time-spacenetwork whose size grows about linearly with t. This characteristic is often encountered in (MMCF)models of transpostation and logistic problems, even though in typical cases k also grows with theplanning horizon, while in the PDS problems it is uniformly fixed to 11: hence, the largest instanceshave a very large m / k ratio. Moreover, although all the commodities have a single source anddestination, the subproblems are not Shortest Paths because of the individual arc capacities: it mightbe possible to reformulate the model to make it more easily solvable by Cost Decomposition methods,but this raises the question of the impact of the formulation over the relative efficiency of the differentapproaches, that requires separate investigations.

Chapter II.2: A Bundle Approach105II.2.3.4 The JLF data setA relatively large data set was presented in [JLF93] to test the DW approach to (MMCF): it is formedof various (small) groups of small real-world problems with different structures, often with ShortestPath subproblems and with never more than 15 commodities.II.2.3.5 The dimacs2pprn �meta� generatorSeveral (MMCF)s, especially those arising in telecommunications, have large graphs, manycommodities and Shortest Path subproblems: all these characteristics are separately present in some ofthe previous data sets, but never in the same instance. Hence, a generator was needed that allows agreat degree of freedom in the choice of the problem structure: the dimacs2pprn �meta� generatororiginally proposed in [CN95] was suited to the task, and a slightly enhanced C++ version wasdeveloped for these tests. The generator inputs the description of a single-commodity (MCF) inDIMACS standard format*, i.e. a graph Gł with arc costs cł, node deficits bł and arc capacities uł, andthree parameters k, r and f: it outputs an (MMCF) problem with k commodities on the same graph Gł,where deficits and capacities of the i-th subproblem are a �scaling� of those of the original (MCF).More formally, k numbers { r1 .. rk } are uniformly drawn at random from [ 1 .. r ] and the deficitsand individual capacities are chosen as bh = rhbł and uh = rhuł; costs cij˚h are independently anduniformly drawn at random from [ 0 .. cłij ], while mutual capacities u are initially fixed to fuł andeventually increased to accommodate the multiflow obtained by solving the k (MCF)s separately, withrandom costs uncorrelated with the cij˚h: at the user�s choice, the individual capacities can then be set to+¥. This is a �meta� generator since (most of) the structure of the resulting (MMCF) problem is not�hard-wired� into the generator, like in Mnetgen, but depends on the initial (MCF): in turn, it can beobtained with a random generator, such as the well-known Rmfgen [GG88]. For two user-providedparameters a and b, Rmfgen produces a graph made of b squared grids of side a, with one source andone sink at the �far ends� of the graph: for all 6 combinations of a in {4, 8} and b in {4, 8, 16}, an�easy� and a �hard� (MCF) were generated with maximum arc capacities respectively equal to 1/2 and1/10 of the total flow to be shipped. Then, for each of these 12 (MCF)s 4 (MMCF)s were generated,with k in {4, 16, 64, 256}, r = 16 and f = 2k (so that the mutual capacity constraints are four times�stricter� than the original capacities uł): the individual capacities had been set to +¥, yielding a totalof 48 instances with up to one milion of variables, but with (SPT) subproblems.II.2.3.6 The BHV problemsTwo sets of randomly generated undirected (MMCF)s have been used to test the Column Generationapproach of [BHV96]: in both sets, the commodities are intended to be origin / destination pairs, butthe commodities with the same origin can be aggregated in a much smaller number of single origin -many destinations flows.The 12 �qx� problems all have 50 nodes, 130 arcs (of which 96 capacitated) and 585 o/d pairs thatcan be aggregated into 48 commodities, yielding a total (LP) size of 6240: a posteriori, they haveshown to be quite easy.The 10 �r10-x-y� problems all have 301 nodes, 497 arcs (of which 297 capacitated) and 1320 o/d

* details on the format and the (MCF) generators can be found at ftp://dimacs.rutgers.edu/pub/netflow

Part II: Multicommodity Flows106pairs that can be aggregated into 270 commodities, yelding a total (LP) size of 134190 (note that the�disaggregated� (LP) sizes are respectively of 7.5.104 and 6.5.105 variables): the group is dividedinto 5 �r10-5-y� and 5 �r10-55-y� instances, that are similar but for the fact that the arc capacities inthe first group are integral while those in the second one are highly fractional, and the two subgroupshave shown to be of a surprisingly different �difficulty�.It would be nice to be able to tell (to an unknowledgeable end-user) which solution approach is morelikely to be efficient by just looking at the instances (he/she has) to solve, but at the present day this isvery far from being the case: all the above data sets will be made available to the researchers, in thehope to encourage more computational comparisons to be performed and hence to gather a deeperunderstanding of the matter.II.2.4 Computational resultsIn this paragraph, MMCFB is compared to the other codes described in ⁄II.2.2 for the solution of thetest problems described in ⁄II.2.3: since the approaches are very different, the performance measurewill be the running time in seconds taken by the solution of the problem, excluding loading andpreprocessing time. Unless explicitly stated, the times have been obtained on a HP9000/712-80workstation: for the codes ran on different machines, the original figures will be reported and aqualitative estimate of the relative speed will be obtained - if possible - by comparing the SPECint92and SPECfp92 performance figures (97.1 and 123.3 respectively for the reference machineƒ). For allthe codes, the required relative precision of the optimal solution was set to 10-6, i.e. about six digits,exceptions being PPRN that do not allow such a choice, IPM where values smaller than 10-5 couldcause numerical difficulties to the PCG and some of the runs reported in the literature, that will beexplicitly discussed.In all the following tables, b (< m) if present is the number of arcs that have a mutual capacityconstraint, and for large data sets each entry is averaged from a set of instances with similar size = mk; a �*� means that the code was not able to solve (all) the instance(s of that group), usuallydue to memory problems.II.2.4.1 The Canad problemsThe results of the three groups of instances A, B and C are summarized in Table 8, where �*� meansthat the instance could not even be loaded due to memory problems, �**� that the code broke downwith numerical difficulties (a quite unusual outcome for Cplex) and �***� that the computation had tobe interrupted because the workstation was �trashing� (i.e. spending almost all the time in pagingvirtual memory faults): the results are also visualized in Chart 5, Chart 6 and Chart 7 for the threegroups separatedly, where the running time of each algorithm is plotted as a function of the size.If compared to the faster code, the general-purpose IP solvers are 2 to 3 orders of magnitude sloweron groups B and C and 1 to 2 on group A; furthermore, they are not able to solve the largest instances

ƒ most of the figures used here have been obtained from the Performance Database Server at the University of Tennesseehttp://performance.netlib.org/performance/html/spec.html

Chapter II.2: A Bundle Approach107due to memory or numerical problems.

knmsizeMMCFBCplexPPRNIPML0Q0IPCplex1 0 5 0 4 0 0 4 0 0 0 2 . 3 7 1 . 2 7 2 . 1 3 3 . 3 8 1 3 . 5 9 1 1 . 7 6 1 0 5 0 6 2 5 6 2 5 0 3 . 4 0 1 . 9 9 2 . 1 8 9 . 1 3 4 9 . 8 3 3 4 . 8 2 1 0 1 0 0 1 6 0 0 1 6 0 0 0 3 . 0 1 3 . 6 6 4 . 6 6 1 7 . 8 7 1 0 0 . 0 9 * * A1 0 1 0 0 2 5 0 0 2 5 0 0 0 3 . 0 4 4 . 2 4 6 . 1 3 3 1 . 4 2 3 8 7 . 8 8 * * 1 0 0 5 0 4 0 0 4 0 0 0 0 0 . 7 6 1 0 . 3 1 1 0 . 2 3 1 8 . 5 3 4 7 2 . 9 5 3 5 8 . 4 7 1 0 0 5 0 6 2 5 6 2 5 0 0 2 . 4 3 8 9 . 9 6 2 9 . 7 9 4 2 . 4 9 2 6 0 9 . 6 9 1 7 2 9 . 0 1 1 0 0 1 0 0 1 6 0 0 1 6 0 0 0 0 1 . 3 9 2 8 . 9 5 2 8 . 0 0 1 0 3 . 0 4 **1 0 0 1 0 0 2 5 0 0 2 5 0 0 0 0 1 . 4 6 3 6 . 5 1 2 7 . 0 3 1 7 4 . 0 3 **4 0 2 0 2 3 0 9 2 0 0 0 . 0 6 0 . 9 0 0 . 2 6 6 . 1 1 1 9 3 . 5 3 1 0 0 . 6 4 4 0 2 0 2 8 9 1 1 5 6 0 0 . 0 6 1 . 1 4 0 . 2 8 3 . 7 1 1 5 4 . 1 3 1 7 6 . 9 7 2 0 0 2 0 2 2 9 4 5 8 0 0 0 . 2 4 5 . 5 6 2 . 0 2 2 6 . 6 1 6 4 5 . 8 0 9 8 8 . 6 5 B1 0 0 3 0 5 1 7 5 1 7 0 0 0 . 4 5 6 . 1 6 3 . 9 3 2 9 . 2 5 9 8 9 5 . 4 1 1 9 8 8 . 2 4 2 0 0 2 0 2 8 7 5 7 4 0 0 0 . 3 6 7 . 5 4 3 . 5 2 3 2 . 4 5 8 8 8 . 7 1 1 3 4 3 . 3 6 1 0 0 3 0 6 6 9 6 6 9 0 0 0 . 2 5 7 . 0 7 1 . 6 4 3 2 . 1 1 1 4 0 1 6 . 8 3 2 9 1 5 . 0 2 4 0 0 3 0 5 1 9 2 0 7 6 0 0 1 . 0 3 3 0 . 1 8 2 4 . 9 6 1 4 5 . 1 5 ** * * 4 0 0 3 0 6 8 8 2 7 5 2 0 0 1 . 1 9 3 8 . 3 2 2 3 . 3 2 1 7 0 . 1 4 ** * * 4 0 2 0 2 3 0 9 2 0 0 0 . 2 3 1 . 0 2 0 . 3 7 5 . 6 4 2 2 3 . 7 9 1 0 8 . 8 8 4 0 2 0 2 8 9 1 1 5 6 0 0 . 1 5 1 . 2 2 0 . 3 1 5 . 7 9 1 8 2 . 4 3 1 8 9 . 1 9 2 0 0 2 0 2 2 9 4 5 8 0 0 0 . 9 0 7 . 8 6 6 . 2 3 2 2 . 9 2 7 2 7 . 5 5 1 0 4 4 . 9 2 C1 0 0 3 0 5 1 7 5 1 7 0 0 1 . 1 0 8 . 0 5 6 . 5 1 2 5 . 9 9 1 2 1 2 6 . 8 8 2 1 5 6 . 0 4 2 0 0 2 0 2 8 7 5 7 4 0 0 0 . 5 1 6 . 9 3 4 . 2 8 2 5 . 8 5 9 4 7 . 1 7 1 4 2 9 . 1 7 1 0 0 3 0 6 6 9 6 6 9 0 0 0 . 7 9 8 . 7 6 4 . 2 4 3 2 . 1 8 1 6 0 9 3 . 5 0 3 3 9 2 . 7 7 4 0 0 3 0 5 1 9 2 0 7 6 0 0 3 . 2 6 4 8 . 2 1 3 8 . 5 3 1 2 9 . 1 0 ** * * 4 0 0 3 0 6 8 8 2 7 5 2 0 0 3 . 6 2 6 0 . 8 7 4 2 . 6 9 1 6 7 . 0 4 ** * *

Table 8: results for groups A, B and C of the Canad problems

1 e - 1 1e+01e+11e+21e+31e+44e+36e+32e+43e+44e+46e+42e+53e+5

MMCFB

Cplex

PPRN IPM L0Q0

IPCplex

Chart 5: Canad problems, bipartite graphs (group A)The specialized IPM is (approximately) 3 to 20 times faster on group A, 20 to 70 times faster on

Part II: Multicommodity Flows108group B and 10 to 40 times faster on group C: however, it is almost never competitive with any ofMMCFB, Cplex and PPRN.

1 e - 2 1 e - 1 1e+01e+11e+21e+31e+41e+59e+31e+45e+45e+46e+47e+42e+53e+5

MMCFB

Cplex

PPRN IPM L0Q0

IPCplex

Chart 6: Canad problems, generic graphs (group B)

1 e - 1 1e+01e+11e+21e+31e+41e+59e+31e+45e+45e+46e+47e+42e+53e+5

Chart 7: Canad problems, generic graphs (group C)Among the latters, MMCFB is 10 to 40 times faster than Cplex and 5 to 20 times faster than PPRNon all instances but the first half of group A, where it is less than 2 times slower: these are �difficult�small instances with few commodities, where MMCFB requires considerably more iterations toconverge than for all the other problem groups. This may lead to the conjecture that MMCFB is notcompetitive on �difficult� instances, but other experiences will show that this is true only if the

Chapter II.2: A Bundle Approach109number of commodities is also small: since there are not difficult Canad problems with manycommodities, the relative efficiency of IPM might be underestimated by these results, because,differently from the other iterative methods, Interior Point methods always terminate in a smallnumber of steps almost regardless of the �difficulty� of the instance.II.2.4.2 The Mnetgen problemsThe Mnetgen problems have a wide range of different characteristics, from tiny to very large sizes(more than half a million of variables), and from small to very large m / k ratios: Table 9 summarisesthe obtained results where all the 12 problems with the same (n, k) have been grouped together.Again, the general-purpose IP codes are never competitive, but this time the specialized IPM is betterthan both Cplex and PPRN on the instances with large k (greater than 32): the speedup also increaseswith both m and k, reaching over an order of magnitude in the (256, 256) instances. However,MMCFB is even faster, outperforming the simplex-based codes of three orders of magnitude on thelargest instances; for example, the hard and dense (256, 256) problems were solved in about 103seconds by MMCFB, while PPRN was not able to produce a result in 4.106 seconds and Cplex wastrashing the workstation: the expected running times of Cplex and PPRN on those instances are, inthe mild estimate used for Table 9 (the �+� entries), more than 3.106 and 6.106 seconds respectively.

knmbSizeMMCFBCplexPPRNIPMLOQOIPCplex46 4 3 6 2 1 4 8 1.4e+30 . 0 7 0 . 2 2 0 . 1 3 1 . 4 4 1 . 7 3 1 . 4 5 86 4 3 7 1 1 8 3 3.0e+30 . 2 6 0 . 5 0 0 . 5 2 4 . 2 6 9 . 2 2 7 . 5 6 1 6 6 4 3 5 6 1 9 1 5.7e+31 . 0 8 2 . 0 1 3 . 4 1 1 6 . 0 3 5 8 . 9 6 4 0 . 1 4 3 2 6 4 3 6 2 2 0 8 1.2e+43 . 4 2 1 2 . 9 9 2 2 . 0 4 4 3 . 2 7 1 9 0 . 7 6 9 8 . 7 3 6 4 6 4 3 6 1 2 1 3 2.3e+48 . 5 3 1 1 5 . 9 9 1 4 7 . 1 0 1 1 4 . 1 9 2 4 4 . 6 6 2 1 6 . 4 4 41 2 8 6 9 4 2 9 3 2.8e+30 . 5 8 0 . 5 4 0 . 8 5 6 . 4 5 7 . 1 8 6 . 4 9 81 2 8 7 3 5 3 6 3 5.9e+32 . 5 7 1 . 8 1 4 . 7 9 2 6 . 3 2 6 6 . 6 5 5 0 . 5 6 1 6 1 2 8 7 6 6 4 2 4 1.2e+41 1 . 3 0 1 7 . 3 1 4 0 . 5 7 1 1 6 . 2 6 6 8 3 . 4 7 3 9 4 . 1 9 3 2 1 2 8 7 7 9 4 4 5 2.5e+42 7 . 7 2 2 1 2 . 0 9 5 0 3 . 4 8 3 4 6 . 9 1 **6 4 1 2 8 7 8 4 4 6 9 5.0e+44 4 . 0 4 1 1 3 7 . 0 5 2 2 1 5 . 4 8 7 1 9 . 6 9 **1 2 8 1 2 8 8 0 8 4 8 5 1.0e+55 2 . 1 5 5 8 1 6 . 5 4 6 5 2 1 . 9 4 1 5 4 6 . 9 1 **42 5 6 1 4 0 1 5 7 0 5.6e+37 . 5 4 2 . 3 8 9 . 8 8 5 1 . 0 0 5 0 . 7 0 4 0 . 3 7 82 5 6 1 4 8 6 7 4 3 1.2e+42 5 . 0 9 1 5 . 4 8 1 0 5 . 8 9 2 0 8 . 1 0 5 6 8 . 0 2 3 7 7 . 8 7 1 6 2 5 6 1 5 5 3 8 5 4 2.5e+46 0 . 8 5 1 8 0 . 0 6 9 5 5 . 2 0 8 4 4 . 0 9 **3 2 2 5 6 1 5 7 2 9 0 7 5.0e+41 0 7 . 5 4 1 3 3 9 . 4 6 6 6 0 5 . 4 5 1 7 8 2 . 4 7 **6 4 2 5 6 1 5 7 3 9 3 1 1.0e+51 4 4 . 7 5 7 4 6 3 . 1 4 1 8 4 6 7 . 7 3 3 4 4 1 . 6 2 **1 2 8 2 5 6 1 5 8 1 9 3 2 2.0e+52 2 3 . 1 3 3 5 8 9 1 . 3 7 6 1 5 2 2 . 9 4 9 0 7 4 . 3 1 **2 5 6 2 5 6 1 5 0 3 9 0 2 3.8e+54 4 5 . 8 1 110897+ 187156+ 1 7 2 7 9 . 0 0 **

Table 9: aggregated results on the Mnetgen problems

481 6 3 2 6 4 1 2 8 2 5 6 6 4 2 . 9 3 1 . 9 0 1 . 8 7 3 . 8 0 1 3 . 6 0 1 2 8 0 . 9 3 0 . 7 0 1 . 5 3 7 . 6 5 2 5 . 8 2 1 1 1 . 5 3 2 5 6 0 . 3 2 0 . 6 2 2 . 9 6 1 2 . 4 6 5 1 . 5 6 1 6 0 . 8 5 251*

Table 10: ratio between Cplex and MMCFB times - problems in the same row have fixed n and varying kHowever, a closer examination of the results enlightens the weakness of MMCFB on large instanceswith few commodities: this is better visualised in Table 10, Table 11 and Table 12, and the

Part II: Multicommodity Flows110corresponding Chart 8, Chart 9 and Chart 10, where the ratio between the running times of Cplex(respectively PPRN and IPM) and MMCFB is reported for different values of (n, k) - the entriesmarked with a �*� are those based on estimates, and should actually be larger.

481 6 3 2 6 4 1 2 8 2 5 6

1e+01e+11e+21e+3

6 41 2 8

2 5 6

Chart 8: data of Table 10 - for each k, three columns are shown for the three values of n

481 6 3 2 6 4 1 2 8 2 5 6 6 4 1 . 7 3 1 . 9 8 3 . 1 6 6 . 4 5 1 7 . 2 5 1 2 8 1 . 4 7 1 . 8 6 3 . 5 9 1 8 . 1 7 5 0 . 3 0 1 2 5 . 0 6 2 5 6 1 . 3 1 4 . 2 2 1 5 . 7 0 6 1 . 4 2 1 2 7 . 5 8 2 7 5 . 7 2 424*

Table 11 ratio between PPRN and MMCFB times - problems in the same row have fixed n and varying k

1 e - 1 1e+01e+11e+21e+3

Chart 9: data of Table 11 - for each k, three columns are shown for the three values of nAs the table shows, MMCFB is slower than Cplex of up to a factor of 4 for instances with a large m / k ratio: more disaggregated data about some �critical� 256-nodes problems is reported in Table 13for a better understanding of the phenomenon.

Chapter II.2: A Bundle Approach111

481 6 3 2 6 4 1 2 8 2 5 6 6 4 1 9 . 6 9 1 6 . 2 4 1 4 . 8 5 1 2 . 6 6 1 3 . 3 9 1 2 8 1 1 . 1 4 1 0 . 2 3 1 0 . 2 9 1 2 . 5 2 1 6 . 3 4 2 9 . 6 6 2 5 6 6 . 7 7 8 . 2 9 1 3 . 8 7 1 6 . 5 7 2 3 . 7 8 4 0 . 6 7 3 8 . 7 6

Table 12 ratio between IPM and MMCFB times - problems in the same row have fixed n and varying k

481 6 3 2 6 4 1 2 8 2 5 6

1e+01e+11e+2

6 41 2 8

2 5 6

Chart 10: data of Table 12 - for each k, three columns are shown for the three values of n

kmtypeMMCFBCplexPPRNIPMCplex%PPRN%IPM%47 7 9 s / e0 . 9 9 0 . 6 8 1 . 4 7 8 . 9 7 0 . 6 9 1 . 4 9 9 . 0 6 47 8 1 s / h7 . 3 0 1 . 7 3 5 . 9 3 2 6 . 5 9 0 . 2 4 0 . 8 1 3 . 6 4 42 0 2 1 d / e3 . 2 1 1 . 7 6 5 . 8 8 4 2 . 0 6 0 . 5 5 1 . 8 3 1 3 . 0 9 42 0 2 1 d / h1 8 . 6 5 5 . 3 6 2 6 . 2 2 1 2 6 . 3 8 0 . 2 9 1 . 4 1 6 . 7 8 87 9 5 s / e1 . 9 8 1 . 8 5 5 . 7 4 2 6 . 5 5 0 . 9 3 2 . 9 0 1 3 . 4 1 87 9 8 s / h1 2 . 6 2 4 . 5 2 1 5 . 6 7 8 3 . 8 8 0 . 3 6 1 . 2 4 6 . 6 5 82 1 7 1 d / e2 1 . 3 2 1 0 . 0 9 5 5 . 3 3 1 8 1 . 0 9 0 . 4 7 2 . 6 0 8 . 4 9 82 1 7 7 d / h6 4 . 4 4 4 5 . 4 6 3 4 6 . 8 2 5 4 0 . 8 8 0 . 7 1 5 . 3 8 8 . 3 9 1 6 7 9 9 s / e5 . 5 6 6 . 1 5 2 8 . 1 6 6 5 . 8 7 1 . 1 1 5 . 0 7 1 1 . 8 5 1 6 8 3 1 s / h2 1 . 7 6 1 9 . 9 7 7 7 . 0 1 2 0 8 . 2 0 0 . 9 2 3 . 5 4 9 . 5 7 1 6 2 2 8 0 d / e4 5 . 7 4 5 4 . 5 3 2 7 2 . 5 0 7 3 5 . 3 3 1 . 1 9 5 . 9 6 1 6 . 0 8 1 6 2 3 0 3 d / h1 7 0 . 3 3 6 3 9 . 5 9 3 4 4 3 . 1 0 2 3 6 6 . 9 6 3 . 7 6 2 0 . 2 1 1 3 . 9 0 3 2 8 1 6 s / e1 1 . 0 1 2 0 . 5 2 1 0 0 . 6 4 1 9 7 . 0 0 1 . 8 6 9 . 1 4 1 7 . 9 0 3 2 8 2 0 s / h4 7 . 1 6 1 6 4 . 1 5 4 8 8 . 9 8 4 5 1 . 9 4 3 . 4 8 1 0 . 3 7 9 . 5 8 3 2 2 3 3 1 d / e7 9 . 0 3 4 6 4 . 8 5 1 2 0 5 . 8 0 1 3 9 1 . 5 9 5 . 8 8 1 5 . 2 6 1 7 . 6 1 3 2 2 3 2 1 d / h2 9 2 . 9 8 4 7 0 8 . 3 1 2 4 6 2 6 . 3 7 5 0 8 9 . 3 3 1 6 . 0 7 8 4 . 0 6 1 7 . 3 7 6 4 8 2 5 s / e2 0 . 2 0 1 1 6 . 2 1 5 2 2 . 4 5 4 3 7 . 2 4 5 . 7 5 2 5 . 8 6 2 1 . 6 4 6 4 8 0 1 s / h5 4 . 7 3 3 6 2 . 6 1 1 1 9 7 . 3 5 6 9 9 . 2 2 6 . 6 3 2 1 . 8 8 1 2 . 7 8 6 4 2 3 3 7 d / e1 4 6 . 1 1 5 2 3 9 . 8 5 7 2 9 8 . 9 0 3 8 1 8 . 5 4 3 5 . 8 6 4 9 . 9 5 2 6 . 1 3 6 4 2 3 3 0 d / h3 5 7 . 9 7 2 4 1 3 3 . 9 0 6 4 8 5 2 . 2 3 8 8 1 1 . 5 0 6 7 . 4 2 1 8 1 . 1 7 2 4 . 6 2

Table 13: disaggregated data about some 256-nodes problemsNoticeably, �hard� problems are really harder (for all the codes) to solve than �easy� ones of the samesize: moreover, they are much harder than e.g. Canad problems of comparable size, since a 1.6.105

Part II: Multicommodity Flows112variables (100, 100, 1600) Canad instance can be solved in 1.5 seconds, while an hard 1.5.105variables (64, 256, 2300) Mnetgen instance requires over 350 seconds. On easy instances with fewcommodities, MMCFB is about 2 times slower than Cplex, and about 4 times slower on hard ones:conversely, as the number of commodities increases the relative efficiency (the Cplex% and PPRN%columns) of MMCFB is larger on hard problems than on easy ones, and it increases with the problemsize. This is probably due to the fact that the number of j() evaluations depends on the �hardness� ofthe instance, but much less on k, while the number of simplex iterations tends to increase under thecombined effect of m and k: the fact that two different simplex-like method have a similar behaviourseem to indicate that this may be a structural characteristic of this class of algorithms, i.e. thatdecomposition methods may inherently have better performances on many-commodities problems. Aswe expected, IPM seem to be less affected by the �difficulty� of the instance than all the other codes:in fact, the relative efficiency of MMCFB (the IPM% column) is on the contrary lower on �hard�problems, confirming that the IP approach is especially promising on difficult problems. However,since MMCFB is more and more competitive with IPM as k increases, IPM is likely to be convenientonly on �hard� problems with small k: this is in fact confirmed by the next data set, and by notingthat, in Chart 10, the relative efficiency of MMCFB decreases as n increases for small k, but increaseswith n for larger values of k. It is important to note, however, that these results have to be taken withsome care: in all the Mnetgen instances there are arcs with uijk = 0, that have been given a tiny capacityand a very large cost, and this workaround may have an adverse effect on the performances of IPMthat is currently impossible to estimate.II.2.4.3 The PDS problemsAs shown in Table 14, several PDSt instances were solved up to t = 40: the (LP) sizes range from4.1.103 to about 2.4.105 variables, but k is always 11, so that the m / k ratio for PDS40 is about2000. Starting with PDS15, the two general-purpose IP codes began trashing, but even for thesmaller instances they are always one order of magnitude slower than the simplex-based codes, asdepicted in Chart 11. For t £ 18 Cplex outperforms both PPRN and MMCFB, but as the sizeincreases the gap lessens, and for the largest instances MMCFB outperforms Cplex of a factor offour; also, for t = 24 PPRN is competitive with Cplex, and for larger instances the specializedsimplex is better than the generic one of a factor of two: however, neither Cplex nor PPRN were ableto solve PDS40 due to memory problems, while MMCFB was, although it required more than 6hours. The only other code that was capable of solving all the instances is IPM, that for t ‡ 33 havequite analogous (but slightly better) performances than MMCFB: recalling ⁄II.2.3, the latter maybecome competitive earlier on instances with analogous characteristics but (SPT) subproblems, but itseems to be unlikely that a Bundle-based Cost Decomposition method can obtain consistent speedupson these classes of instances.Since PDS problems have m / n » 3, it is possible (and instructive) to contrast the results with that onhard (.h) and easy (.e) �sparse� Mnetgen instances: Table 15 shows that MMCFB solves an hardMnetgen instance much faster than the corresponding PDS one, while the running times of the othermethods are far less different (however, the difference increases as k goes far from 11).

Chapter II.2: A Bundle Approach113 tnmbSizeMMCFBCplexPPRNIPMLOQOIPCplex11 2 6 3 7 2 8 7 4.1e+30 . 7 0 0 . 8 1 1 . 1 2 3 . 8 0 7 . 3 8 3 . 7 6 22 5 2 7 4 6 1 8 1 8.2e+35 . 6 6 2 . 1 2 5 . 6 0 1 3 . 3 8 2 3 . 5 7 1 4 . 5 2 33 9 0 1 2 1 8 3 0 3 1.3e+41 3 . 1 0 5 . 3 2 1 5 . 8 8 3 2 . 2 2 9 3 . 9 1 4 2 . 9 3 45 4 1 1 7 9 0 4 2 1 2.0e+45 0 . 1 8 1 2 . 8 7 3 3 . 7 4 7 3 . 9 8 3 1 6 . 3 2 1 0 2 . 0 7 56 8 6 2 3 2 5 5 5 3 2.6e+41 2 7 . 0 3 1 9 . 5 4 6 0 . 1 6 1 2 0 . 3 4 7 9 9 . 4 9 2 1 5 . 0 9 68 3 5 2 8 2 7 6 9 6 3.1e+41 2 9 . 9 2 4 1 . 9 7 1 1 2 . 3 2 9 6 . 3 0 1 1 1 8 . 4 1 3 8 7 . 1 1 79 7 1 3 2 4 1 8 0 4 3.6e+42 4 1 . 1 3 7 9 . 3 1 1 7 1 . 6 4 5 3 6 . 8 6 1 8 6 0 . 8 0 6 3 5 . 5 3 81 1 0 4 3 6 2 9 9 0 8 4.0e+42 8 7 . 0 3 9 6 . 6 1 2 2 1 . 4 6 4 2 9 . 2 6 2 1 7 1 . 4 2 1 0 3 9 . 4 3 91 2 5 3 4 2 0 5 1 0 4 8 4.6e+44 2 4 . 5 9 1 4 7 . 9 3 2 7 2 . 2 8 6 6 7 . 9 0 3 5 2 3 . 9 0 2 2 8 1 . 9 2 1 0 1 3 9 9 4 7 9 2 1 1 6 9 5.3e+49 2 8 . 1 4 2 0 7 . 6 4 4 6 7 . 4 9 8 2 3 . 8 1 5 4 3 7 . 8 2 3 4 8 5 . 1 9 1 1 1 5 4 1 5 3 4 2 1 2 9 5 5.9e+48 1 3 . 0 8 3 2 4 . 7 8 4 9 9 . 5 8 1 1 6 7 . 9 9 7 8 2 0 . 9 2 5 9 6 1 . 4 7 1 2 1 6 9 2 5 9 6 5 1 4 3 0 6.6e+48 2 8 . 5 8 3 7 3 . 3 5 5 6 0 . 2 5 1 6 2 5 . 6 9 1 1 7 8 5 . 1 6 5 2 2 . 1 1 3 1 8 3 7 6 5 7 1 1 5 5 6 7.2e+41 0 3 3 . 7 3 1 5 . 6 1 9 4 5 . 1 3 2 0 6 0 . 1 1 1 5 9 2 2 . 9 8 2 8 1 . 6 1 4 1 9 8 1 7 1 5 1 1 6 8 4 7.9e+42 1 9 8 . 5 5 2 4 . 0 5 1 3 2 5 . 3 2 1 7 2 . 2 9 1 9 0 3 3 . 1 1 0 2 7 6 . 9 1 5 2 1 2 5 7 7 5 6 1 8 1 2 8.5e+41 6 6 6 . 6 8 8 5 . 8 8 1 4 3 1 . 1 3 0 5 4 . 5 7 * * 1 8 2 5 5 8 9 5 8 9 2 1 8 4 1.1e+52 2 3 7 . 4 7 2 1 3 2 . 5 7 3 0 9 3 . 5 1 5 1 8 2 . 2 6 * * 2 0 2 8 5 7 1 0 8 5 8 2 4 4 7 1.2e+53 5 7 1 . 5 8 3 7 6 6 . 7 2 5 2 1 3 . 7 3 8 9 1 0 . 8 7 * * 2 1 2 9 9 6 1 1 4 0 1 2 5 5 3 1.3e+53 5 4 1 . 3 4 5 8 2 3 . 8 0 7 4 7 5 . 3 0 8 2 3 7 . 0 8 * * 2 4 3 4 1 9 1 3 0 6 5 2 8 9 3 1.4e+55 7 9 6 . 1 8 1 1 9 3 6 . 5 1 0 8 1 7 . 8 9 1 5 1 . 1 4 * * 2 7 3 8 2 3 1 4 6 1 1 3 2 0 1 1.6e+58 7 6 1 . 8 9 2 8 7 9 0 . 4 1 4 6 7 0 . 2 1 1 6 8 7 . 2 * * 3 0 4 2 2 3 1 6 1 4 8 3 4 9 1 1.8e+51 0 3 4 3 . 2 5 1 0 1 1 . 5 1 8 9 9 5 . 0 1 3 9 3 5 . 1 * * 3 3 4 6 4 3 1 7 8 4 0 3 8 2 9 2.0e+51 5 4 5 9 . 3 5 4 3 5 1 . 3 2 8 8 6 9 . 6 1 2 5 3 7 . 9 * * 3 6 5 0 8 1 1 9 6 7 3 4 1 9 3 2.2e+51 7 6 8 9 . 2 * 3 4 4 5 3 . 8 1 7 5 1 9 . 3 * * 4 0 5 6 5 2 2 2 0 5 9 4 6 7 2 2.4e+52 2 8 8 8 . 5 * * 2 0 3 8 4 . 2 * *

Table 14: results for the PDS problems

1e+01e+11e+21e+31e+41e+53691 2 1 5 1 8 2 1 2 4 2 7 3 0 3 3 3 6 4 0

MMCFB

Cplex

PPRN

LOQO

IPCplex

IPMChart 11: results for the PDS problemsThe PDS problems are considered difficult, but the �measure of difficulty� has never been explicitly

Part II: Multicommodity Flows114stated: by taking it as the solution time required by a simplex method, it would be possible to assertthat the Mnetgen instances are about as hard, but they can be efficiently solved by MMCFB. Clearly,this statement can be criticised: however, it is reasonable that a Cost Decomposition method performsbetter on problems where the overall �difficulty� is given by a large k rather than by a large m.

knSizeMMCFBCplexPPRNIPM16.256.e1 6 2 5 6 1 2 7 8 9 5 . 5 6 6 . 1 5 2 8 . 1 6 6 5 . 8 7 16.256.h1 6 2 5 6 1 3 3 0 1 2 1 . 7 6 1 9 . 9 7 7 7 . 0 1 2 0 8 . 2 0 PDS31 1 3 9 0 1 3 3 9 8 1 3 . 1 0 5 . 3 2 1 5 . 8 8 3 2 . 2 2 32.256.e3 2 2 5 6 2 6 1 2 3 1 1 . 0 1 2 0 . 5 2 1 0 0 . 6 4 1 9 7 . 0 0 32.256.h3 2 2 5 6 2 6 2 2 9 4 7 . 1 6 1 6 4 . 1 5 4 8 8 . 9 8 4 5 1 . 9 4 PDS51 1 6 8 6 2 5 5 7 5 1 2 7 . 0 3 1 9 . 5 4 6 0 . 1 6 1 2 0 . 3 4 64.256.e6 4 2 5 6 5 2 7 7 9 2 0 . 2 0 1 1 6 . 2 1 5 2 2 . 4 5 4 3 7 . 2 4 64.256.h6 4 2 5 6 5 1 2 6 4 5 4 . 7 3 3 6 2 . 6 1 1 1 9 7 . 3 5 6 9 9 . 2 2 PDS101 1 1 3 9 9 5 2 7 1 2 9 2 8 . 1 4 2 0 7 . 6 4 4 6 7 . 4 9 8 2 3 . 8 1 256.256.e2 5 6 2 5 6 2 1 0 8 5 9 1 8 3 . 3 7 4 1 7 3 . 0 5 1 6 1 5 0 . 8 9 3 3 4 6 . 5 1 256.256.h2 5 6 2 5 6 2 1 2 4 8 0 3 1 6 . 5 9 1 6 2 2 2 . 9 7 2 7 6 2 5 . 4 0 6 7 3 5 . 6 1 PDS331 1 4 6 4 3 1 9 6 2 4 0 1 5 4 5 9 . 3 0 5 4 3 5 1 . 3 0 2 8 8 6 9 . 6 0 1 2 5 3 7 . 9 0

Table 15: Mnetgen and PDS problems of the same sizeOn the PDS problems, it is also possible to compare several of the approaches proposed in theliterature: in Table 16, this is attempted for PDS1, 10, 20, 30 and 40.

CplexMMCFBZaAPZGK SMZaG11178 4 0 1 0 2 0 8 9 2 8 6 5 2 3 2 1 2 3 1 9 2 0 4 5 2 0 3 7 6 7 3 5 7 2 4 9 7 1 2 2 5 3 7 2 8 2 2 0 2 5 3 3 0 5 1 0 1 2 1 0 3 4 3 5 5 7 5 5 3 6 7 6 5 1 9 3 8 0 6 5 4 4 0 2 2 8 8 9 8 5 8 1 4 4 8 3 8 1 6 0 1 4 3 4

Table 16: comparison with approaches from the literature for the PDS problemsUnfortunately, extracting significant information from the figures is very difficult: the otherapproaches are-the parallel Nonlinear Jacobi Algorithm (ZaA) applied to the Augmented Lagrangean of [ZaA95],that was run on a Thinking Machine CM-5 with 64 processors, each one (apparently) capable ofabout 25 SPECfp92;-the linear-quadratic exact penalty function method (PZ) of [PZ94], that was run on a Cray Y-MPvector supercomputer, whose performances w.r.t. scalar architectures are very hard to assess;-the e-approximation algorithm (GK) of [GK95a], that was run on a IBM RS6000-550 workstation(83.3 SPECfp92 and 40.7 SPECint92): however, the largest instances were only solved to theprecision of 4-5 significant digits;-the specialized IP method (SM) of [SM91], that was run on a DECstation 3100 (whose SPECfigures are unknown) and that obtained the solutions with the precision of 8 digits;-a modification and parallelization of the above (ZaG) that was run on a cluster of SPARCstation 20workstations [ZaG95]; unfortunately, the exact model is not specified, so that the (SPECfp92,

Chapter II.2: A Bundle Approach115SPECint92) can be anything between (80.1, 76.9) and (208.2, 169.4).For these instances, the e-approximation algorithm provides reasonably good solutions in a very lowtime: however, the theoretical analysis of the method predicts O( klog( m ) ) iterations, so that it isparticularly well-suited for the PDS problems, but it may suffer large values of k. Among the othermethods, the two parallel ones seem to provide good results, since MMCFB could not surely achievea speedup larger than 11 (on the same machine): however, the comparison is very difficult, and it isperhaps better not to attempt any comment. An interesting remark can instead be done about theconcept of �solution� that is underneath some of the figures in the table, since many of the codes useheuristic stopping criteria, essentially performing a fixed number of iterations before stopping: aposteriori, the solutions are found to be accurate, but the algorithm is not capable of �certifying�it bymeans of appropriate primal-dual estimates of the gap. To illustrate the issue, in Chart 12 and Chart13 the value of j( ył ) and the j* estimate (j( ył ) + t*|| d ||2 + s) of MMCFB are plotted as a functionof the time for PDS10 and PDS30 respectively, together with the �solution� of GK (top horizontalline) and the optimum value (middle line): the arrow indicates the (normalised) stop time of GK.

2.6725e+102.6726e+102.6726e+102.6727e+102.6727e+102.6728e+102.6728e+102.6729e+102.6729e+102.6730e+102.6730e+101 0 9 7 1 5 6 2 0 5 2 4 9 3 0 2 3 5 4 4 1 1 4 7 8 5 4 1

Chart 12: convergence of MMCFB on PDS10Indeed, the GK algorithm rapidly obtains a good solution, but a comparable accuracy (bottomhorizontal line) on the dual side is reached by MMCFB in a fraction of its �solution� time reported inthe tables: surprisingly, the �primal� accuracy is even superior to the �dual� one, but MMCFB uses adual method so that no primal solution corresponding to the estimate is actually available, and sincethe focus was on the �exact� solution no attempt has been done to obtain it; nonetheless, it may bepossible to convert the aggregate unfeasible solution into a feasible (hopefully good) one, e.g. bymeans of �resource allocation� heuristics, turning MMCFB into an approximate solver.

Part II: Multicommodity Flows116

2.1250e+102.1270e+102.1290e+102.1310e+102.1330e+102.1350e+102.1370e+102.1390e+102.1410e+102.1430e+102.1450e+103 0 7 1 0 2 1 1 5 9 7 2 1 0 1 2 5 7 8 3 0 7 0 3 5 1 9 3 9 2 0 4 3 1 3 4 6 9 7

Chart 13: convergence of MMCFB on PDS30II.2.4.4 The JLF problems knmbSizeMMCFBCplexPPRNIPMLOQOIPCplex10term1 0 1 9 0 5 1 0 1 4 6 5 1 0 0 0 . 2 7 0 . 8 4 1 . 0 7 9 . 1 6 2 6 . 1 7 1 0 . 9 7 10term.01 0 1 9 0 5 0 7 1 4 3 5 0 7 0 0 . 2 3 0 . 7 8 0 . 7 0 7 . 0 4 2 8 . 2 9 1 3 . 1 0 10term.501 0 1 9 0 4 9 8 1 3 4 4 9 8 0 2 . 0 0 0 . 8 2 1 . 2 2 7 . 9 7 1 8 . 0 5 1 1 . 6 0 10term.1001 0 1 9 0 4 9 1 1 2 7 4 9 1 0 2 . 4 0 0 . 8 6 1 . 1 0 8 . 6 9 1 9 . 2 1 1 0 . 5 8 15term1 5 2 8 5 7 9 6 2 5 3 1 1 9 4 0 4 . 8 1 3 . 3 9 1 1 . 5 7 4 1 . 3 5 2 1 0 . 9 4 1 0 6 . 9 8 15term.01 5 2 8 5 7 4 5 2 0 2 1 1 1 7 5 1 . 9 4 2 . 7 2 1 0 . 2 3 3 0 . 3 5 1 2 3 . 2 1 4 7 . 1 5 Chen042 6 1 1 7 4 3 4 6 8 0 . 3 0 0 . 2 5 0 . 3 2 0 . 2 5 0 . 4 4 0 . 3 8 Chen153 6 1 7 4 6 5 8 7 0 0 . 9 8 0 . 6 4 0 . 7 3 0 . 4 1 0 . 9 9 0 . 7 7 Chen274 1 3 5 8 1 5 5 2 5 0 6 5 . 9 8 4 . 8 9 3 . 7 7 1 . 5 9 4 . 1 7 3 . 9 1 Chen31 5 3 1 1 4 9 5 6 2 2 3 5 1 . 2 2 5 . 1 8 1 . 9 6 1 . 1 0 3 . 1 2 2 . 6 2 Chen41 5 5 5 4 2 0 1 7 6 6 3 0 0 2 5 . 4 9 8 3 . 3 9 2 0 . 0 5 5 . 9 2 4 6 . 9 2 3 2 . 7 5 Chen51 0 6 5 5 6 9 2 4 2 5 6 9 0 5 2 . 5 8 4 8 . 7 4 4 8 . 1 2 5 . 2 4 2 1 . 1 8 1 5 . 5 3 assad1.5k34 7 9 8 9 8 2 9 4 0 . 0 3 0 . 1 1 0 . 0 9 0 . 3 6 0 . 3 9 0 . 2 2 assad1.6k34 7 9 8 9 8 2 9 4 0 . 0 1 0 . 0 8 0 . 0 6 0 . 3 9 0 . 3 7 0 . 2 2 assad3.4k68 5 2 0 4 9 5 1 2 2 4 0 . 0 8 0 . 3 3 0 . 5 5 1 . 4 1 4 . 2 6 1 . 4 4 assad3.7k68 5 2 0 4 9 5 1 2 2 4 0 . 1 0 0 . 2 9 0 . 5 6 1 . 5 7 4 . 2 2 1 . 4 1

Table 17: results for some of the JLF problemsTable 17 shows the results obtained on some JLF problems, those with a Shortest Path structure:despite the small number of commodities, MMCFB is still competitive on the �xterm.y� and�Assadx.y� sets. The �Chenx� problems seem to be more �difficult� than the others, since theyrequire an order of magnitude more time to be solved than �xterm.y� instances of comparable size: forthis data set, all the IP-based codes are at least competitive, and IPM largely outperform all the others,confirming the potential advantage of the IP technology on �hard� instances. However, such small(MMCF)s are well in the range of general-purpose (LP) solvers, so that it makes a little sense to usead-hoc technology: in this case, other issues such as availability, ease-of-use and reoptimization

Chapter II.2: A Bundle Approach117should be taken into account instead.II.2.4.5 The dimacs2pprn problemsDue to the previous results, the general-purpose IP codes were not run on this data set, that containsthe largest instances of all: as described in Sec. II.2.3.5, for any given dimension a hard and an easyinstance have been constructed, whose results are separatedly reported in Table 18 and Table 19respectively (note the differences in the number of mutual capacity constraints b). As in the Mnetgencase, Cplex ran out of memory on the largest instances (the �*� entries), and PPRN was sometimesstopped after having run for a very long time without producing a result (the �+� entries). Noticeably,a 2.5.105 variables (MMCF) requires about 11, 20 and 129 megabytes of memory to be solved byMMCFB, PPRN and Cplex respectively, so that MMCFB requires an order of magnitude lessmemory than Cplex, making it possible to solve large (MMCF)s even on low-end computers such asmodern PCs; moreover, due to the �abstract� data types described in ⁄II.2.2 memory consumptioncould also be further reduced. In this case, also IPM experienced memory problems on the largestinstances with 1.2 millions of variables: hence, the specialized IP code is more demanding in memorythan the specialized simplex code, although being remarkably faster as k increases.

knmsizebMMCFBCplexPPRNIPM46 4 2 4 0 9.6e+22 4 0 0 . 4 6 0 . 3 2 0 . 3 7 1 . 2 3 41 2 8 4 9 6 2.0e+31 1 2 1 . 3 0 1 . 0 5 2 . 3 6 2 . 6 5 42 5 6 1 0 0 8 4.0e+31 0 0 7 2 1 . 5 0 8 . 8 5 1 4 . 8 2 2 3 . 1 3 42 5 6 1 0 8 8 4.4e+31 9 2 0 . 3 6 1 . 3 8 2 . 2 2 8 . 8 6 45 1 2 2 2 4 0 9.0e+34 4 7 5 . 9 7 1 4 . 3 9 3 2 . 2 6 6 3 . 4 4 41 0 2 4 4 5 4 4 1.8e+49 6 0 3 9 . 7 6 7 0 . 4 1 1 7 8 . 0 6 2 6 6 . 7 9 1 6 6 4 2 4 0 3.8e+32 4 0 0 . 4 4 1 . 2 3 1 . 6 8 7 . 5 8 1 6 1 2 8 4 9 6 7.9e+31 1 2 4 . 3 1 1 9 . 7 2 2 9 . 7 5 2 4 . 7 4 1 6 2 5 6 1 0 0 8 1.6e+42 4 0 6 4 . 7 9 2 3 0 . 8 2 5 5 0 . 1 1 4 3 7 . 4 1 1 6 2 5 6 1 0 8 8 1.7e+41 9 2 1 . 0 8 5 . 3 8 2 2 . 1 4 3 9 . 7 0 1 6 5 1 2 2 2 4 0 3.6e+44 4 8 1 4 . 1 5 2 1 8 . 5 5 4 7 9 . 9 6 5 4 0 . 9 0 1 6 1 0 2 4 4 5 4 4 7.3e+49 6 0 6 9 . 5 9 1 0 7 9 . 6 3 2 7 9 6 . 8 5 2 3 6 3 . 0 2 6 4 6 4 2 4 0 1.5e+42 4 0 2 . 8 9 5 0 . 7 0 9 2 . 7 7 5 1 . 5 5 6 4 1 2 8 4 9 6 3.2e+41 1 2 9 . 2 3 2 2 2 . 6 5 5 6 2 . 7 1 4 1 0 . 4 2 6 4 2 5 6 1 0 0 8 6.5e+41 0 0 8 9 4 . 0 7 3 2 5 6 . 5 2 1 0 0 1 1 . 3 0 4 5 5 6 . 5 7 6 4 2 5 6 1 0 8 8 7.0e+41 9 2 4 . 3 7 9 3 . 1 4 5 3 5 . 4 7 2 8 3 . 1 9 6 4 5 1 2 2 2 4 0 1.4e+54 4 8 3 7 . 6 9 2 3 6 2 . 3 7 7 1 4 6 . 3 3 2 7 0 3 . 5 1 6 4 1 0 2 4 4 5 4 4 2.9e+59 6 0 2 1 5 . 7 0 1 8 7 6 3 . 9 5 2 7 8 7 . 6 2 2 8 9 9 . 4 2 5 6 6 4 2 4 0 6.1e+42 4 0 1 7 . 5 2 6 6 8 . 2 7 1 4 1 5 . 5 5 2 5 8 . 8 7 2 5 6 1 2 8 4 9 6 1.3e+51 1 2 4 8 . 7 2 3 5 2 5 . 2 7 1 1 4 4 3 . 5 0 5 0 1 . 8 0 2 5 6 2 5 6 1 0 0 8 2.6e+51 0 0 8 4 5 8 . 3 6 5 6 7 5 6 . 9 2 0 0 0 0 0 + 6 0 6 9 . 4 6 2 5 6 2 5 6 1 0 8 8 2.8e+51 9 2 1 5 . 3 0 8 2 1 . 8 6 7 8 3 2 . 3 8 1 4 7 5 . 9 1 2 5 6 5 1 2 2 2 4 0 5.7e+54 4 8 2 1 8 . 8 4 * 1 3 8 2 2 5 . 0 2 2 2 6 6 . 8 2 5 6 1 0 2 4 4 5 4 4 1.2e+69 6 0 8 9 8 . 5 1 * 4 0 0 0 0 0 + *

Table 18: results of the �hard� dimacs2pprn instancesThe results obtained for these instances further confirm those of the previous data sets: MMCFB isfaster than the two simplex-based codes on all but the smallest instances, the specialized IP code iscompetitive with both Cplex and PPRN on the instances with large k, but MMCFB is even moreefficient - for the 256-commodities problems it is always over an order of magnitude faster than the

Part II: Multicommodity Flows118other codes, approaching the three orders of magnitude on the largest instances. Yet, especially onlarge problems, MMCFB spends most of the time in the (SPT) solver, that could probably besignificantly enhanced, for instance by using more sophisticated algorithms or exploiting the solutionof the previous iteration.

knmsizebMMCFBCplexPPRNIPM46 4 2 4 0 9.6e+24 8 0 . 0 7 0 . 1 7 0 . 1 6 0 . 5 4 41 2 8 4 9 6 2.0e+31 1 2 0 . 1 8 0 . 2 4 0 . 2 6 1 . 6 1 42 5 6 1 0 0 8 4.0e+32 3 9 1 . 1 2 1 . 8 1 3 . 4 0 5 . 3 7 42 5 6 1 0 8 8 4.4e+31 9 1 0 . 0 8 0 . 5 4 1 . 8 0 4 . 1 7 45 1 2 2 2 4 0 9.0e+34 4 7 0 . 7 5 6 . 4 1 1 2 . 0 8 3 5 . 5 8 41 0 2 4 4 5 4 4 1.8e+49 6 0 1 . 8 4 1 4 . 0 2 3 4 . 8 4 1 0 1 . 4 9 1 6 6 4 2 4 0 3.8e+34 8 0 . 1 4 0 . 8 8 1 . 5 1 3 . 1 9 1 6 1 2 8 4 9 6 7.9e+31 1 2 0 . 6 6 3 . 5 0 7 . 6 7 1 0 . 8 8 1 6 2 5 6 1 0 0 8 1.6e+42 4 0 3 . 5 3 2 0 . 2 7 6 5 . 3 1 6 3 . 6 6 1 6 2 5 6 1 0 8 8 1.7e+41 9 2 0 . 3 7 3 . 4 2 8 . 0 5 3 1 . 6 0 1 6 5 1 2 2 2 4 0 3.6e+44 4 8 2 . 2 4 4 3 . 3 0 2 7 5 . 8 9 1 6 6 . 1 4 1 6 1 0 2 4 4 5 4 4 7.3e+49 6 0 6 . 6 4 7 4 . 8 2 1 2 8 6 . 2 6 5 1 4 . 7 4 6 4 6 4 2 4 0 1.5e+44 8 1 . 3 7 1 1 . 0 3 3 4 . 0 0 1 9 . 7 2 6 4 1 2 8 4 9 6 3.2e+41 1 2 2 . 1 2 2 5 . 8 0 1 0 9 . 9 7 5 1 . 6 1 6 4 2 5 6 1 0 0 8 6.5e+42 4 0 1 5 . 7 5 4 4 5 . 2 8 1 3 9 5 . 7 4 3 3 3 . 1 3 6 4 2 5 6 1 0 8 8 7.0e+41 9 2 2 . 7 5 4 7 . 0 5 3 3 9 . 7 2 1 9 5 . 7 7 6 4 5 1 2 2 2 4 0 1.4e+54 4 8 8 . 8 3 2 6 1 . 6 2 4 4 9 2 . 9 5 7 5 4 . 2 5 6 4 1 0 2 4 4 5 4 4 2.9e+59 6 0 3 2 . 1 8 9 7 8 . 3 1 2 2 5 1 1 . 3 3 4 1 1 . 4 2 5 6 6 4 2 4 0 6.1e+44 8 9 . 2 1 2 0 8 . 9 0 6 9 4 . 9 4 9 4 . 9 4 2 5 6 1 2 8 4 9 6 1.3e+51 1 2 1 1 . 3 6 4 0 1 . 0 2 2 6 6 2 . 5 7 2 2 8 . 1 6 2 5 6 2 5 6 1 0 0 8 2.6e+52 4 0 9 6 . 3 4 7 3 2 4 . 7 1 2 8 4 3 5 . 0 1 3 4 0 . 8 2 5 6 2 5 6 1 0 8 8 2.8e+51 9 2 1 3 . 3 3 4 7 4 . 3 4 5 2 7 0 . 8 0 1 1 7 8 . 8 5 2 5 6 5 1 2 2 2 4 0 5.7e+54 4 8 8 5 . 1 7 * 8 1 4 1 9 . 1 4 2 3 6 . 8 2 5 6 1 0 2 4 4 5 4 4 1.2e+69 6 0 1 5 9 . 3 3 * 4 0 0 0 0 0 + *

Table 19: results of the �easy� dimacs2pprn instancesThe results are also depicted in Chart 14, Chart 15, Chart 16, Chart 17, Chart 18 and Chart 19, wherethe ratio of the running times of Cplex, PPRN and IPM vs MMCFB is reported for �hard� and �easy�instances separatedly: it is interesting to note that the relative efficiency of MMCFB w.r.t. thesimplex-based codes for k = 4 is lower on easy problems than on hard ones, while the converse istrue for the relative efficiency of w.r.t. IPM.

1e+01e+11e+22 4 0 4 9 6 1 0 0 8 1 0 8 8 2 2 4 0 4 5 4 4

41 66 42 5 6Chart 14: Cplex / MMCFB ratio for easy problems

1 e - 1 1e+01e+11e+21e+32 4 0 4 9 6 1 0 0 8 1 0 8 8 2 2 4 0 4 5 4 4

41 66 42 5 6Chart 15: Cplex / MMCFB ratio for hard problems

Chapter II.2: A Bundle Approach119

1e+01e+11e+21e+32 4 0 4 9 6 1 0 0 8 1 0 8 8 2 2 4 0 4 5 4 4

41 66 42 5 6Chart 16: PPRN / MMCFB ratio for easy problems

1 e - 1 1e+01e+11e+21e+32 4 0 4 9 6 1 0 0 8 1 0 8 8 2 2 4 0 4 5 4 4

41 66 42 5 6Chart 17: PPRN / MMCFB ratio for hard problems

1e+01e+11e+22 4 0 4 9 6 1 0 0 8 1 0 8 8 2 2 4 0 4 5 4 4

41 66 42 5 6Chart 18: IPM / MMCFB ratio for easy problems

41 66 42 5 6Chart 19: IPM / MMCFB ratio for hard problemsII.2.4.6 The BHV problems

MMCFBCplex BCGI t e r TimeTimeI t e r Timeq14 2 0 . 6 3 7 . 9 3 45 . 0 6 q23 4 0 . 5 1 9 . 0 3 54 . 1 5 q34 2 0 . 6 3 1 2 . 4 5 55 . 1 5 q45 5 0 . 8 3 1 6 . 0 8 66 . 7 8 q58 5 1 . 3 3 2 0 . 3 66 . 7 8 q61 0 0 1 . 5 5 2 6 . 7 5 77 . 7 8 q71 0 0 1 . 5 8 3 1 . 0 7 78 . 6 9 q81 5 6 2 . 6 6 3 7 . 4 1 81 0 . 6 6 q92 2 1 3 . 7 6 4 4 . 9 6 81 0 . 6 0 q101 7 2 2 . 9 2 5 1 . 9 5 91 2 . 8 8 q111 9 6 3 . 3 7 6 1 . 5 8 81 2 . 5 5 q122 7 0 4 . 7 5 6 4 . 9 6 91 5 . 9 5

Table 20: results for the �px� problems

MMCFBCplex BCGI t e r TimeTimeI t e r Timer 1 0 - 5 - 1 2 5 8 . 7 3 6 5 7 0 . 1 9 4 3 9 1 6 6 2 r 1 0 - 5 - 2 2 6 9 . 0 1 9 2 4 9 . 3 5 4 2 0 8 6 0 7 r 1 0 - 5 - 3 3 8 1 3 . 0 2 6 5 9 8 . 7 3 3 2 3 7 3 9 8 r 1 0 - 5 - 4 2 0 7 . 1 4 8 4 8 1 . 9 7 4 1 4 9 5 0 1 r 1 0 - 5 - 5 2 3 8 . 1 6 9 2 6 2 . 5 5 3 6 3 3 4 2 0 r 1 0 - 5 5 - 1 8 7 7 3 1 1 . 0 1 1 0 8 4 3 . 1 0 2 4 5 5 1 6 2 r 1 0 - 5 5 - 2 9 3 4 3 3 0 . 2 1 1 2 9 7 8 . 8 0 2 6 9 0 1 9 9 r 1 0 - 5 5 - 3 1 2 4 3 4 4 5 . 2 7 1 3 8 4 9 . 0 0 2 6 9 4 2 2 4 r 1 0 - 5 5 - 4 9 9 9 3 4 9 . 2 0 1 1 5 8 1 . 6 0 2 5 1 1 2 1 8 r 1 0 - 5 5 - 5 8 7 7 3 1 8 . 0 0 *2 7 0 6 2 3 4

Table 21: results for the �r10-x-y� problemsAmong the available solvers, only MMCFB was �naturally� capable of solving undirected instances,but the three general-purpose (LP) solvers could be adapted for the task; due to the previous results,only Cplex was actually run on these data sets. The times for the Column Generation algorithm(BCG) were obtained on a IBM RS6000-590 workstation, credited for 121.6 SPECint92 and 259.7SPECfp92, i.e. essentially twice as fast as the reference machine: Table 20 shows that on the easy�px� problems MMCFB is about a factor of 10 faster than the other approach. The results on the otherdata set, shown in Table 21, are quite surprising: the two methods are essentially equivalent on the

Part II: Multicommodity Flows120(highly fractional) �r10-55-y� instances, but MMCFB is able to solve the similar (integral) �r10-5-y�instances 30 times faster, while BCG needed about twice the time. Arationale for the behaviour ofMMCFB exists, since a smaller number of trees is likely to be necessary to form the optimal flow as aconvex combination in the integral data case, but it is really unclear why the same is not true for theCG approach: should it be proved that this is due to the Bundle-type approach, the result could wellbe defined encouraging.II.2.4.7 ConclusionsThe above computational experience seems to show that MMCFB can be a valuable mean of solving(MMCF) with many commodities: to stress one figure, MMCFB solved the hard, dense (256, 256)Mnetgen instances in less than 20 minutes, but more than 6 and 10 days were needed by Cplex andPPRN respectively, while IPM required a little less than 5 hours. As the experience with thedimacs2pprn data set shows, (MMCF)s with over one million of variables can be solved in less than15 minutes of CPU by a middle-end workstation, provided that the subproblems have a (SPT)structure. Conversely, MMCFB does not appear to be a good choice for problems with a smallnumber of commodities, unless on very large instances: the PDS problems show that MMCFB can becompetitive even on problems with an m / k ratio larger than 1000, but the speedup w.r.t. simplex-based codes is far smaller than on many-commodities problem.The general-purpose IP solvers are not competitive with the other approaches, and they are not able tosolve even moderately-sized instances due to excessive memory requirements: however, thespecialized one dramatically improves on them and it is competitive on difficult problems with fewcommodities, being also competitive with the simplex-based methods (although not with MMCFB)for larger values of k. Among the latters, Cplex is (sometimes consistently) faster than PPRN on theMnetgen and dimacs2pprn problems, while the converse is true for the Canad ones: however, on thelargest (difficult) PDS problems PPRN neatly outperforms Cplex.The Column Generation code was found (on a limited set of problems) to be less effective thanMMCFB, even though in some cases not dramatically: for the subset of the problems where thespeedup is really impressive, it is still not clear which features of the codes determine such difference,and further investigations are needed. Finally, the indirect comparisons with methods from theliterature seem to indicate that alternative approaches can be at least comparably efficient, or evenmuch more efficient for rapidly finding approximate solutions, at least on some classes of problems:even more clearly, they show the need for further computational experiences that help in assessing theeffectiveness of the various approaches on the very different class of problems that might need to besolved.AcknowledgementsMany people have contributed to the work described in this Chapter, mainly (Cf. Acknowledgements)by providing me the codes and/or the test problems for the computational comparisons. Here, I wishto acknowledge Claudio Gentile for his excellent work in coding the largest part of the RelaxIVclass, and for contributing to the definition of the McfClass class: that state-of-the-artimplementation of an efficient Min-Cost Flow algorithm was clearly crucial for obtaining an overalleffective Cost Decomposition code.