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Abstract

We consider the uniqueness of solution (nonsingularity) of systems of
r generalized Sylvester and x-Sylvester equations with n x n coefficient
matrices. After several reductions, we show that it is sufficient to analyze
periodic systems having, at most, one generalized *-Sylvester equation.
We provide characterizations for the nonsingularity in terms of spectral
properties of either matrix pencils or formal matrix products, both con-
structed from the coefficients of the system. The proposed approach uses
the periodic Schur decomposition, and leads to an O(n3r) algorithm for
computing the (unique) solution. We prove that the proposed algorithm
is backward stable. The asymptotic cost and the stability are then verified
by some numerical experiments.
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1 Introduction

The generalized Sylvester equation
AXB—-CXD=EF, (1)

goes back to, at least, the early 20th century [24]. Here the unknown X, the
coefficients A, B, C, D, and the right-hand side F are complex matrices of appro-
priate size. This equation has attracted much attention since the 1970s, mainly
due to its appearance in applied problems (see, for instance, [7,[18,1921122]).

Another related interesting equation is the generalized x-Sylvester matrix
equation

AXB-CX*D=E, (2)

where the unknown X, the coefficients A, B, C, D, and the right-hand side E are
again complex matrices of appropriate size, and * can be either the transpose
(T) or the conjugate transpose (*) operator. Notice that, if x = T, then the
equation can be seen as a linear system in the entries of the unknown X, while
if x = %, the equation is no more linear in the entries of X because of the
conjugation. Nevertheless, with the usual isomorphism C &2 RQ, obtained by
splitting the real and imaginary parts, it turns out to be a linear system with
respect to the real entries re(X) and im(X).

One could argue that, in some sense, solving generalized Sylvester and x-
Sylvester equations is an elementary problem both from the theoretical and the
computational point of view, since they are equivalent to linear systems. Nev-
ertheless, there has been great interest in giving conditions on the existence and
uniqueness of solution based just on properties of certain small-sized matrix
pencils constructed from the coefficients. For instance, when all matrix coeffi-
cients are square, it is known that (Il) has a unique solution if and only if the
two pencils A — AC and D — AB have disjoint spectra [7, Th. 1], whereas the
uniqueness of solution of (2) depends on spectral properties of the matrix pencil

A _B;C} (see [0 Th. 15)).

On the other hand, if all matrix coefficients are square and of size n, then the
resulting linear system has size n? or 2n®. From the computational point of view,
solving a linear system of size n? with standard (non-structured) algorithms may
be prohibitive, since they result in a method which approximates the solution
in O(n®) (floating point) arithmetic operations (flops). However, dealing with
the matrix coefficients it is possible to get an algorithm requiring only O(n®)
flops [7].

Recently, systems of coupled generalized Sylvester and x-Sylvester equations
have been considered, and useful conditions on the existence of solutions have
been derived in [I1]. Here, we consider the same kind of systems and provide
further characterizations for the uniqueness of their solution, for any right-hand
side, based on certain spectral conditions on their matrix coefficients. It is worth
to emphasize that, while in [I1] non-square coefficients are allowed, as long as
the matrix products are well-defined, here we assume that all coefficient matri-
ces, as well as the unknowns, are square of size n x n. This choice has been made



because the problem of nonsingularity, even for just one equation, presents cer-
tain additional subtleties when the coefficient matrices are not square or they
are square with different sizes (see [I0]). In the assumption that all matrix coef-
ficients are square and of size n, such a system of matrix equations is equivalent
to a square linear system, which has a unique solution, for any right-hand side,
if and only if the coefficient matrix is nonsingular. For this reason, we will use
the term nonsingular system as a synonym of a system having a unique solution
(for any right-hand side).

The systems of generalized Sylvester and *-Sylvester equations that we con-
sider are of the form

A XEBy = O XDy =By, k=1,...,m, (3)

where all matrices involved are complex and of size n x n, the indices «;, 8; of
the unknowns are positive integers and can be equal or different to each other,
and s;,t; € {1,*}.

Our approach starts by reducing the problem on the nonsingularity of (Bl
to the special case of periodic systems of the form
AkaBk—Cka+1Dk = Eku k=1,...,r—1, 4

A’I"X’I"B’I" - OTXISD’I" = Era ( )
where s € {1,*}. We will provide an explicit characterization of nonsingularity
only for periodic systems like (). However, our reduction allows one to get
a characterization for any system like (B]) after undoing all changes that take
the system (B]) into (). Since these systems can be seen as linear systems, the
criteria for nonsingularity do not depend on the right-hand sides Ej,, but only
on the coefficient matrices Ay, By, Cy, Dy, for k=1,...,7.

Periodic systems of Sylvester equations naturally arise in the context of
discrete-time periodic systems, and they have been analyzed by several authors
(see, for instance, [TLA2,[13/23]). Byers and Rhee provided in the unpublished
work [B] a characterization for the nonsingularity of (@) with s = 1, together
with an O(n’r) algorithm to compute the solution.

The first contribution of the present work is the reduction of a general system
of Sylvester and *-Sylvester equations ([B]) to several disjoint systems of periodic
type @), where all equations are generalized Sylvester, with the exception of the
last one that may be either a generalized Sylvester or a generalized x-Sylvester
equation. We note that neither the coefficient matrices, nor the number of
equations in the original and the reduced system necessarily coincide.

As a second contribution, we provide a characterization for the nonsingular-
ity of (@) for the cases s = %, T (i. e., s = %, according to our notation). This
characterization appears in two different formulations. The first one is given in
terms of the spectrum of formal products constructed from the coefficients of
the system (the case s =1 is treated in Theorem [] and the case s = % in The-
orem [B). The second formulation, valid for s = %, is given in terms of spectral
properties of a block-partitioned matrix pencil of size (2rn) x (2rn) constructed



in an elementary way from the coefficient matrices (see Theorem [B]). This char-
acterization extends the one in [9] for the single equation (), and it is in the
same spirit as the one obtained in [5] for periodic systems with s = 1.

The third contribution of the paper is to provide an O(n3 r) algorithm to com-
pute the unique solution of a nonsingular system. Our algorithm is a Bartels-
Stewart like algorithm, based on the periodic Schur form [3]. It extends the one
given in [5] for systems of Sylvester equations only, the one provided in [§] for
the x-Sylvester equation AX + X*D = E, and the one outlined in [6] §4.2] for

@.

We note that extending the results of [5] to include %-Sylvester equations
is not a trivial endeavour: the presence of transpositions creates additional
dependencies between the data, hence we need a different strategy to reduce
the coefficient matrices to a triangular form, and the resulting criteria have a
significantly different form.

Throughout the manuscript, i denotes the imaginary unit, that is, i? = 1.
We also denote by M ™" the inverse of the invertible matrix M™, with * being
x or T. A pencil Q()) is said to be regular if it is square and det Q()) is not
identically zero. We will use the symbol A(Q) to denote the spectrum of a
regular matrix pencil Q(X), that is the set of values A such that Q(\) is singular
(including oo if the degree of det Q(A) is smaller than the size of the pencil).
For simplicity, we use the term system of Sylvester-like equations for a system
of generalized Sylvester and x-Sylvester equations.

The paper is organized as follows. In Section 2] the periodic Schur decom-
position and the concept of formal matrix product are recalled. Section [Bl hosts
the main theoretical results of the paper, whose proofs are deferred to Section
[6] after Sections [ and [, that are devoted to some successive simplifications of
the problem which are useful for the proofs. Section [ is devoted to describe
and analyze an efficient algorithm for the solution of systems of Sylvester-like
equations. Finally, in Section [§ we draw some conclusions.

2 Periodic Schur decomposition of formal ma-
trix products

In order to state and prove the nonsingularity results for a system of Sylvester-
like equations and to design an efficient algorithm to compute the solution,
we need to introduce several results and definitions that extend the ideas of
matrix pencils and generalized eigenvalues to products of matrices of an arbi-
trary number of factors. These are standard tools in the literature (see, for
instance, [12,13]).

Theorem 1 (Periodic Schur decomposition [3]). Let M, Ny, for k=1,...,r,
be two sequences of n X n complex matrices. Then there exist unitary matrices
Qr, Zy, fork=1,...,r, such that

QrM,Zy, =Ty, QxNyZyy 1 = Ry, k=1,...,r (5)



where Ty, Ry, are upper triangular and Z,. .1 = Z;.

If the matrices N, are invertible, Theorem [l means that we can apply suit-
able unitary changes of bases to the product

0 =N,"MN_M,_,---N; "M, (6)
to make all its factors upper triangular simultaneously. More precisely,
Z 'z, = R RNT,. - RU'T,.
In this case, the eigenvalues of II are

(Rl)ii(R2)ii T (Rr)ii ’

Even when some of the NV}, matrices are not invertible, we call the expression (Gl
a formal matriz product, and () a formal periodic Schur form of the product. If
(T0)i(T2)ii -+ (1) = (R1)ii(R2)ii -+ (Ry)is = 0, for some 4 € {1,2,...,n}, we
call the formal product singular; otherwise, we call it reqular. If II is regular,
it makes sense to consider the ratios A; defined in (), with the convention that
G = oo for a # 0. We call these ratios the eigenvalues of the regular formal
matrix product II. The set of eigenvalues of II is called, as usual, the spectrum
of I1, and we denote it by A(II).

We also define the eigenvalues of a formal matrix product of the form

)\i:

=1,2,...,n. (7)

0= MN M, Ny 'MN; "

(i. e., one in which the exponent —1 appears in the factors in even positions)
by the same formula (7).

Remark 2. For the notion of eigenvalues of formal products to be well defined,
one should prove that it does not depend on the choice of the (non-unique) de-
composition (B)). If all N; matrices are nonsingular, then this is evident because
they coincide with the eigenvalues obtained by performing the inversions and
computing the actual product II. If some of the N, are singular, then we can
use a continuity argument to show that the \; are the limits, as € — 0, of the
eigenvalues of

(Nr + EPr)ier(Nr—l + EPr—l)ier—l e (Nl + €P1)71M1

for each choice of the nonsingular matrices Py, P,, ..., P, that make the factors
N, + €P,, invertible, for all k =1,...,r.

3 Main results

Here we state the characterizations for the nonsingularity of a periodic system

ot type @) for each of the three possible cases s € {1, T, x} (the proofs will be

given in Section[@l). Later, in Section[] we will show that these characterizations

are enough to get a characterization of nonsingularity of the general system (3)).
We recall the following definition.



Definition 3. (Reciprocal free and *-reciprocal free set [4,20]). Let S be a
subset of CU {oco}. We say that S is

(a) reciprocal free if X p~ ', for all \, pu € S;
(b) *-reciprocal free if A # (@) ", for all \, u € S.

This definition includes the values A = 0,00, with the customary assumption
A= (X)) = 00,0, respectively.

For brevity, we will refer to a x-reciprocal free set to mean either a reciprocal
free and a *-reciprocal free set.

The characterization comes in two different forms. The first one uses eigen-
values of formal matrix products. More precisely, we have the following results.

Theorem 4. Let Ay, By,Cy, Dy, € C"*", for k=1,...,r. The system

A X,B,-C,X,D, = FE

T

{ AkaBk—Oka+le = Ek7 kzl,...,T—l,

s nonsingular if and only if the two formal matriz products
C,'AC LA, CT'Ay and  D,B;'D,_B;--DBi'(8)
are regular and they have disjoint spectra.

Theorem 5. Let Ay, By,Cy, D, € C"*", for k=1,...,r. The system
ks D> Uy Mg Y

AkaBk—Oka+le = Ek:7 kzl,...,T—l,
A X,B,—C.X;D, = E

s nonsingular if and only if the formal matriz product
=D, BID; 2By DU BIC, A, C LA O A (9)
is reqular and
o if x = x, then A(II) is a x-reciprocal-free set,

o if x =T, then A(IT) \ {—1} is a reciprocal-free set, and the multiplicity of
A= —1 as an eigenvalue of II is at most 1.

The second characterization involves eigenvalues of matrix pencils. In what
follows, the notation R, stands for the set of pth roots of unity, namely, R, :=

(292 i —0.1,... . p—1}.



Theorem 6. Let Ay, By, Cy, D, € C"*", for k = 1,...,r. The periodic sys-
tem (@), with s = x, is nonsingular if and only if the matriz pencil

T4, T

M, C,
QM) = ABr Dy (10)

s regular and
(i) if x = *, then A(Q) is x-reciprocal-free, and

(i) if x = T, then A(Q) \ Ry, is reciprocal free and the multiplicity of &, for
any € € Ry,., s at most 1.

Theorem [0 is an extension of [0 Th. 15], where the case of a single gen-
eralized x-Sylvester equation is treated. It also resembles the characterization
obtained in [5, Th. 3] for systems of generalized Sylvester equations (i.e., with-
out x). We reproduce this last result here, for completeness.

Theorem 7 (Byers and Rhee, [B]). The periodic system (), with s = 1, is
nonsingular if and only if the matriz pencils

AA, o AD,

. Cr—l i Br— 1
c, A, B, AD,

are reqular and have disjoint spectra.

Our strategy to prove Theorems [l Bl and [0 for periodic systems (@) relies
on several steps. First, we use the fact that the system is equivalent to a system
with triangular coefficients, as shown in Section 5.J} Second, in Section [5.2]
when s =1 or s = T, we transform the system of matrix equations with trian-
gular coeflicients to an equivalent linear system that is block upper triangular in
a suitable basis (given by an appropriate order of the unknowns). The remain-
ing case s = % is reduced to the case s = 1 in Section Third, we prove in
Section [l that the diagonal blocks of the matrix coefficient of the resulting block
triangular system are invertible if and only if the conditions in the statement of
Theorems [, Bl and [6] hold.



4 Reducing the problem to periodic systems

In this section, we are going to show how to reduce the problem of nonsingularity
of a general system (@) to the question on nonsingularity of periodic systems
@) with at most one x in the last equation.

4.1 Reduction to an irreducible system

We say that the system (3)) of r equations in s unknowns is reducible if there are
0 < k < s unknowns appearing only in 0 < h < r equations and the remaining
s — k unknowns appear only in the remaining r — h equations. In other words, a
reducible system can be partitioned in two systems with no common unknowns.
A system is said to be irreducible if it is not reducible.

Let S be a system of r ordered equations like ). Let {1,...,r} =Z,U---UZ,
be a partition of the set of indices. Then we denote by S(Z;), for j = 1,...,¢,
the system of equations comprising the equations with indices in Z;.

Proposition 8. Let S be a system @) with r equations. There exists a partition
TyU---UZy of {1,...,7} such that, for each j = 1,...,(, the system S(Z;) is
1rreductble.

Proof. We proceed by induction on r. If r = 1 the system has only one equation
and thus it is irreducible. Let r > 1 and consider a system with r + 1 equations.
Either it is irreducible or it can be split in two systems of smaller size and we
can apply induction on each of these systems. O

Proposition 8 shows that every system can be split into irreducible systems.
To determine if a system is nonsingular, it is sufficient to answer the same
question for its irreducible components, as stated in the following result.

Proposition 9. Let S be the system [B) with s matriz unknowns, and let Z; U
---UZy be a partition of {1,...,7} such that each system S(Z;) is irreducible,
for g =1,...,L. The system S is nonsingular if and only if the system S(Z;) is
nonsingular, for each j =1,... L.

Proof. We shall show directly that S has a unique solution if and only if S(Z;)
has a unique solution for each j = 1,...,¢. Any solution of S yields a solution of
S(Z;), foreach j = 1,...,/, and viceversa. Let us assume that S has two different
solutions (Xi,...,X,) and (Y3,...,Y;). Then there exists some 1 < p < s
such that X, # Y,. If p € Z,, for some 1 < ¢ < £, then S(Z,) has two
different solutions, the first one containing X,, and the second one containing
Y,. Conversely, if not every system S(Z;) is nonsingular, then there is some
1 < ¢ < £ such that either S(Iq) is not consistent or it has two different solutions.
In the first case, the whole system S would not be consistent either. If S(Z,) has
two different solutions, (X, ... ,qu) and (Y7,... ,qu), and S(Z;) is consistent,
for any j # ¢, then we can construct two different solutions of S by completing
with (X,..., qu) and (Y7,..., qu), respectively, the solutions of the remaining
S(Z;) for j # q. O



Proposition 10. Let S be the system @) with r matriz unknowns with size
nxn and let T, U---UZ, be a partition of {1,...,7} such that each system
S(Z;) is irreducible, for j = 1,...,£. Let r; and s; be the number of matriz
equations and unknowns, respectively, of S(Z;). If the system S has a unique

solution then r; = s;, for j=1,...,L.

Proof. If an irreducible system with 7 equations and § unknowns has unique so-
lution, then s < 7, since otherwise this system, considered as a linear system on
the entries of the matrix unknowns, would have more unknowns than equations.

Now, by contradiction, assume that r; # s;, for some 1 < j < £. Then,

since Zle r; = ZZ s; = r, there exists some 1 < p < £ such that r, <

j=1
s,. Thus the system S(Z,) cannot have unique solution, and this contradicts
Proposition O

The previous results show that, in order to analyze the nonsingularity of a
system of r matrix equations in 7 matrix unknowns, we may assume that the
system is irreducible.

Moreover, Proposition [0 shows that a first step to compute the unique so-
lution of a system of type (B consists in splitting the system into irreducible
systems and solving them separately.

4.2 Reduction to a system where every unknown appears
twice

We consider a nonsingular irreducible system of Sylvester-like equations and we
want to prove that the system can be reduced to another one in which each
unknown appears exactly twice (and in different equations, when the system
has at least two equations). For this purpose, we need the following result.

Theorem 11. Let S be an irreducible system of equations in the form [B) with
r > 1 equations and unknowns. If the unknown X, appears in just one equa-
tion, say A X3k By — C’kX;’;Dk = E},, then S is nonsingular if and only if Ay
and By, are invertible and the system S formed by the remaining r — 1 equations
and unknowns is nonsingular.

Proof. Note, first, that 3;, # ay,, and that the variable X, appears again in g,

otherwise S would be reducible. Suppose first that Sis nonsingular and Ay, By,
are invertible. Then, the unique solution of S is obtained by first solving S to
get the value of all the variables except X,,, , and then computing X, from

X3k = AN (CL X5 Dy + Ep) By (11)

If S has ‘more than one solution, then this algorithm produces multiple solutions
to S. If S has no solution, then clearly S has no solution either. If A; is singular,
let v be a nonzero vector such that Ayv = 0; then, given any solution to (3]
we can replace X* with X3F 4 vu', for any u € C", obtaining a new solution



of @), so S does not have a unique solution. A similar argument can be used if
By, is singular.

Moreover, S is irreducible. Otherwise, it could be split in two systems with
different unknowns, and just one of them would contain Xz ; adding the kth
equation to this last system would give a partition of the original system S in
two systems with different unknowns. O

The proof of Theorem [[T]shows that, if an irreducible system S having r > 1
unknowns contains an unknown appearing just once in S, then we can remove
this unknown, together with its corresponding equation, to get a new irreducible
system with r — 1 equations and r — 1 unknowns. Notice that the new system
may have unknowns appearing just once, that can be removed if r > 2, using
Theorem [I1] again.

This elimination procedure can be repeated as long as the number of equa-
tions is greater than one and there is an unknown appearing just once. After
a finite number of reductions (using Theorem [[1] repeatedly), we arrive at an
irreducible system g, which has the same number 7 of equations and unknowns
and either 7 = 1 or no unknown appears just once. In both cases, all unknowns
in S appear just twice. Moreover, S is nonsingular if and only if S is nonsingu-
lar. Therefore, we can focus, from now on, on irreducible systems with the same
number of equations and unknowns, and where each unknown appears exactly
twice.

4.3 Reduction to a periodic system with at most one x

In Section we have proved that, without loss of generality, and regarding
nonsingularity, we can consider irreducible systems of r Sylvester-like equations
with r matrix unknowns, any of which appearing just twice. Now, we want to
show that we can get an equivalent periodic system of the form (@) from any
system of this form.
We first note that, by renaming the unknowns if necessary, under these
assumptions the system (B]) can be written in the form
{ AL X By, — C X8 Dy, = By, k=1,...,r—1, (12)
ATX;?TBT - C’I‘XIT‘D’I‘ = Er7

where s, t;, € {1,x}. A way to show this is as follows. Let us start with X; and
choose one of the two equations containing this unknown (there are at least two
as long as the system contains at least two equations). Let this equation, with
appropriate relabeling of the coefficients if needed, be A; X;*B; — C’lXleDl =
E;. Now we look for the other equation containing X, . With a relabeling
of the coefficients if needed, this equation is Angfl By — OQXZZ Dy = FE5, and
we proceed in this way with X, and so on with the remaining unknowns.
Note that, during this process, it cannot happen that a; = «; for i # j, since
otherwise X,,, would appear more than twice in the system. Therefore, at some
point we end up with o, = 1. If there were some 1 < j < r such that j # «;,

10



forall i =1,...,t, then the system would be reducible. Hence, it must be t = r
and, by relabeling the unknowns as a, = k+1,fork=1,...,r—1,and o, = 1,
we get the system in the form (I2)).

We now show that each periodic irreducible system of the form (I2]) can be
reduced to the simpler form (@), with at most one *. This can be obtained by
applying a sequence of x operations and changes of variables, without further
linear algebraic manipulations. This is stated in the following result.

Lemma 12. Given a system of generalized x-Sylvester equations ([2), there
ezists an equivalent system

A"kykék _5kyk+l-5k = Eku k= 1,...,7"—1,

13
Ar}/rBr - Cr}/ISDr = Era ( )

which is obtained through a change of variables V), = X;'*, with uy, € {1,*}.
Moreover, s = 1 if the number of x symbols appearing among s;,t; in the
original system ([[2)) is even, and s = * if it is odd.

Proof. The proof of this result is constructive, i.e., it directly provides an algo-
rithm for the computation of the transformed system. Let m be the minimum
index for which (sg, %) # (1,1), with s, t;, being as in [I2)). If (s, tx) = (1,1),
for each k = 1,...,r, then the minimum does not exist and we set m = r + 1.
If m = r with (s,,,t,,) = (1,%) or m = r + 1, then the system is already in the
required form. The remaining cases are: (S,,,tm,) = (k,%); (S, tm) = (%, 1);
and (8,,,t,,) = (1,%), with m < r.

If s, =t,, = %, then we can apply the x operator in the mth equation and
go back to the case s,, =t,, = 1, since

A X5B,, — Cp X1 Doy = B,y <= B X, A% — D5 X, 1 Cl = Ef,.

The case (S,,,t,) = (x,1) can be turned into the case (s,,,t,,) = (1,%*) by
applying again the x operator in the mth equation. Finally, when (s,,,t,,) =
(1,%) and m < r, we note that, by setting Y,,,,; = X, |, we have

ApXBy — CoXmi1 Dy = E,, <= A, X.Bym — CiYoi1 D,y = E,y.

This change will require to update the exponent s,,, 1 in the (m+ 1)st equation
(containing X,,,, = Y,,41). We can iterate the procedure until m = r and
(Sms tm) = (1,%) or m = r+1, then renaming the remaining unknowns X, to Y},
we will transform the system into the required form ([I3]). These transformations
preserve the parity of the number of x symbols appearing within the equations,
since each change of variables shifts the exponent, from * to 1 or viceversa,
in the two appearances of each unknown. Therefore, the second part of the
statement follows. O

The above results show that we can reduce the problem on the nonsingularity
of [B)) either to a periodic system of r generalized Sylvester equations or to a
periodic system of r — 1 generalized Sylvester and one generalized x-Sylvester
equation.

11



5 Reducing the problem to a block triangular
linear system

In Section ] we have seen how a system of general type (B can be reduced to
one or more periodic systems of the type (@), where all equations are generalized
Sylvester equations except the last one, that is either a generalized Sylvester or
a generalized *x-Sylvester equation.

Here we focus on a periodic system of type (). First, we show in Section Gl
that it can be transformed into an equivalent periodic system with triangular
coefficients. Then, in Section we show that, in the cases s =1 and s = T,
the latter system is a linear system whose coefficient matrix is block triangular
with diagonal blocks of order r or 2r. Finally, in Section [5.3] we show that the
case s = * can be reduced to the case s = 1.

The reduction to a special linear system allows us to deduce useful condi-
tions for the nonsingularity of a system of generalized Sylvester equations and,
moreover, to design an efficient numerical algorithm for its solution.

5.1 Reduction to a system with triangular coefficients

We can multiply by suitable unitary matrices and perform a change of variables
on the system (@) so that the matrices Ay, By, Cy, D, are all upper or lower
(quasi-)triangular.

Lemma 13. There exists a change of variables of the form )?k = Z;szg,
with Zy,, Zy, € C"*™ unitary, for k =1,2,...,r, which makes simultaneously the
coefficients Ay, Cy, of @) upper triangular, and the coefficients By, D}, lower
triangular, after pre-multiplying and post-multiplying the kth equation by appro-
priate unitary matrices @y, and Qy,, respectively.

Proof. Let us start with the case s = 1. This case is treated in [5], but we report
the algorithm for completeness. Let

QrARZy, = Ay QiCiZpsr = Cy,

with Ek, ék upper triangular, be a periodic Schur form of the formal matrix
product C; 'A,.C; A, ---Cr Ay, and

QiBrZy, = By, QiDyZy11 = Dy,
with B}, D; upper triangular, be a periodic Schur form of the formal matrix
product D, "B D, *{B;_,--- Dy "B (see Section ). Setting X, = Z; X, 7,
and E), = Q,E,Q), for all k, the equations of (@) are equivalent to
Ap Xy By, — Cp Xy 11 Dy = Q1AL Z, X3, 21 BiQy — Q1rCr Zi 1 Xjo1 Zi1 DiQy,
= Qr(Ar Xy By, — Cv X111 D) Qi
= QrLEQ = E,
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where X,.,; = X; and )A(TH = )A(l. Hence we get equations in the same form
as (@), but with triangular coefficients.
We now deal with the case s = *. Let

QZAka = A\kv QZCkaH = éka Z2r+1 =7,
Qi 1BiZik = Biy  QrirDiZeinir = D k=12,...,r,
be a periodic Schur form of the formal matrix product
D, "BiD, "B} y--- Dy BiC, ' A,C, 4 A,y -+ Oy T Ay
Setting X, = Zj X, Zy4p, and By = QLELQ, 4y, for all k = 1,...,7, the first
r — 1 equations of () are equivalent to
A X By — Co X111 Dy, = Qe 24 X0 25 1k BiQrvi — QiCiZiir X1 Zo 11 Di Qi
= Qu(Ap X By, — Cp Xjoy1 D) Qi
= QiExQriy = By,
and the last one is equivalent to
A, X,.B, - C.Xi D, = Q7 A, 2,X, 23, B,Qoy = Q1C, 2141 X1 21 D, Qs
= Qr (A, X, B, — C.X{D,)Qs,
= QE,Qy = E,.

Hence we get once again the same shape as [{@l) and triangular coefficients.
Finally, let us treat the case s = T. Let

QuARZy = 4y, QiCiZii1=Cp,  Zopsr =7y,
Qi 1By Zyri, =B, QiixDy Zopin = Dy, k=12,..,r
be a periodic Schur form of the formal matrix product
D "B DBy Dy B G AC A O AL

We set X, = Zp X4 Z iy, where Z, . = ((Zwrk)*)T denotes the elementwise
conjugate (without transposition) of Z,,;, and Ey, = QrEQ, . The first r—1
equations of () are equivalent to

A X By — Co Xy 11Dy, = Qi 24 X0, 2 1 BQr i — QiCiZii X1 Z, 11 DiQ,
= Qi(A X, By — C, X311 D)@, 4,
= QiBxQ, 1y = By,
and the last one is equivalent to
A,X.B, - C.X\D, = QA 2,X, 23, B,Qy, — Q1C, 2,11 X[ Z) D,Qy,
= QA X, B, — C,X{ D,)Qs,
= QIE.Qy = E,. O
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5.2 Reduction to a block upper triangular linear system
for s=1and s=T

A system like (@) can be seen as a system of n’r equations in n?r unknowns
in terms of the entries of the unknown matrices. This is a linear system for
s =1 or s = T, while in the case * = * it is not linear over C due to the
conjugation. Nevertheless, it can be either transformed into a linear system
over R, by splitting the real and imaginary parts of both the coefficient matrices
and the unknowns, or into a linear system over C by doubling the size (see
Section B3).

A standard approach to get explicitly the matrix coefficient of the (linear)
system associated with a system of Sylvester-like equations is to exploit the re-
lation vec(AX B) = (B ® A) vec X [17, Lemma 4.3.1] where the vec(-) operator
maps a matrix into the vector obtained by stacking its columns one on top of
the other, and A ® B is the Kronecker product of A and B, namely the block
matrix with blocks of the type [a;;B] (see [I7, Ch. 4]).

Relying on the reduction scheme that we have presented in Section B} we
may assume that the coefficients A;,C}, and By, D), in ) are upper and
lower triangular matrices, respectively. In this case the matrix of the linear
system obtained after applying the vec(-) operator has a nice structure; indeed,
performing appropriate row and column permutations to the matrix (in other
words, choosing an appropriate ordering of the unknowns), in Section 5.2.1] we
get a block upper triangular coefficient matrix, with diagonal blocks of order r
or 2r, and thus much more manageable.

In the case where s = 1, a characterization for nonsingularity was obtained
in [5] (see Theorem[T). The approach followed in that reference is similar to the
one we follow here.

We first deal with the cases s € {1, T}, which are both linear, and for which
we can directly give conditions based on the matrix representing the linear
system in the entries of the unknowns. This is the aim of Section .21l The
case s = * can be reduced to the case s = 1 using specific developments which
are contained in Section

5.2.1 Making the matrix coefficient block triangular

We assume that A, C), are upper triangular and B;, D, are lower triangular,
fork=1,...,r.

Using the relation vec(AXB) = (B' ® A)vecX we can rewrite the sys-
tem (@), for the case s = 1, as the linear system

Bl @4, -DfecC
' xX=¢ (14)

B ®A,, -D/ ,®C,,
-D} ®C, B! ® A,
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where the empty block entries should be understood as zero blocks, and

vec X, vec Fy
, £ =

vec X, vec F,.

X =

In the case s = T we have, instead
B! @ A, -D| ®C,

' X =¢,
B @A -D/_,®C,_,
_(D:(X)Cr)Pn,n B:®Ar
(15)
where P, ;, denotes the commutation matriz, i.e., the permutation matrix such
that P, , vec X = vec(X ) for each X € R**" [I7, Th. 4.3.8].

In the following, we will index the components of X by means of the triple
(i,7,k), that denotes the (i,7) entry of X,. This is just a shorthand for the
component (k — 1)n” + (j — 1)n + i of X.

Notice that each coordinate of any of the systems (I4) and ([IH) can be
obtained by left multiplying one of the r equations of {@]) by e;r on the left and
by e; on the right, for appropriate 1 <i,j < n.

We are interested in performing a permutation on systems (I4]) and (5]
that takes them to block upper triangular form (independently on the presence
of the permutation matrix P). In order to achieve this goal the choice is not
unique, and different choices have different advantages. For this reason, we first
characterize a set of permutations from which we will choose one.

Definition 14. We say that an ordering <g on {1, ... ,n}2 is echelon-shaped if
it satisfies the following two conditions:
(a) For any pairs (i,7) and (i',j') such that min{i,j} < min{s’,j'} and
max{i, j} < max{i’, j'}, either (i,j) X (i',5) or (i',5') = (j.4);

(b) (4,4) and (j,) are always consecutive, i.e.
(i,5) =s (i/vj/) 25 (4,4) = (ilvj/) €{(,7), (4,0}

Figure [ illustrates the meaning of Definition [[4] over the set of indices of a
square matrix. An order is echelon-shaped if all the indices of the o entries are
smaller than or equal the ones of the x entries, and the ordering between the
indices of the two x does not matter, as long as they are consecutive.

Our interest in echelon-shaped orderings is motivated by the following result.

Lemma 15. Let Ay, C}, be n X n upper triangular matrices and By, D), be n xn

lower triangular matrices, for k = 1,...,r. Let < be an order on (i,j, k) such
that there exists an echelon-shaped ordering <g satisfying
“(i, 5, k) 2 (1,5, k) = (i,7) %5 (7,4,
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Figure 1: Representation of a echelon-shaped ordering. The o elements are all larger than
the X ones. The two X ones must be consecutive.

Let S be the system of n’r equations

{ el (A X By — CuXpp1D)e; = (Bp)y, ij=1,...m k=1,....r—1,
ez—'r(ArXrBr - OTXiSDT)ej = (Er)ijv Za.] = 15 y 1,

(16)

in the n*r unknowns Tijg, 1,7 = 1,...,n and k = 1,...,r, where x;;;, is the

(i,7) entry of Xy,. If both the set of indices (i, j, k) of the equations in S and the
unknowns are ordered in increasing order with respect to =<, then the coefficient
matriz associated with S is block upper triangular, with blocks of size either r xr
or 2r X 2r.

Proof. We block partition the matrix associated with the system S, so that the
equations and the unknowns in S with indices in

Sy =A0,5,1),.., (6,4,7)} V{0, 81),.... (G i,7)}

correspond to a block with size r x r if ¢ = j or (2r) x (2r) if i # j. Notice
that the position of each block in the whole matrix depends on the ordering <g
and thus the matrix is block upper triangular if the equations with indices in
S;; contain only unknowns with indices (i’,5’, k) of the form (i, ) = (5',i") or
(17.7) jS (i/vj/)'

Let us first consider an equation in S with index (i, j,k), and 1 <k <r —1.
From (I6), and taking into account that A, C), are upper triangular and By, D,
are lower triangular, this equation involves unknowns with indices (i/, i, k) and
(i',4', k+1) satisfying i < i’ and j < j'. Since <g is echelon-shaped, this implies
(17.7) jS (i/vj/)'

Now, let us consider an equation in S with index (¢, j,r). From (@), and
using again that A,.,C, are upper triangular and B,., D, are lower triangular,
this equation involves unknowns (i',j',r) with i < i and j < j’, and also
unknowns (', j', 1) with either (i,5) = (j',i') or i < j" and j < 4’. Again, since
< is echelon-shaped, this implies that (i, ) <g (i’,5'). O

Remark 16. Looking at the proof of Lemma [I5] one realizes that, if X 1T in the
last equation is replaced by X, then it would be enough that the ordering <4
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is such that (i,7) =g (s,t) whenever i < s and j < ¢ to get the conclusion in
the statement. Then, the echelon-shaped condition of =g is essentially related
to the last equation, which involves X .

Remark 17. The ordering on the indices (i, j, k) obtained naturally by vector-
izing the matrix unknowns one after the other, i.e.,

vec X;

vec Xo
X = . )

vec X,

is the order <, given by: (4,5, k) =, (i, 5/, k") if and only if:
(a) k<K', or
(b) k=K and
(b1) j <3, or
(b2) j=j andi<i,

which is usually called reverse lexicographic order. Even though this ordering is
natural when considering vectorized matrices and tensors, it does not fulfill the
hypotheses in Lemma

We now suggest two examples of echelon-shaped orderings. They are illus-
trated in Figure [2] for the entries of a 4 x 4 matrix.

Definition 18. We say that (i,5) <gc (7', 4') if and only if one of the following
conditions hold:

a) max{i,j} < max{i’, '}, or

(a) max{i,j} Y

(b) max{i,j} = max{i’,j'} and min{i,j} < min{i’, '}, or
(¢) (i',5") = (j;i) and i < j.

We refer to < as the row-column-ordering, since it traverses the matrices one
column and one row at a time.

Definition 19. We say that (i,7) <4 (i',5) if and only if one of the following
conditions hold:

(a) i+j<i+j,or
(b) i+ j =14 +7 and max{i,j} < max{i’,j'}, or
(¢) (i,5) = (j',i') and i < j.

We refer to <4 as the antidiagonal-ordering, since it traverses the matrix one
antidiagonal at a time.
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1 2 5 10 1 2 5 9
3 4 7 12 3 4 7 12
6 8 9 14 6 8 11 14
11 13 15 16 10 13 15 16

Figure 2: Representation of the row-column-ordering < g for (i, 5, k) (on the left), and of the
antidiagonal-ordering < 4 (on the right). The numbers indicate the order of the corresponding
entries.

Lemma 20. Both =4 and <gc are echelon-shaped orderings. In particular,
they satisfy the hypotheses of Lemmalldl, so that the matriz of the linear system
S, with the variables ordered according to =4 or =g, is block upper triangular.

Proof. The statement can be verified by applying Definition [I4] directly. O

The above orderings will be used in Section [l to prove Theorems [ and
Indeed, a necessary and sufficient condition for the nonsingularity of a periodic
system of Sylvester-like equations (), with s = 1, T, is the invertibility of the
(r xr or (z2r) x (2r)) diagonal blocks of the matrix associated with the large
(n*r) x (n*r) linear system (I6).

The same orderings are also the main tool used in Section [1 to develop an
algorithm for the solution of the large (n°r) x (n’r) linear system in a fast way
(more precisely, in O(n’r) flops).

5.2.2 Characterizing the diagonal blocks

Both from the computational and from the theoretical point of view we are
interested in characterizing the structure of the diagonal blocks of the coefficient
matrix associated with the permuted linear system.

Theoretically, this is interesting because the system () is nonsingular if and
only if the determinants of all diagonal blocks are nonzero. This will allow us
to prove Theorems ] and

Computationally, this is relevant because these are the matrices that allow
one to carry out the block back substitution process to compute the solution of
@), when it is unique.

As already pointed out in Section [5.2.1] the diagonal blocks can be obtained
by choosing a pair (i,j) and selecting the equations given by

e; (Ay Xy By, — CoXp1Drle; = (Bip)y, k=1,...,7 =1,

e; (A,X,B, -~ C,XiD,)e; = (E,);,
and removing all the variables with indices different from (¢,7) and (j,4). As
mentioned in the proof of LemmalI5] these other variables have indices (i, 5", k)
with (i,7) <g (i',5'), and <g being an echelon-shaped ordering like the ones
described at the end of Section [B.2.Il When i = j this gives us an r x r linear
system, otherwise we obtain a 2r x 2r linear system.
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Notice that this procedure can be carried out both in the case s € {1, T} and
in the s = * case, even if in the latter these systems are nonlinear. We denote
them with S;; US;; or simply with S;; when ¢ = j, according to the notation
used for the indices in the proof of Lemma

Luckily, if we choose an ordering, <, such that (i, j, k) < (i, 4, k") for k < &,
then all the systems share the same simple structure, so we can rely on the
following result to compute the determinant of the coefficient matrix.

Lemma 21. The matriz M defined as follows
ar By

M =
e ﬂs—l
ﬂs Qg

has determinant equal to det M = H a, —(—1)° H B-
k=1 k=1

Proof. Use Laplace’s determinant expansion on the first column. O

In the cases s € {1, T}, S;; is an r X r linear system in the variables
(X1)iiy- -, (X,);; with coefficient matrix:

(Al)u(Bl)u _(Cl)u(‘Dl)u

M;; =
(Ar—l)u(Br—l)ii _(Cr—l)ii(Dr—l)u
(17)
According to Lemma 2] we have:
det M;; = H(Ak)ii(Bk)ii - H(Ck)ii(Dk)ii : (18)
k=1 k=1

A similar relation holds also when i # j in the s = 1 case, since S;; and S,
are decoupled systems. More precisely, the coefficient matrix of S;; in the case
s=11is
(A1)ii(B1)j;  —(Ch)u(D1)j;
o . .
(Arfl)ii(Brfl)jj _(Crfl)ii(Drfl)jj
—(C)i(Dy) 5 (4;)ii(B,) 4
(19)
and similarly for the one of Sjl- exchanging the roles of ¢ and j. From Lemma
2Tl we get:

T T

det M;; = H(Ak>ii(Bk)jj - H(Ck)ii(Dk>jj- (20)
k=1 k=1
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In the case s = T, instead, the systems S;; US;; form a 27 x 2r linear system

in the variables (Xy);;, (X)j;, for k=1,...,r, with coefficient matrix
B C.)ii(D N
M;; = ij - —(Cr)ii(Dy)jjere1 7 (21)
_(Ol)jj(Dl)iierel Bji
where

_(Cr—l)ii(Dr—l)jj
(Ar)u (Br)jj

Thanks, again, to Lemma 21 this matrix has determinant equal to

T T

det M;; = H(Ak)ii(Bk)ii(Ak)jj(Bk)jj - H(Ck)ii(Dk)ii(ck)jj(Dk)jj' (22)
k=1 k=1

5.3 Linearizing the case s = *

We have already mentioned that, when s = %, the system () is not linear over
the complex field, since it involves not only the entries of the matrix X; but
also their conjugates. A method to transform it into a linear system over C is
as follows: in addition to the equations of the system, we consider the equations
obtained by taking their conjugate transpose, namely

BiXj Ay — DiXinCr = Ef, k=1,...,r—1,
B,X'A, - D:X,C; = E’

If we consider X, and X, as two separate variables, then this is a system of 2r
generalized Sylvester equations in 2r matrix unknowns. We prove more formally
that this process produces an equivalent system.

Lemma 22. The system () is nonsingular if and only if the system

AkaBk—Cka_;’_le = Ek:a kzl,...,’l”—l,
AT‘X’I‘B’I‘ - CrXr—i-lDr = Era (23)
BiX, Ay = DiXppnCf = Bi, k=1...r—1,

By Xy, Ar — DX, Cy

E,
s nonsingular.

Proof. We may consider only the case in which F;, = 0: checking nonsingularity
corresponds to checking that there are no solutions to this homogenous system
apart from the trivial one X;, =0, for k=1,...,r.

Let us first assume that (@) has a nonzero solution (X,...,X,). Then
(Xy,...,X,,X7,..., X)) is a nonzero solution of (23)).
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Conversely, if (X1,...,X,, X, ,1,...,X>5,) is a nonzero solution of (23), then
(X1 +X, 01, .., X, +X35,) is a solution of @). If (X;+X,41,...,X,+X5,) =0,
then X, .; = —X;, fori=1,...,r, and then i(Xy,..., X,) is a nonzero solution

of (). O

Remark 23. The proof of Lemma does not work if one replaces * with T
everywhere: it breaks in the final part, because i(X,, ..., X,) is not necessarily
a solution of (@) with x = T. Indeed, Lemma[2]is false with T instead of *. Let
us consider, for instance, the case n = r = 1 and the equation x; —|—3:1T =2z, =0.
This equation has only the trivial solution, but the linearized system

21+Z2:O
Zl+22:0

Another relevant difference between the x = T and the x = * cases is the
following. System (@) is nonsingular if and only if the system obtained after
replacing the minus sign in the last equation by a plus sign

has infinitely many solutions.

AkaBk—Cka+1Dk = Eka kzl,...,’l’—l, (24)
A X,.B,+C,XiD, = E,
is nonsingular. To see this, reduce again to the case E, =0 forallk =1,...,r

and note that if (X,...,X,) is a nonzero solution of {@)) then i(Xy,...,X,) is
a nonzero solution of (24]), and viceversa. This property no longer holds true
with s =T.

6 Proofs of the main results

We first prove Theorems [4H5l

Proof of Theorem[d. We can consider only the case in which E;, = 0, i =
1,2,...,r. Using the periodic Schur form of the formal products [8) we may
consider the equivalent system (see the proof of Lemma [13])
Ekaﬁk—aka_Hﬁk = O, kzl,...,T—l,
A’I’"X’I"B’I" - C’I’XIDT = 07

where, for each k, the matrices gk and C*k are upper triangular and Ek and
Dy, are lower triangular. If the formal products () are regular, then their

eigenvalues are the ratios \; := [[,_, Eg’“;, wi =Ty Eg";“, respectively, for
i=1,...,n (they are allowed to be c0).

With this triangularity assumption, in Lemma we have shown that the
system of Sylvester equations is equivalent to a block upper triangular system

whose matrix coefficient has determinant ¢ := []}._; det(M;;), where M;; is

Q=1
defined in (I7) and (T9). !
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In summary, the system of Sylvester equations is nonsingular if and only if
0 # 0, which, using ([I8)) and (20), is equivalent to requiring
T
H( ”;AH )i (D)5 iji=1,...,n. (25)
k=1
If 6 # 0, then it cannot happen that Hk(Ak)ii and Hk(ék)” are both zero
or that Hk(f?k)ii and Hk(ﬁk)” are both zero and thus the formal products are
regular. Moreover, condition (25]) implies that \; # u; for any 4,5 = 1,...,n
and thus the two products have disjoint spectra.
On the contrary, if § = 0 then the equality holds in (25]) for some i and
j. One can check that this condition implies that either one of the two formal
products is singular or A; = u; and they cannot have disjoint spectra. O

We now give the proof of Theorem [l separating the cases x = T and x = %
since the techniques we use are different.

Proof of Theorem [ for x = T. Proceeding as in the proof of Theorem M we
use the periodic Schur form of the formal product (@) and we get the equivalent
system (see the proof of Lemma [I3)

AkaBk—Cka+1Dk = O, kzl,...,T—l,
AX,B,-C.X] D, = o,

where, for each k, the matrices Ek and C*k are upper triangular and Ek and Bk
are lower triangular. If the formal product () is regular, then its eigenvalues

are the ratios \; == [[,_, %, fori=1,...,n.
k/ii k/ii
With this triangularity assumption, in Lemma we have shown that the

system of Sylvester equations is equivalent to a block upper triangular system

whose matrix coefficient has determinant 9 := H det(M;; H det(M;;), where
=1 7,j=1
i<j

M;; is defined in (IT7) and M,;, for i # j, in (2.
In summary, the system of Sylvester-like equations is nonsingular if and only

if 6 # 0, that, using (I8) and (22), is equivalent to requiring

T

H( u u#H uDk:ua 1=1,...,n,

k=1
H(Ak)ii(gk)ii(gk)jj (Ek)jj # H(ak)ii(ﬁk)ii(ak)jj (ﬁk)jj , F ]
k=1 k=1

(26)
If 6 # 0, then it cannot happen that Hk(;lk)”(ﬁk)” and Hk(CA'k)”(lA)k)” are
both zero, for some i, thus the formal product (§)) is regular. Moreover, condi-
tions (26]) imply that
{)\i;él, 1=1,...,n

NEN QA
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and this implies in turn that the spectrum A(II) \ {—1} is reciprocal free and
the multiplicity of {—1} is at most one.

On the contrary, if § = 0 then the equality holds in (28] above for some 4
or below for some couple (4, j), with ¢ # j. One can check that this condition
implies that one of the following cases holds: (a) the formal product is singular;
(b) A\; = 1, for some i, and thus A(IT) \ {—1} is not reciprocal free; (c) A\; =
1/p; # —1, for some i # j, and thus A(IT) \ {—1} is not reciprocal free; (d)
A; = 1/p; = —1 and the multiplicity of —1 is greater than 1. O

Using Lemma 22 the following argument allows us to obtain Theorem
with * = x directly as a consequence of Theorem [

Proof of Theorem [ for x = x. Let us start from a system of the form {]) with
s = *. Lemma [22] shows that it is nonsingular if and only if the larger linear
system (23) is nonsingular. System (23) is a system of 2r generalized Sylvester
equations with s = 1. Hence we can apply Theorem M to this system, obtaining
that ([23)) is nonsingular if and only if the two formal products

I, :==1l=D,"BiD,*\B;_,--- Dy "B{C; " A,C; A,y - Cr A

and
I, := Cf A, *Cy A" - CYAT* DB, 'D, B}y - DBy

are regular and have no common eigenvalues. If A\;, Ay, ..., \,, denote the eigen-
values of IT;, then the eigenvalues of the formal product

I, " = C, 'A,.Cr A,y - Cy Ay D" BED By -~ Dy ¥ By

are again Aj, Ay, ..., \,, because II; * differs from II; only by a cyclic permuta-
tion of the factors. This proves that the eigenvalues of II, are ()\1)71, ()\2)71,
..,(X\,)7", so they are distinct from those of II; if and only if A(IT;) is a

x-reciprocal free set. o

This proof shows clearly the connection between the condition on a single
formal product in Theorem [ and the condition on two products in Theorem [l
Unfortunately, we were unable to find a simple modification of this argument
that works for the case x = T, mostly due to the issue presented in Remark 23

Now we address the proof of Theorem[Bl For this, we need the following re-
sult, which is an extension of Lemma 3 in [9], and whose proof is straightforward
using similar arguments to the ones in [9].

Lemma 24. Let S be a subset of CU {oc0} and let p € N. Then the set
VS :={zeCU{o0} | 2 € S}
is x-reciprocal free if and only if S is x-reciprocal free. Moreover, S is x-reciprocal

free if and only if =S := {z € CU{o0} | — z € S} is *-reciprocal free. (We use

oof = 00 and —oc0 = 0.)
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In view of the reduction presented in Section .1l we can assume in what
follows that the matrices A;,C) are upper triangular and B, D) are lower
triangular, for k=1,...,r.

We will use the following generalization of Lemma 211

Lemma 25. Let the matriz N be defined as follows

A4, B
N =
Bs—l
BS AS
where A, and By, are n X n upper triangular matrices, for k =1,...,s. Then
det N = H (H(Ak)u - (=1)° H(Bk)u> :
i=1 \k=1 k=1

Proof. Consider the commutation matrix P, ¢ (as defined in Section B.2.1)), i.e.,
the permutation matrix corresponding to the following ordering of {1,...,sn}

(Lin+1,2n+1,...,(s—=1)n+1,2,n+2,...,(s—1)n+2,...,n,2n,...,sn).

The matrix PJ sN P, s is block upper triangular with n diagonal blocks of size
s of the type

(42)ii 1=1,...,n.
(Bs—1)ii
(Bs)ii (As)ii
Since det(PnT sNP, ;) = det N, the result follows applying Lemma 21] to the
diagonal blocks of P,I sN P, O

Proof of Theorem[@. Let us consider a periodic Schur decomposition of the ma-
trices Aq,...,A,,BY,...,Brand C,...,C,.,D7,..., D}, namely:

QuArZ), = ggg QrixBiZy iy = Ega k=1,...,m
QiCiZi1 =Cry QrixDiZoypy1=Df, k=1,....r,

with Zo,.1 := Z;, and Ay, B}, Cy, D} being upper triangular, for all k =
1,...,7. Multiplying the pencil Q()) in ([I0) on the left and on the right by, re-
spectively, diag(Q%,...,Q5,) and diag(Z,, ..., Z,), we arrive at a pencil Q()\)
which is strictly equivalent to Q(\) and whose blocks are all upper triangular.

Then @ is regular if and only if Q is regular and, when the pencils are regular,

we have A(Q) = A(Q). So we can restrict our analysis to the case where all
matrices Ay, By, C), and Dj, are upper triangular.
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Applying Lemma 25 we arrive at

det Q(A) = H (/\2T H(Ak)ii(BI:)ii + H(Ck)ii(D;)iz) :

=1 k=1 k=1

Therefore, Q(A) is regular if and only if, for each ¢ = 1,...,n, at least one
between HZ:1(Ak)u(BI:)u and HZ:1(Ck)ii(DZ)ii is nonzero.
Moreover, when Q()) is regular, its spectrum is A(Q) = %/S, where

Seo—J_ ﬁ (Cr)ii (Di)i i—=1 . b

Pt} (Ax)ii(Bi)ai Y

Notice that the numbers in S are minus the inverses of the eigenvalues of the
formal product (@I).

Let us first assume that (4]) is nonsingular. Then, by Theorem [l and the
previous reasonings, Q(A) is regular. Part (i) in the statement (the case x = %)
is a consequence of Lemma 241 Part (ii) (the case x = T) is a consequence of
the same lemma and the identities

VS\ Ry, = F/S\{1}, and  —(S\{1})= -8\ {1}, (27)

valid for any S € C U {oco}. More precisely, by Theorem B A(II)"' \ {-1} =
—S8\ {—1} is reciprocal free, where A(II)"" := {A\™" : X € A(II)}. Now, the
second identity in (27]), together with Lemma[24] imply that S\ {1} is reciprocal
free as well, and the same lemma, together with the first identity in (27]), imply
that X/S\ {1} is reciprocal free. Moreover, since the multiplicity of —1 as an
eigenvalue of the formal product IT is at most one, we have that the multiplicity
of each eigenvalue of Q(\) belonging to R,, is at most one.

Conversely, let us assume that Q(\) is regular and either (i) or (ii) in the
statement of the theorem is satisfied. Then Lemma implies that, if x = x,
the spectrum of the formal product (@) is *-reciprocal free. However, if x = T,
Lemma 24] together with (217) imply that A(IT) \ {—1} is reciprocal free, with IT
as in (@), and A = —1 has multiplicity at most 1. Then Theorem [Blimplies that
@) is nonsingular. O

Remark 26. Tt is claimed in [T4], p. 2], without proof, that the eigenvalues of
the pencil

0 F, E,
E
B Y b (28)
Fp* 1 0 Ep_l

are the pth roots of the eigenvalues of the formal product E;leE;_ll Fp_q--- Elel,
with E), F}, being n X n matrices, for kK = 1,...,p. Using this fact, Theorem
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would follow immediately from Theorem [Bl Indeed, after multiplying on the
left and on the right the pencil (I0) by the block antidiagonal matrix

I
R :=
I

we arrive at a pencil like 28) with p = 2r and B, = —B)_4,...,E,_; =
_BI,ET = _AT‘7E’I‘+1 = _A’r‘—17 e 7Ep—1 = _A17E2’r‘ = _B:,Fl = D:—l7 . '7F’r‘—1 =
DLFr:CmFrJrl:Crflv"'7F2rfl:ClvFQTZ_D:'

7 An O(n’r) algorithm for computing the solu-
tion

Here we describe an efficient algorithm for the solution of a nonsingular system
of r Sylvester-like equations (@) of size n x n. We follow the big-oh notation
O(), as in [16], for both large and small quantities, and we use the number of
floating point operations (flops) as a complexity measure.

The tools needed to develop the algorithm are the same used, in the previous
sections, for the nonsingularity results. In the description of the algorithm we
focus on the complex case and so we consider triangular coefficients. However,
a solution with quasitriangular forms in case of real data can be done following
a similar procedure.

We proceed through the following steps:

1. (Step 1) We perform a suitable number of substitutions, changes and
elimination of variables, in order to transform the system into irreducible
systems of periodic form (), as described in Section [l

2. (Step 2) For each (irreducible) periodic system, we compute a periodic
Schur decomposition to reduce the coefficients, say Ay, By, C}., Dy, to up-
per and lower triangular forms, as described in Section [5.1]

3. (Step 3) Since the resulting systems can be seen as essentially block tri-
angular linear systems (as described in Section (.2.1)), we solve them by
back substitution.

4. (Step 4) We compute the value of the variables that have been eliminated
in Step 1 (using Theorem [TT]).

This section describes how to handle these steps algorithmically. Moreover,
we perform an analysis of the computational costs, showing that the solution
can be computed in O(ngr) time, and we prove a backward stability result for
the computed solution.

Concerning Step[Il the discussions at the end of Sections[.Tland[4.2] together
with Lemma [I2] provide an effective reduction process. Similarly, Step 2l can be
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solved by the computation of a periodic Schur factorization, which can be carried
out in O(n’r) flops. We refer to [3] for details concerning this reduction step.
Step Ml amounts to applying formula () several times.

It remains to study how to effectively solve any of the “large” systems ob-
tained by applying the re-ordered vec operator (Step B)). We focus on the case
s = %, since the case s = 1 can be found in [5]. The cases x = T and x = * are
handled in a similar way, but the first one is easier to describe since the asso-
ciated system is linear, without the need of separating the real and imaginary
parts. We will accurately describe the procedure for the solution of the former
problem, and briefly explain the extensions needed to handle the latter case.

7.1 Solving the triangular system

We sort the variables in the triangular system (I6]), re-ordering the equations
and unknowns by means of any of the echelon-shaped orderings described in
Section [B.2.1], with the constraint that (i,7,k) < (i,4,k") when k < k’. Two
examples of such echelon-shaped orderings are < 4 and <. The specific choice
of the ordering has no effect on the computational cost, but might make it easier
to parallelize the algorithm (see Remark [29]).

The reordered system is block upper triangular with w diagonal blocks
of order r and 2r (one for each non-ordered pair {4, j}, including the cases where
i = j). We refer to these as the small systems S;;.

We provide in this section a high-level overview of the solution of this system
by block back substitution, and in Sections and [.3] we describe how to
perform it within the required computational cost.

At each of the % steps of the back substitution process, we need to solve

a square linear system of the form:
Minij = 51‘3‘ - ]:ija (29)

where M;; is defined in (I7) (when i = j) and @I) (when i # j); the vector
X;; has r (if i = j) or 2r (if i # j) components, obtained by stacking vertically

all the entry unknowns (X);,...,(X,); (when i = j) or (Xy);;,...,(X,)i;
followed by (X1)i,...,(X,);i (when i # j); the vector F;; is defined as
. Wy ifi =7,
Fij = { [5”} otherwise,
i
where w;; is given by
Vij1
Wij = : ) Uik *= Z ((Ak)is(Xk)st(Bk)tj - (Ck)is(Xk-i-l)st(Dk)tj);
. s>i0,>j
ar (s,)#(5.5)
(30)

and &;; contains all the entries in position (i, j) (when i = j) or (4,7) and (j,1)
(when i # j) of Ey, ..., E, stacked vertically, according to the order in F;;. We
identify X, ., with X{ for simplicity.
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Note that the values of the unknowns appearing in F;; have been already
computed if the linear systems are solved in decreasing order with respect to an
echelon-shaped ordering (such as <4 or <po).

The case x = % can be handled in a similar way, even if the associated system
S is nonlinear. In Section[5.3] we have seen how the system can be linearized over
C by doubling the number of equations. Here we follow a different approach:
we consider it as a larger linear system over R of double the dimension in the
variables re(&;;) and im(X;;). More precisely, the system S;;, when x = x, is
equivalent to the linear system over R defined by

o1 B Z Uy 7, = re(Xy )i
.. .. . B . kK — im(Xk)” ’
. Zr— B Ur— ’ _ re((Ek)ii - (’Uu)k):|
5 Sl A A e = oy~ )

where ay,, 8, are 2 x 2 matrices defined, respectively, by

[re((Ag)ii(Br)i) _im((Ak)ii(Bk)ii)] [re((ck)ii(Dk)ii> _im((ck)ii(Dk)ii)}
Um((Ag)si (Be)i)  1e((Ap)ii(Br)i) |7 [Im((Cr)ii(Dr)i)  1e((Cr)ii(Di)ii) |’

when k < r, and by

re((A;)i(By)i) _im((Ar)ii(Br)ii)] [re((cr)ii(Dr)ii) im((cr)ii(Dr)ii)]
im((A,);(Br)i)  re((A)u(B)i) |7 [Im((Cr)y (D)) —re((Cr)i( D))’

when £ = r. Notice that the only differences between the two cases are the signs
in the matrix on the right; this is due to the conjugation appearing in the last
equation. The systems obtained for S;; are defined similarly.

We will show, in Section [2] that the components v;;; can be computed
recursively so that, for each (7,7), the computation of F;; requires only O(nr)
flops.

Moreover, we will show, in Section [T.3] that the system M;;X;; = &, — F;;,
once the right-hand side term has been computed, can be solved in linear time,
that is in O(r) flops, thanks to the special structure of the matrix M;;.

With all the above tools we can formulate Algorithm [Ilto compute the solu-
tion of a periodic system of r generalized Sylvester equations whose coefficients
are in upper and lower triangular form as in Section [(.Jl Besides the compu-
tation of the solution X, the routine also computes the matrices X, B; and
XD, here denoted X ,f and X ,? , respectively, which are needed for an efficient
computation of the right-hand side &;; — F; of the linear system.

Section [.2]is devoted to describe the routine COMPUTEF, that computes the
term F;; in the right-hand side of the systems S, ;, while Section[Z.3] describes the
solution of the system, that is the routine SOLVEINTERMEDIATESYSTEM. An al-
gorithmic description of the former is given in Algorithm 2] while the latter pro-
cedure is outlined in algorithmic form in the proof of LemmaP8 A FORTRAN
implementation of the code is available at https://github.com/numpi/starsylv/.
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Algorithm 1 Solution of a periodic system of generalized x-Sylvester equations

1: procedure GENERALIZEDSTARSYLVESTERSYSTEM(Ay, By, C, Dy, E})

2 for k=1,...,r do

3 X < 0,4n > we store the solution here
4 X,f — 0,xn > storage for X,f
5: X,? — 0 xn > storage for X,?
6 end for

7 for (i,7) € {1,2,...,n}? with i < j, decreasingly ordered by <5 do

8 Fij <—COMPUTEF(Xk,X,f,X,?,Ak,Bk,Ck,Dk,i,j)

9: T < SOLVEINTERMEDIATESYSTEM(M,;, &;; — F;)

10: for k=1,...,r do

11: [Xk]l] — Ty

12: [XkB]ij — (ezTXk)(Bkej)

13: [X,?]Z-j — (el-TXkH)(Dkej) > with the convention X, ; = X7
14: end for

15: end for

16: return X,

17: end procedure

7.2 Computing the term F;;

The computation of the term F;;, if evaluated directly using Equation (B0),
requires O(n2r) multiplications and additions. However, by reusing some in-
termediate quantities computed in the previous steps, the computation can be
carried out in O(nr) flops.

Assume that F . have been computed for (i',5") with i > 4 and j' > j
and (7', 5') # (i,j), and for (5',4") with j° > j and i > i and (5',4") # (j,1),
according to an echelon-shaped ordering. To evaluate F,;, we rearrange the first
term in the definition of v;;;, (and similarly for v;;;,) as follows:

> (A u(X)aBr)y = > (Au(XR)u By + Y (Ais(Xn)s(Br)ey-
§>i,t>4 t>j §>0,6>4
(s,t)#(4,7)

The first summand in the right-hand side of the above equation can be computed
in O(n) flops for a given k, so we only need to deal with the efficient evaluation
of the latter summand. We can re-arrange it as follows:

Z (Ak)is(Xk)st(Bk)tj = Z(Ak)ls Z(Xk)st(Bk)tj = Z(Ak)is(le)sju

s>i,t>7 s>1 t>jg s>1

:5(X1?)sj

and this can be computed in O(n) flops if (X,f)sj, for s > i, is known. The idea

is to compute and store (X,?) after the computation of (X});;, for every i

YE

29



and j, and use it in the following steps. Notice that the computation of (X ,? )ij
requires only O(n) operations since (X )i; is the element in position (7,7) of
the product X, By, and can be computed immediately after (X});;; in fact it
depends only on entries of X, that are known, thanks to the triangular structure
of Bk'

As described in Algorithm [ (X ,f )s; has been precomputed in the previous
steps, after the computation of (X} ),;. Thus, we can evaluate the first addend
of v, by computing a summation of O(n) elements, so by means of O(n) flops.

Using as above the notation X, := X7, a similar formula holds for the
second term, which can be written as

Z (Cr)is(Xig1)se(Dy)ej = Z(Ok)ii(Xk—i-l)it(Dk)tj

s>i,t>5 t>j

(s,t)#(1,9)
+ Z(Ck)is Z(Xk-i-l)st(Dk)tja

s> t>g

=Xy

and can be computed in O(n) by storing the computed (X,?)Sj

at every step,
as we have done with (X}’ )si-

An algorithmic description of the above process, which can be plugged in
directly in Algorithm[l is given in Algorithm[2] and clearly requires O(nr) arith-
metic operations. Notice that in the pseudocode of Algorithm [2]all scalar prod-
ucts are computed on the complete rows and columns of the matrices X1, ..., X,.
This is done just for notational convenience but the formulation of Algorithm
is equivalent to formula (B0), thanks to the initialization to zero of X, X f ,
and X kD , for Kk =1,...,7r. Nevertheless, in the implementation it is convenient

to skip all the entries that are known to be zero.
Remark 27. In Algorithm [l we have shown that it is possible to compute (X f )ij

and (X )i; after the solution of the linear system. In fact, a careful look at the
algorithm shows that the scalar products

[le]ij — (eiTXk)(Bkej)v [Xl?]ij — (eerkJrl)(Dkej)

can be avoided. All non-zero elements in the above summations, except the
ones corresponding to the diagonal entries of X, and B, or D, are already
computed and summed up in COMPUTEF. Thus, the entries in position (i, j) of
X,? and X;? can be computed with an O(1) update of these partial sums. This
does not change the asymptotic cost, but slightly improves the timing and it has
been exploited in the implementation. However, we decided to avoid describing
it in detail in the pseudocode for the sake of simplicity.

7.3 Solving the small linear systems

We describe how to efficiently solve the linear system (29]) involving the matrix
M;;. The two cases i = j and i # j are different in the dimension of the matrix,
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Algorithm 2 Subroutines used to compute the entries of F;;, which is part of

the right-hand side of the linear system.

E

1: procedure COMPUTEF(Xk,X;f,X,?,Ak,Bk,Ck,Dk,i,j)

2 if i = j then

3 F « COMPUTEW(Xk,Xf,X,?,Ak,Bk,Ck,Dk,i,j)

4 else

5: F(1:r) « CoMPUTEW (X, X7, X, Ay, By, Cx, Dy, i, 5)

6 F(r+1:2r) « CoMPUTEW (X, X7, X, Ay, By, Cy, Dy, 5, 0)
7 end if

8 return F

9: end procedure

10: procedure COMPUTEW(X,C,X;?,X;CD,A,C,B;C,Ck,Dk,i,j)

11: F+0,

12: for k=1,...,r do

13: fi = (Aiile] Xi)(Brey) + (] A)(Xie;)

14: 2 (Cr)iile] Xpop1)(Dyey) + (e CL)(XPe;) v With X, = X
15: E,+— fi+ fs

16: end for

17: return F

18: end procedure

but they share the same structure, so we can handle them at the same time.
More precisely, we have the following result for the x = T case.

Lemma 28. Let M be an ¢ x ¢ matriz such that the elements in position (i,7)
are allowed to be nonzero only if 0 < j—1i <1 orif (i,5) = (¢,1). Then M
admits a QR factorization M = QR where R is upper bidiagonal except in the
last column, and Q is a product of £ — 1 plane rotations.

Proof. The proof is constructive and by induction. The case £ =1 is trivial, so
let us assume that we have an (€+1) x (+1) matrix M, so that we can compute
a rotation G acting on the first and last row that annihilates the elements in
position (¢4 1,1). More precisely

xoox a1|b1 Ty

X X

where M has the same shape as M, but is of size £ x{. Therefore, we can factorize
M = QR, with Q being the product of £ — 1 rotations. Setting Q := G~ [(IJ g]
and

a | by Ly
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concludes the proof. O

The above proof shows that the matrices @ and R can be computed in
O(¥), and then the linear system Mz = QRx = y can be solved in O(¢) by the
application of O(¢) rotations to y (each of these operations can be done in O(1))
and by a back substitution, that, thanks to the sparsity of R, can be computed
in O(¢) as well.

In our case the matrix of the linear system has ¢ € {r,2r}, so we can solve
each intermediate linear system in O(r).

The case x = * is not much different, since the matrices M;; of the linear
system are block bidiagonal (except for the block at the end of the first column),
with 2x 2 blocks. In fact, the matrices M;; can be brought into upper triangular
form using about 5r rotations, and the upper triangular form enjoys a block
bidiagonal form that allows us to solve the linear system in O(r).

Lemma can be easily converted into a routine and provides a possible
implementation for SOLVEINTERMEDIATESYSTEM in Algorithm [l An imple-
mentation for this routine can be found in the code used for the tests, available
at https://github.com/numpi/starsylv/.

7.4 Computational cost and storage

We evaluate the total computational cost of the algorithm (in terms of floating-
point operations) by taking into account the cost of all single steps.

Step [ requires only some bookkeeping and possibly swapping and transpos-
ing matrices in memory, but no floating point operations. This step produces
several periodic systems; let r{,7s,...,r,, be their sizes, with r{ +---+1r,, <.
We prove that each of these systems is solved using O(n3ri) flops.

Step 2 (for the ith periodic system of size r;) requires computing a periodic
Schur form, which costs O(n’r;) with the algorithm of [3]. Once the periodic
Schur form has been computed, the changes of variables amount to O(r;) prod-
ucts between n X n matrices.

In Step [ the method described in Section allows one to compute each
of the @ terms F;; in O(nr;) time, and Section [Z.3] shows how to solve in

(n

O(r;) time the linear systems required in each of the "TH) back substitution

steps. The total amount of flops required by this step is, thus, O(n3rz-).

Step Ml requires applying formula () (which costs O(n®) to compute) once
for each remaining variable, that is, at most r — 1 times.

Combining all the above steps we obtain an algorithm with a total cost of
O(ngr) flops. Moreover, the only storage required during the operation is the one
of O(r) matrices of size n x n, so the storage required is O(n’r), which is optimal
(given that the same amount of storage is required to store the solutions).

Remark 29. If the anti-diagonal ordering <4 is used, then the entries on each
anti-diagonal (i + j = constant) can be computed independently in a parallel
fashion, since they do not depend on each other. See Figure Bl for an example.
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Figure 3: Ordering in which the elements need to be computed following the < 4 ordering.
The entries marked with the same number can be computed in parallel.

This suggests that, in principle, the algorithm could perform faster in a parallel
implementation using this particular ordering.

Remark 30. Step [l requires some discrete computations on the indices to iden-
tify the periodic systems and eliminate variables and equations; we have ignored
them here since they involve no floating-point operations, but it can be shown
that they can be performed in O(r) operations with the help of a graph traversal
algorithm.

7.5 Backward error analysis

Here we provide a backward error analysis of the algorithm described in the
previous sections. We use the standard floating point number model with unit
roundoff u and, for an expression ¢, we denote by fl(¢) the computed value of ¢
using floating point operations. We will use the notation

_ cku
"1 —cku’

Vi *

where ¢ denotes a small constant, whose exact value is not relevant (see [16] p.
68]).

We assume, moreover, that all the linear systems Ax = b that are encoun-
tered are solved using a backward stable method. More precisely, we say that an
algorithm to solve a linear system Az = b, with A € C™*™, has backward error
€ 4 if the computed solution = = fl(Ailb) is the exact solution of a perturbed
system (A 4 0A)x = b, with ||0A]|,/||All; < 4. Note that only the coefficient
matrix is perturbed (see [16, Th. 19.5] and the following discussion for an ex-
planation). In the case of solving the system with the QR factorization using s
Givens rotations, as we do in Section with s = O(r), this quantity can be
taken as

€A="

(see p. 368 and Theorem 19.10 in [I6]). The factor m comes from the fact that
the bound in [I6] is only given column-wise and

IColAlly < 1Al < VAl = vin max |[ColiAl, <m max [[ColAlL
(31)
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for all j = 1,...,m, where Col; A is the jth column of A (see, for instance, [16]
Tables 6.1 and 6.2] for the last two inequalities).

We obtain a backward error result formulating the problem as a vectorized
linear system. For simplicity, we will focus on periodic systems with upper and
lower triangular coefficients in Theorem[31l The general case will be commented
right after the proof.

Theorem 31. Consider a system of equations of the form {), with A, Cy,, B,I, D,I
bemg upper triangular, and let MX = & be its vectorized form, where M €

(Crn xrn® Zf*—T 07’M€R2Tﬂ x2rn’® Zf*_*
When implemented in standard floating-point arithmetic, the algorithm de-
scribed in Sections [[IHL.3 produces a result X satisfying

(M +6M)X = & + 6€, (32)
with [[6M|y/I|M|ly < vy + 7,2 (L4 79), 16E1L/IE]2 < 7,2

Remark 32. The reader may wonder if a stronger form of structured backward
stability holds: the algorithm should produce matrices that satisfy

(Ap+0AL) X3 (By+0By,)— (C,+0C,) XL (D +0Dy) = By +06E, k=1,...,m,

with [0Sk |5/ Skl being small, for S = A, B,C, D, E. Unfortunately, algo-
rithms of this family fail to be structurally backward stable even in the simplest
case of a single Sylvester equation AX — XD = E, as shown in [I5], §16.2] (see
also the discussion in [5] for the case s = 1).

Note that Theorem [31]is nevertheless sufficient to show that the residual of
cach equation Ry, = || A X3% By, — C, X Dy — Ey ||, for k =1,2,...,r, is small.

Indeed, [|MX — €|, = \/Sr_, R, satisfies

IME gl _ X<|6M|2 ||6s||2)
1M1, + gl ~ N T T,

by [16, Thm 7.1].

In order to prove Theorem BI] we need the following technical results.
Lemma 33. Let N € C™*"™ and z,y € C™, with x,y # 0, be such that
JAN],

y=(N+AN)z, (33)
V1l
for some € > 0. Let 5y € C™ be such that
5
H yHQ S K, (34)
Iyl

for some k > 0. Then
y+dy=(N+0N)z,
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for some 6N € C™*™ with

16Nl
<e+k(l+e).
[P
Proof. From ([B3) and (34]) we get
16ylly < wllylly < & (IN]ly + [[AN]],) lz]l, < &1+ )Nl (35)

Now, setting N := (]| 2 (6y)z*, we have Nz = 6y and HNH2 = |16ylly/ =],
50 [[0ylly = [IV]la[l]ly- Then, by (B3,

INl[y < (1 + )N (36)
Finally, taking 6N := AN + N, and using [Bdl), we arrive at

H6N||2 < ||AN||2 + ||N||2 <(e+r(l+ 5))”NH2

O
Lemma 34. Consider a square linear system of the form
S
Fr=0b-— Z Nkck,
k=1
where F, N, € C™*™, and b,c;, € C™ are given, for k =1,...,s, and = is the

unknown.

Forming the sum in the right-hand side, in floating point arithmetic, and then
solving the linear system using an algorithm with backward error e, produces
a computed solution T which is the exact solution of a perturbed system

S

(F+0F)Z=b+0b— Y (Ny,+Ny)ey,
k=1

with

loFlly ., loblly [Nl
£l 161l [Vl

<My, + s (1 +my,,).

Proof. Let d = fl(Nyey,), f=fl(b—35_, dy). By hypothesis, (F + 6F)F = f,
with ||0F||,/||F|ly < ep. The usual backward error analysis of summation can be

used to show that f = b+5b—ZZ:1(Jk +6dy,), with [(6b)]/10:1, 1 (5 )sl /] (di)s] <
vs, for ¢ = 1,...,m (see [16, Section 4]). Now, by standard backward error
analysis of matrix-vector multiplication, we know that

de = (Nj, + ANy)cy,,
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with [|Col; (ANg) |5 /[|Col; (Ny)lly < Vi, for j = 1,...,m (see [16, Section 3.5]).
Using (@), this implies ||ANg |5/ Nklly < mp,. Now we can apply Lemma

B3, with y = d,, 5y = ddy, © = ¢, N = Ny and AN = AN}, to conclude that
dj, + 6dj, = (Ny + 5Ny, )ck,
with 5N,/ [ Nielly < 3 +74(1 & m7,0), a5 wanted. O

Proof of Theorem [BIl. We note that each step of the block back substitution
corresponds to solving a linear system of the form (29)). More precisely, this
system is
MyX;=&;— . NPx,,
(s,t)€U;;

where Uy; = {(i', ") : max{i, j'} > max{i,j} and min{s’,5'} > min{i, j}} and

the matrices N S(ZJ ) are given by writing B0) in matrix form. By Lemma [34]

there are some matrices 0M,; and 6N, S(? ) such that

(Myy + M) Xy = &+ 065 — Y. (NG + NG,
(s,t) €U, ;

where /'Ej are the computed solutions at the (i, j) step and /'Fst, for s > i,t > 7,
with (s,t) # (4,4), are the ones computed in the previous steps, and

16l _

16Mysly _ 15N,
sl =

(| M1, dT NG,

<1y 7,2 (14 1y),

If the  x r (or (2r) x (2r)) linear system is solved through the QR factorization
of M;;, then £y, < r7,, as mentioned before (see [16, Th. 19.10]).

This gives a backward error for each block-row of the matrix M and of the
right-hand side £ in Theorem BIl Since these rows are never reused between

equations, this defines a perturbation of M and & which ensures ([B2). O

We note that Theorem [3] corresponds to Step [ in the procedure described
at the beginning of Section [0 for solving a general system (B). The remaining
steps can be carried out also in a backward stable way, as we are going to
explain.

Step [ involves no computations, just relabeling of the equations, transposi-
tions and conjugations (which are exact in floating point arithmetic).

Step 2 is backward stable since the periodic QZ algorithm relies on unitary
transformations and the following change of variables is unitary.

In Step [ the vectorization of ([Il) produces the linear system

(Br ® Ag) vee(X3k) = vec(Ey) + (D ® Cy) vee(X 4,

which is again in the form treated in Lemma [34] so we only have to ensure that
the method used to solve this linear system of the form (B, ® Ay)vec(X) =
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vec(F') is backward stable. To solve this system, we first compute Y = fl(A, ' F)
column by column, each time solving a linear system with A, and then similarly
X =fl(YB;'), solving a linear system for each of its rows.

We assume that the linear systems with A; are solved with a backward
stable method, i.e.,

~ 0;A
(Ay +6;4;)Col;(Y) = Col,;(F), M < e,
1Al
note that there is a different perturbation d;A;, for each j); hence we have
J

[10A[l
S €4,
Al *

(A + 6A) vec(Y) = vec(F),
where A = I, ® A, and JA = diag(6, Ay, ...,0,4;).
An analogous argument shows that

(B + 6B) vec(X) = vec(Y), ””(E:b <eg,,
2

where B = B,;r ® I,,. Combining these two relations we have

vec(F) = (A 4+ 0A)(B + dB) vec(X) = (AB + §(AB)) vec(X),

with §(AB) = JA-B+ A - 5B+ JA - 6B. Since ||AB|, = ||Al,||B]|, for our choice
of A and B (thanks to the properties of the Kronecker product [I7), p. 253]), we
have the bound

I5(AB)[l, _ [I0A-B +A-0B +0A-5B|l, _ [[0Al5[Blly + 1Al 0Bl + [|5Al[19B],

IAB, Al ][Bll, - 1Al [[Bll

<€y, T, t€4,.6B,-

As a consequence of these arguments, the procedure described at the be-
ginning of Section [7 produces a backward stable algorithm for solving general
systems of the form (3.

7.6 Numerical experiments

We have implemented the proposed algorithm for the solution in the case x = T.
The case x = % can be obtained with minimal changes (from the algorith-
mic point of view), so we decided to avoid running the same experiments con-
cerning stability and performance. We have run the tests on a server with a
Xeon X5680 CPU and 24 GB of memory. Our implementation is available at
https://github.com/numpi/starsylv/.

We have computed the CPU time required by our implementation as a func-
tion of the size of the matrices n and of the number of equations in the reduced
system r, and we have compared it with the behavior predicted by our analysis.
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Figure 4: CPU time required by the algorithm described in Section for the x = T case,
as a function of n. The timings reported are for a system with 3 equations, already in the
required triangular form. The problems tested have sizes ranging from n = 32 to n = 8192.
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Figure 5: CPU time required by the algorithm described in Section for the x = T case,
as a function of r. The timings reported are for a system with r equations and coefficient
matrices of size 16 X 16, already in the required triangular form. The problems tested have
sizes ranging from r = 32 to r = 16384.
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We have considered only systems with triangular factors. The general case re-
quires the reduction step to triangular factors, through the periodic Schur form
as described in Section B that has been already implemented in [2].

The results are reported in Figure @] for the CPU time required for the
solution of a system of three equations with coefficients of variable size n, and
in Figure [ for a system of r equations of size 16. Both plots confirm the cubic
and linear dependence of the CPU time on the parameters n and r, respectively,
that we expect. The dashed lines in the two plots are obtained plotting the
functions knn3 and k,r for two appropriate constants k,, and k,..

Beside timings, we have also tested the accuracy of the implementation.
For each value of n and r we have generated several systems of T-Sylvester
equations (in the required triangular form), and we have computed the residuals
Rk = HAkaBk_Cka+1Dk_EkHF for k = 1, ceey ’I”—l7 and RT = ||ATXTBT—
C.X, D, —E,| - Then, the 2-norm of the residual of the linear system can be

evaluated as R := \/R] + --- + R2. In Figure [f and Figure [l we have plotted
an upper bound of the relative residuals R/||M||,, obtained using the relation
nyr||M|ly > || M|, where M is the matrix of the “large” linear system, for
different values of n and r (recall that M has size n’r). Each value has been
averaged over 100 runs. The Frobenius norm of M is easily computable recalling
that, if two matrices M; and M, do not have non-zero entries in corresponding
positions, then ||M; + MQH% = HM1||§7 + HMQH%, and the relation |A® B|p =
1Al £ 1B1l-

In these tests, the coefficients matrices Ay, By, C},, D}, have been chosen with
random entries with normal distribution, and with the correct triangular struc-
ture. We have then shifted A;, and B, with \/nI to avoid finding solutions with
very large norms.

From the tests performed so far, the algorithm behaves in a backward stable
manner, as predicted by our analysis. In fact, one can spot that the error
growth with respect to n and r is even less than the upper bound proved in this
section. The error seems to grow slightly less than /n, and to be independent of
r. This behavior is often encountered in dense linear algebra algorithms, since
on average the errors do not accumulate in the same direction (see e.g. [10]
Section 4.5]).

8 Conclusions and future work

We have provided necessary and sufficient conditions for the nonsingularity of r
coupled generalized Sylvester and x-Sylvester equations (), with square coeffi-
cients of the same size n x n. We have shown that the problem can be reduced
to periodic systems having at most one generalized x-Sylvester equation. A
characterization for the nonsingularity of periodic systems of just generalized
Sylvester equations was obtained in an unpublished work by Byers and Rhee [5].
That characterization was given in terms of spectral properties of matrix pen-
cils constructed from the coeflicient matrices of the system. We have provided
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Figure 6: Average residuals of 100 systems of T-Sylvester equations solved via the algorithm
described in Section [l The systems considered have 3 equations with a variable coefficient
size n.
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Figure 7: Average residuals of 100 systems of T-Sylvester equations solved via the algo-
rithm described in Section [fl The systems considered have coefficients with size 8 x 8, and r
equations.
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an analogous characterization for the nonsingularity of periodic systems with
exactly one generalized x-Sylvester equation. We have also provided a charac-
terization for both types of periodic systems (namely, the one with exactly one
generalized *-Sylvester equation and the one with only generalized Sylvester
equations) in terms of spectral properties of formal products constructed from
the coefficient matrices of the system. We have also presented an O(n’r) al-
gorithm for computing the unique solution of a nonsingular system, which has
been shown to be backward stable.

A future research line that naturally arises from this work is to get a charac-
terization of nonsingularity in the more general setting of rectangular coefficient
matrices.
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