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Preface

The use of randomization in design and analysis of algorithms as well as in computational complexity
has been very popular in the last few years. Randomized algorithms have been used in a number of
different fields in theoretical computer science and applied mathematics. The adoption of randomization
for algorithm design has produced a lot of very interesting results nowadays, especially for discrete
problems. However, randomized algorithms were originally proposed to solve continuous problems.
That was during the Manhattan project in 1949 where Metropolis and Ulam coined the name of Monte
Carlo method and presented a randomized algorithm for multivariate integration.

This thesis deals with the study of randomized algorithms for estimating eigenvalues and eigenvec-
tors. This is a new field of application of randomized methods. In particular, we consider the problem
of estimating the largest eigenvalue and a corresponding eigenvector of a symmetric matrix. For this
specific problem, iterative methods are generally preferred to methods based on matrix factorization.

The goal of this thesis is to study if the use of randomized techniques helps for the problem of
estimating an eigenpair. We tackle this problem following the two different approaches.

The first consists of studying randomized algorithms whose cost is less than that of an efficient
deterministic method. We propose an algorithm that computes an approximation of the largest eigen-
value, and whose parallel cost is lower than that of the best available deterministic implementation of
the power method.

The second is the error analysis of very well known methods such as the power and Lanczos methods,
when the starting vector is chosen randomly. The interest for this problem arises since the above
mentioned methods are not convergent to the quantities we want to estimate in the worst deterministic
case. In practical cases, the choice of the initial vector is done at random, and by analyzing the
randomized error, we can determine the actual speed of convergence. Together with the study of the
randomized error for a complete class of error parameters, we study the possibility of bounding the
randomized error by a quantity that approaches zero as the number of iterations increases, and that
does not depend on the matrix. This is a very attractive question: indeed, if we are able to bound
the error by a value that does not depend on the matrix, we can give an a priori estimate of the
number of steps that guarantees the error to be lower than a given threshold. Clearly, this is not
possible in the deterministic case, since there are matrices for which these methods, for a fixed starting
vector, do not converge to the largest eigenvalue and to a corresponding eigenvector. In the randomized
setting, we prove that the problem of estimating an eigenvector is more difficult than that of estimating
an eigenvalue. In fact, while for the eigenvalue case it is possible to give bounds independent of the
distribution of the eigenvalues, for the eigenvector this is not the case. This means that randomization
helps for eigenvalue estimate but not for eigenvector.

This thesis is organized as follows. Chapter 1 contains a general introduction to the subject as well
as the definition of the randomized error in the sense of £, p € [1, +00].

In Chapter 2 we present results about the estimate of the largest eigenvalue and of a corresponding



eigenvector by the power method with a random start. In particular, we give distribution-free bounds
for eigenvalue approximation and we show that, on the contrary, for eigenvector estimate we cannot get
bounds independent of the eigenvalues of the matrix. In fact, there are matrices for which the method
does not converge to the desired eigenvector, for a random starting vector. We achieve also upper and
lower bounds that do depend on the spectrum of the matrix to which we apply the method. These
bounds are asymptotically optimal, as it can be proven by analyzing the asymptotic randomized error.
Moreover, we show that the speed of convergence depends on the particular error parameter and on the
multiplicity of the largest eigenvalue.

Chapter 3 presents similar results for Lanczos method and for other polynomial methods. We prove
a general negative results that holds for any polynomial method for eigenvector estimate. More precisely,
we show that, for any polynomial method, there exists a symmetric positive definite matrix for which
the method fails in estimating an eigenvector belonging to the largest eigenvalue when less than n steps
are performed. This should be contrasted with eigenvalue estimate. For this problem we can indeed
give bounds that do not depend on the eigenvalues of the matrix, and that approaches zero when the
number of iteration increases. For Lanczos method we also give upper bounds on the error that depend
on the distribution of the eigenvalues.

Both power and Lanczos methods have been tested on several matrices with different eigenvalue
distributions. The results of these numerical tests are reported in the last section of each chapter.

In Chapter 4 we propose a fully randomized algorithm. The parallel cost of this algorithm is lower
than the cost of the best deterministic implementation of the power method on a CREW-PRAM. The
crucial part of our analysis is the study of the probabilistic error.

Chapter 5 contains the conclusions and some final remarks.



Chapter 1

Introduction

In this thesis we consider the problem of estimating the largest eigenvalue and a corresponding eigenvec-
tor of a symmetric matrix. There are many algorithms for approximating eigenvalues of n x n symmetric
matrices. For a complete list of methods see for example [Par80] [Saa92] [Wil65]. Algorithms based
on factorizations of A cost @(n3) operations, and are not convenient when we want to estimate only
an eigenpair since they compute unnecessarily the complete spectrum of the matrix. Moreover, these
algorithms do not take advantage of the possible sparsity of the matrix. Methods based on Krylov in-
formation are more convenient for our purposes since matrix-vector products can be performed cheaply,
and we can exploit the structure of the matrix.

Krylov information can be viewed as a n X k matrix, whose columns are the matrix-vector multi-
plications of the first £k — 1 powers of the matrix A times a unit vector b. Among algorithms that use
Krylov information we find the well known power method and the far superior Lanczos method. These
methods are iterative and they need a starting vector. It is well known that both these methods fails to
converge to the largest eigenvalue and to a corresponding eigenvector if the starting vector is orthogonal
to the eigenspace of the largest eigenvalue A\;. As we will see in Section 1.2 this negative result can be
easily extended to all Krylov methods (see Section 1.1 for the definition) as long as the starting vector b
is chosen deterministically and independently on the matrix A. Moreover, also if Krylov information is
replaced by any other k£ matrix-vector multiplications, the problem is still unsolvable in the deterministic
setting as long as the number of iterations k is less then n (see Section 1.2).

This motivates the choice of a random starting vector b and the study of the “randomized error”.
This means to analyze the behavior of these methods when the initial vector is distributed according
to a probability measure p. This approach has been taken in [KW92a], [KW94], [dCM96] for the
approximation to the largest eigenvalue and in [dC096], [LW96] and [dCM96] for the approximation to
a normalized eigenvector.

It is well known that when the starting vector is chosen deterministically, the speed of convergence
of the power and Lanczos methods, depends dramatically on the ratio between the first two largest
eigenvalues. Kuczyriski and WoZniakowski [KW92a| analyzed the randomized error for estimating the

largest eigenvalue and they gave bounds on the randomized error that do not depend on the distribution



of the eigenvalues. Distribution-free bounds can be used to determine the number of steps that, for
every matrix, guarantees the randomized error to be lower than a positive threshold . In this thesis
we refined and generalized distribution-free as well as distribution dependent randomized error bounds
proposed in the literature.

For the approximation of an eigenvector it is possible to prove that it is not possible to give bound of
the error that do not depend on the eigenvalues. We first prove this for the power method (Chapter 2)
and than for a generic polynomial method (Chapter 3).

In the last chapter of this thesis we propose a parallel randomized version of the power method for
eigenvalue estimate. The approach is different from that adopted in the other chapters. In fact, while
in Chapter 2 and 3 the use of randomization is limited at the first step of the algorithms, in Chapter 4
we develop a fully randomized algorithm, in the sense that randomization is used during the algorithm
execution to make non-deterministic choices.

The thesis is organized as follows. This chapter is devoted to introduce the problem and the termi-
nology. Chapter 2 presents results about the randomized error of power method with a random start. In
Chapter 3, we bound the randomized error for eigenvalue and eigenvector estimate by Lanczos method.
Chapter 4 contains a randomized parallel algorithm for estimating the largest eigenvalue of a matrix.
This algorithm is based on the power method and its parallel cost as well as the probabilistic error are

analyzed. Chapter 5 contains some conclusions.

1.1 Definitions and Notation

Let A be an n x n symmetric matrix. Without loss of generality we assume that A is positive definite.
Indeed, if 3 is a constant, such that § > || A|, then the matrix A + I is positive definite and its
eigenvalues are in a one-to-one correspondence with those of A. Here one can choose an arbitrary norm,
but it is convenient to use ||+ ||1 or || - ||oc to have an easy upper bound of || A||. In this thesis || - || denotes
the Euclidean norm unless otherwise specified.

Let Ay > Ao > ... > A, > 0 denote the eigenvalues of A and let z1, 2o, ..., 2z, be the corresponding
orthonormal eigenvectors.

Assume r, r < n, is the multiplicity of the largest eigenvalue A1 and Z; the eigenspace corresponding
to Ay, i.e.

Z, =span{z: Az = \z}.

We consider the problem of approximating A; and a vector in Zj;. This problem is often solved
using iterative methods. As already pointed out, when we want to compute only few eigenvalues and
eigenvectors, iterative methods are preferable to QR or QL algorithms for their lower computational
cost. Without loss of generality (see Section 1.2) we restrict ourselves to algorithms that use Krylov

information, that is, the set Ni(A,b) given by

Ni(A,b) = {b, Ab, ..., A*" b},



where b is a vector with unit norm. We define the Krylov subspace as
Ky = span {b, Ab, ..., Ak’lb} :

and we call Krylov subspace methods or simply Krylov methods, those methods that extract approxi-
mation from the Krylov subspace.

A polynomial algorithm [LW96] is an algorithm that produces at the k-th step a vector u; =
u(A, b, k) such that ug belongs to Ky and ||ug|| = 1. Hence, uy can be written as

u; = cob + c1Ab + - + ¢ Ao = P(A)b,

where P is a polynomial of degree at most k — 1 such that ||ug|| = 1. Within this class the most widely
used algorithms are the power method and the Lanczos method.

We use the following notation. For any polynomial method M, &M = ¢M(A) and up! = u'(A)
denote the approximation to A\; and z € Z; returned by the method M after k steps.

We can define the power method as

Xp = Axp_1,
b AuPOW
ukOW J— P
| Aoy’ (1.1)
T
fPow B Xp,_ 1 AXp_1
k - T )
Xpp—1Xk-1
where uf®" = x = b is the initial vector.
For the Lanczos method we have
T
Lan x'Ax
and uLan is the unit norm vector such that

Lan Lan__ Lan
RpAug™ = & ™,

where Ry, is the orthogonal projector onto Ky (for more details see [LW96]). Although this definition
cannot be used in practice, there exists a very efficient formulation of the method that makes Lanczos
method one of the most widely used method for the computation of extremal eigenvalues (see for
example [Saa92] [Wil65] [BCMSS]).

The value S,I;an can be seen as the “best” approximation to A; we can obtain using vectors in . A
similar property does not hold for I,;an For this reason we introduce the best polynomial method B for
eigenvector estimate. At step k this algorithm returns the vector uf, with |[uf|| = 1, such that

f —v||= inf inf 1.3
g vl =t g =l (13)

llull=



Although the computation of uf is not feasible, the method B has a significant theoretical interest
since important properties of Lanczos method can be derived from the study of the method B (see for
example [CL75], [Saa80]).

It can be shown that all polynomial methods fail to converge to A; and to a corresponding eigenvector
when the starting vector b is orthogonal to the eigenspace Z;. In fact, in that case, the starting vector
b has all zero component in the direction of the eigenspace Z;, and we cannot recover information
about A\; and a corresponding eigenvector from Ni(A,b). Moreover, the analysis of the deterministic
speed of convergence (assuming b / Z;) shows that the convergence depends on the distribution of the
eigenvalues (see [Par80], [Saa80], [Saa92], [Wil65]).

In [dCo096], [ACM96], [KW92a] and [LWI6] is analyzed the behavior of these methods assuming the
starting vector b to be randomly chosen with uniform distribution p on the n-dimensional sphere of
radius one, u({b € IR™ : ||b|]| =1}) = 1. The convenience of this measure, as it has been underlined
in [KW92a], is due to the facts that the values & and u! are independent of the norm of the
starting vector b and are invariant for multiplication by orthogonal matrices. Hence, it is wise to use
a distribution that is concentrated on the unit sphere of IR™ and that is orthogonal invariant as the
measure fi.

In this thesis we analyze the randomized error in the L, sense, defined as follows. Let 1 < p < +o0,
and let S, = {b € R" : ||b|| = 1}. The randomized error in the £, case for the approximation to an
eigenvector is defined as

1/p
e (i, Ap) = ([ ng ') = viP ua) (1.4)

that is the £, norm of the minimum distance between the vector uﬁ/‘(b) and the eigenspace Zj. The

randomized error in the sense of £, for the approximation to the largest eigenvalue \; is

= (6, Ap) = (/

i.e. the £, norm of the relative error of the method M for the approximation to Aj.

A — &)

P 1/p
N u(db)> , (1.5)

The study of the randomized error for all possible p emphasizes the importance of the choice of the
error parameter for the convergence of the method. In fact, it turns out that the value of the parameter
p and, in particular, its relation with the multiplicity r of the largest eigenvalue \;, determines the
speed of convergence of the randomized algorithms.

In the thesis we report also some numerical tests in order to evaluate the sharpness of the bounds
provided. Of course, we had to simulate the randomized behavior of the power and Lanczos methods
with vectors uniformly distributed over the unit sphere of IR™. Such vectors can be generated in

accordance with a method first proposed in [Bro56]. It can be described as follows.
1. For every component generate uniformly and independently two random numbers Uy, Us in [0, 1].

2. For every component compute Y = /—21In(U;) * cos(2nUs). Then Y is normally distributed over
(0,1).



3. Let Y1, Y5, ...Y, benindependent number normally distributed over (0, 1) generated in accordance
with previous steps. Then the vector X = (Y1/||Y|, Y2/||Yl|,- .., Yn/||Y|]) is uniformly distributed

over the unit sphere S,,.

In the rest of the thesis we make use of the following notation. ¢, denotes the Lebesgue measure of
the unit ball over IR™, that is
/2
Cm = T2+ 1)’ (1.6)
see [8.310, 1] of [GR94] for the definition of the gamma function I' (x). We will also use the following
relation between the beta and gamma functions
. Uoois - INCINGE]
B(z,j):2/0 $271(1 - 2)] 1dt:w. (1.7)
We will denote by F'(a, b; c; x) the hypergeometric function, see [9.10] of [GR94] for the definition and the
properties of this function. Ty (x) is the k-th Chebyshev polynomial of first kind, that can be recursively
defined as follows:

T (t) = 2tTh—1(t) — T—2(1), (1.8)

where T5(t) =t and T3 (t) = 1. Chebyshev polynomials are very powerful because of this theorem.

Theorem 1.1.1 (Minimax Theorem) Let [, 5] be a non-empty interval in IR, and let v be a real

number such that v > 3. We have

. 1
min max |P(t)] = .
PPy, P(v)=1te[a,f] ‘Tk (1 + 22,:75)‘

O

Let B, denote the unit ball of IR™ and let f : B, — IR be a measurable function such that

f(b) = f(ab) for every a > 0, that is f does not depend on the norm of b. Moreover assume f does

not depend on the signs of b, that is f(s1b1, s2ba, ..., $pbn) = f(b1,ba, ..., by), for s; € {—1,1}. For any
of such functions we have

[ soyutany == [ swya. (1.9)
Sn Cn JBy,

Equality (1.9) is often used in the rest of the thesis.

1.2 Some Remarks about Krylov Methods

In this section we present some interesting considerations about algorithms based on Krylov information.
These results are due to Kuczyniski and Wozniakowski in [KW92a).

We already pointed out that, for methods as the power or Lanczos methods, the choice of the initial
vector b is very crucial since if b is orthogonal to the eigenspace Z; these methods are not convergence
to the quantities we would like to estimate. It is natural to ask if there exists an algorithm M based
on Krylov information for which for all symmetric positive matrices and for some € € [0,1) we have

G — N\

<e.
A1




Unfortunately this is not the case . In order to prove this let us denote by d = d(A, b, k) the dimension
of the space K. Of course 1 < d < min{k,n}. Assume first d < n—1. In this case, we claim that there
exists a positive definite matrix A such that &M(A) = &M(A) and

) (1.10)

&W@—M@W ]

that is, M fail to approximate A;(A). To prove this we construct a matrix A with the above properties.
Let A = A+ auu’, where « is a positive constant and u is a nonzero vector orthogonal to K. Since
d < n — 1 such vector exists and moreover it is easy to prove by induction that N(A,b) = Nx(A,b).
This implies &M(A) = M(A). Observe that

trace(A) = trace(A) + a[ul?,

and it goes to infinity as o goes to infinity. This means that A\;(A) goes to infinity. We have
MAy A M _ A
GUA - M) _ |G -n@|
A(A)

A1(4)

Hence there exists an « such that (1.10) is satisfied as claimed. We can notice that for large «, the
largest eigenvalue of A is very close to a, while the information Nj(A4,b) is almost independent of u,
so it cannot well approximate A;(A) or a corresponding eigenvector with a relative error at most &.

This proves that among the class of algorithm that uses Krylov information with £ < n — 1 there
always exists a symmetric positive definite matrix that shares the same information with A but for
which it is impossible to estimate the largest eigenvalue with relative error at most €. If d = n then Ky,
spans all the space, then we have enough information to compute the largest eigenvalue.

If more than n steps are performed, we cannot always guarantee d = n, this happens for example
when the starting vector b is an eigenvector of A. In this case d(A, b, k) =1 for every k and we cannot
compute Aj(A) with the required accuracy.

Note that in order to have d = n we need the starting vector b to have nonzero component in the
direction of every eigenvector z; for ¢ = 1,2,...,n. This cannot be guaranteed for all the possible vectors
b, but for a vector chose uniformly over the unit sphere of IR", this holds with probability 1 if and only
if A has n distinct eigenvalues. This observation allows one to expect that, even if, in the deterministic
setting, there are vectors for which methods based on Krylov information are not convergent, in the
randomized setting this problem can be solved.

So far we proved that Krylov information is not strong enough for computing an e-approximation to
the largest eigenvalue and to a corresponding eigenvector. It is natural to ask if there are other methods
that using matrix-vector multiplications lead to positive results. Using matrix-vector multiplications we
can compute N(A) = [Aq1, Aqq, ..., Aqg], where q; = b and where each q; is an arbitrary function of
the vectors Aqq, Aqa, ..., Aq;—1. Unfortunately it can be proved [TWWS88] that the minimal number of
matrix-vector multiplications to compute an e-approximation of A; for all the positive definite matrix

is still n.

We report the proof only for the approximation to the largest eigenvalue but it is straightforward to extend these

results for eigenvectors estimate.
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Chapter 2

The Power Method with a Random
Start

2.1 Introduction and Preliminaries

In this chapter we consider the problem of estimating the largest eigenvalue and a corresponding eigen-
vector of a positive definite matrix by the power method with a random start. We already underlined
that this method as well as the other methods based on Krylov information may not converge to the
desired quantities when the starting vector is chosen deterministically. It happens if the starting vector
has zero component in the direction of the eigenspace corresponding to the largest eigenvalue. In this
case we may have convergence to the second largest eigenvalue and to a corresponding eigenvector. An-
other problem that arises using the power method is that the speed of convergence depends dramatically
on the ratio between the two largest eigenvalues (see [GL89], [Par80], [Saa92], [Wil65]). In particular,
if we denote by r the multiplicity of A1, we have that the speed of convergence for the approximation
of A1 is given by (A.41/A1)?* while the rate of convergence for estimating a dominant eigenvector is
(Ar41/M1)*. This shows that, when the eigenvalues are badly separated, the convergence is very slow.
With the study of the randomized error of the method we aim to explore also if it is possible to get
bounds of the randomized error that does not depend on the matrix to which the method is applied.
Surprisingly the power method behaves differently for the approximation to A\; and to an eigenvector
of Zq.

We briefly comment on related work on approximate computation of eigenpairs. The idea of using
random starting vectors for the power method can be found in the paper of Shub [Shu86]. Shub applies

A and approximates an eigenvector of A which is not necessarily a

the power method to the matrix e~
largest eigenvector. Although for this problem the power method is globally convergent, the random
start is used to improve efficiency. Shub shows, however, that even for n = 2 there are matrices for
which this problem is very hard. In this thesis we apply the power method to the matrix A and we are
only interested in approximating a largest eigenvector.

Kostlan [Kos88] studies the randomized performance of the power method. In particular, in that

11



paper he bounds the number of steps that allows the error to be lower than a fixed threshold . We
discuss those bounds in Section 2.5 comparing with the bounds proposed in this thesis.

Wright [Wri89] and Kostlan [Kos91] analyzed the problem of approximating a largest eigenvector
by the power method in a different setting. They considered the average case setting over a class of
matrices, whereas we consider the randomized setting. In particular, they estimate the average time
needed for computing a vector whose relative distance from the eigenspace of largest eigenvectors is less
than e. In our paper the matrix is fixed while the starting vector is chosen at random.

This chapter is organized as follows. Section 2.2 is devoted to the study of the randomized error
for eigenvalue approximation. In particular we present a sharp upper and lower bound for the £;
case (due to Kuczynski and Wozniakowski in [KW92a]) that does not depend on the distribution of the
eigenvalues. Moreover we show that if we know the multiplicity of Ay distribution free bounds for the £,
case can be given. Then we give upper and lower bounds for eigenvalue approximation that do depend
on the particular matrix. In Section 2.3 we analyze the randomized error for eigenvector approximation.
We first show that it is impossible to achieve distribution free bounds and then we show sharp upper
and lower bounds. In Section 2.5 we discuss the bounds provided in the chapter. Section 2.6 contains
numerical tests that allows us to explain and comment the results of this chapter.

The results of this chapter have been presented also in [dC096] and in [dCM96].

The main technical difficulties are in the computation of integrals of the kind

a Z?:q—l—l b’L2 ’
db).
/Sn ( L0 a XS b phab)

over the n-dimensional sphere of radius one. In order to simplify the exposition, the solution of this

integrals as well as tight upper and lower bounds are given below.
Let b be a real n-vector, such that ||b||?> = I, b2. Let a € (0,1), s € [1/2,+00), and ¢ an integer
such that 1 < ¢ < n. We compute the following integral

GZ?: 1 b7 ’
I= / gl - db). 2.1

Setting the parameters s and ¢ conveniently one can get bounds on the randomized error estimate for

eigenvalue and eigenvector approximation. We have the following lemma.

Lemma 2.1.1 Let a € (0,1), s € [1/2,+00), and let q be an integer 1 < q < n. Then the integral in

equation (2.1) is given by

_ s Ln=q)/2+5)'(n/2) "4,
= I‘((n—Q)/2+1)F(n/2+3)F( g TSy sl )

Proof. Due to equation (1.9), it is possible to rewrite this integral as an integral over the unit ball B,.

We have ) 5
1 GZU: 1 b?
I= 7/ =gt & db. 2.2
Cn JB, ( b e b?) (22)

12



Rewriting (2.2) as an integral over the unit ball B,_, and the g-dimensional ball By of radius d =

(1 — g1 b )1/2, we get

a’ n ’ 1
I= —/ b? / 5 db. (2.3)
cn JB._, (Z ) B{Z( Bt ay) qu)

i=q+1

Applying formula [4.642] of [GR94] we reduce the second integral of (2.3) to a one-dimensional integral.

We get
qc . " et
I=a"*4 / > b7 / dt db. (2.4)
en I8y \ 2 0 (2+a X, 0?)

1=q+1

Changing variables by setting t? = u, we get
_ s9C 2ie 2ai=q+1 % b\ ud/21
I=a"— = du db
2en JBay N0 Eiign V) S0 (u/(aXigiy B2 +1)

o2 1 m a1 b?
qCq 2 q9.49 - =q+1
= 1-— E b? F l;———————— | db 2.5
2Cn/n . q ( ) ( 2 2 + ) az q+1b2 ) Y ( )

i=q+1

where equation (2.5) is obtained applying formula [3.194,1] on [GR94]. We apply again formula [4.642]
to equation (2.5). We have

1 -0
T=v [ 1 —?)2F (5,42 11, db, 2.
A L B (26)
where v = ¢;(n — q)cn—q/cn. Changing variables by setting z = (1 — b?)/(ab?) equation (2.6) becomes

- 2a(”—‘1)/2/o (z + 1/a)/2H1 < D) R _Z> =

Applying formula [7.512, 10] of [GR94] and the transformation formula of hypergeometric function
[9.131, 1] of [GR94] we get

B v T(g2+1)T((n+2s—¢q)/2)T(n/2) ,(n+25—q n n 1
I'=gmorn T (n/2+1)T (n/2+s) F< 2 ’2’2+5’1_a)
_ o D425 )/2)T (n/2) (I
N I'((n—q)/2+1)T (n/2+s) 2 T T '
Od

Lemma 2.1.1 gives the solution of the integral (2.1). Unfortunately, because of the hypergeometric
function, it is difficult to estimate what is the order of convergence to zero of I as a — 0. However, note
that, since a > 0, the hypergeometric series that defines the hypergeometric function is convergent.

We prove the following upper bound

13



Lemma 2.1.2 Under the same hypothesis of lemma 2.1.1 we have

sI((g=25)/2)T ((n — g +25)/2)
I'(¢/2)T((n = q)/2)

for2s < q

. T2 . T2 2 B
'= “r<s>r<<n—2s>/2>1“<a>+“r<s>r<<n—2s>/2> (2+7) fros=a @D

g2l (n/2)T (25 —q)/2)
['((n—q)/2)T(s)
Proof. Consider first the case 2s < ¢. Let ||bH2 =

with [|¢]|2_, = >, t7. From (2.2), we have
[£]7g (1 — [[b]|3) "~ /2 +
/ / _dt db
~ents Ja, (o2 + autn (1= [0]2))
Applying twice formula [4.642] of [GR94] we reduce the previous integral to a two-dimensional integral.

We get
1 gnt2s—q-1pa—1(1 _ p2)(n—a)/2+s
— 2.
=aqa 7/ / b2+at2(1—b2))s dbdt, ( 8)

where v = gcg(n — q)cn—q/cn. Since b? + at?(1 — b?) > b2, from (2.8) we get

for s >q

b? and let t; = b; /(1—||b||?)/2 fori = q+1,...,n

zlz

I < a ,}// tn—l—?s q— 1dt/ pa— 25— 1( —b )(n+25 q)/de
0

C 9 m—q+2
e S B(q snTat S+1>. (2.9)
2(n — g + 25) 2 2

Substituting into (2.9) the expression for « and simplifying, we have
I ((q—25)/2)T ((n—q+25)/2)
I'(g/2)T ((n—q)/2)
Consider now the case 2s = ¢q. Equation (2.2) can be rewritten with respect to the ball B,,_, and

to the ball B, ={b: >7 b7 <1—-37 . bi}. We have

i=1"

I1<da’

q/2 1
=4 |yb||g,q/ 5 dtdb,
e IBn Ba (1412 + allBli2-, )

where [|b]|Z_, = Y12 g1 b7 and ||t[|2 = >°7_, b7. Applying twice formula [4.642] of [GR94], we get
— 1 V1-b2 ta—1
= ‘1/2qc‘7(”q)6”“1/ b”—1/ L dtdb. 2.10
¢ cn 0 o (Btab)i (2.10)

We have two cases, ¢ = 1 or ¢ > 2. Let us consider first the case ¢ = 1 and s = 1/2. Equation (2.10)

becomes

2(n Cn—1 _ 1-5
I =ql/? n / b 1/ ———dtdb.
¢ Cn 0 0 V2 + q b?

Integrating with respect to ¢ we get

_ 1 _ h2 _ _ 2
7 220 1)cn_1/ bn11n<*/1 b2+ 1—(1—a)b ) "
cn 0 byv/a
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Since a < 1, we have 1 — b2 < /1 — (1 — a)b?. We upper bound I as follows

a2 = 1ens 1/ 1 <2 T—( 1—ab2> W

/2 (n/2> NE
- r(1/2)r((n—1)/2)1 (

This proves the case g = 1.

1

IN

Finally, consider the case ¢ > 2 and s > 1. From (2.10), since
(12 + a b))% > 19 4 (q/2) 1292 Vg p?,

we have

I arz, [Tyt [V t dt db
< e t
= ¢ 7/o /o 4 + (q/2)t2(a/2-1) g p?

e /1 b”‘l/ S
N 7 0 0 t2 + (q/2)a b? .

where v = (gcq(n — q)cn—q)/cn. Solving last integral, we get

I < a1?) / o " dt db
- 9+ (q/2)t2(a/2-1) g h2

_ aQ/Q'y/ b 1/ v dt db.
2+ (¢/2)ab? ) 52

where v = (gcq(n — q)cn—q)/cn. Solving last integral, we get

I aq/ﬂ/lbn_lln L-(1—g200%)
2 Jo q/2ab?

IN

1
_ qa2 2 a/2 q/QI/ n—1 _(1— 2
= a? ln<qa> +atlt iy | (1- (1 - q/2a)6?) db. (2.11)
If a < 2/q, then In(1 — (1 — ¢/2a)b?) < 0. We upper bound previous equation as
Pean TOR () e L0 2
I'(q/2)T((n-q)/2) \a I'(q/2)T((n—q)/2)n
If a > 2/q, then In(1 — (1 — ¢/2a) b*) <1In(q/2). From (2.11), we have
2 1
I < oL (> +a??2 L 4 aq/ﬁ/ T (q> db
2n qa n? 2 Jo 2
a2 1 <2> 4+ q12 L
2n qa n?
e I'(n/2) n (1) 4 qal? I'(n/2) 2
I'(q/2)T((n—-q)/2) \a I'(q/2)T((n—q)/2)n
The case 2s = ¢ is completed by rewriting the above equation in terms of s.
We examine the case 2s > ¢. Let [|b]|2_, = 3272, b7, and [|¢]|2 = 37, b7, and let B, the ¢-dimensional

ball of radius /1 — [|b]|2_,. We have

s 1
= T e, f ;
en S (0 + allbl )

1 L VIR a1
— - /  _dtdb
7/0 0 (t2/(ab?) + 1)*

15
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where v = g(n — q)cycn—q/cn. Changing variables by setting z = t2/(a b?), we get

(1-02)/(ab?®) ,q/2-1
I = aq/”/ b 1/ i dz db,
(z+1)°

fo'e) 2—-1 00 2—1
at/?] / bt / SR T R N
(z+1)° 2n o (z4+1)8

IN

Applying formula [3.194, 3] of [GR94] and simplifying, we get
402 (0/2) U (25 — 4)/2)

= T (=921 ()
Od
We prove the following lower bound on integral (2.1).
Lemma 2.1.3 Under the same hypothesis of lemma 2.1.1 we have
L ((g—25)/2)T((n—q+2s)/2) 9
T T (-2 for2s <a
s I'(n/2) 1 ' _
I>4 a T ()T ((n = 25)/2) In (a) - for2s=gq (2.12)
aq/gf( n/2)T((2s —q)/2) .
D((n—a)/2T(s) for2s > a.
where
aq/gf((q—28)/2)F((n+4s—q)/2)F(n/2) ng-2s nt2s "
T (@/2)T (/24 )T ((n —9)/2) (555" ) fo<l
")/ =
25(n+2s—q) I'((¢g—25)/2)T ((n+25—¢q)/2) ,(n q¢—25 n+2 .
e Fa/2)T ((n—0)/2) (555" s a)s sz
A N (VL) {2n—2nln2—2+HF(lnn-i-Ql—a)] (2.13)
! T(s)T((n—q)/2) n (nt2)n+4) \72°2
v gazn 4D (/24 1T (25 —q)/2) 90 111
! o ey Rl G AL

Proof. Using formula [4.642] of [GR94], from (2.2) we get

! Vi-p ab? °
I:'y/o b”—q—l/o a1 <W> dt db, (2.14)
where v = g(n — q)cycn—q/cn. Let a = ab® and f(a) denote the second integral in equation (2.14).
Fla) = /mﬁ—l ( o ) dt. (2.15)
0 t?+a
First consider the case 2s < q. We rewrite f(«a) as
VI-b? VI-b?
f(a) =a® (/0 a2 gt —/0 g(t) dt) : (2.16)
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where

2\’
)=t 11— ——— | |.
By setting y = t?/a, we have

V1-b2 a(a—2s)/2 (1-b%)/a ( + 1)3 —ys
t)dt = 7/ (¢-29)/2-1 9T — Y g 2.17
JA0 — T (27

We consider two cases: s < 1 and s > 1. Let us start with s < 1. Notice that (y + 1)®* — y® < 1. Then
from (2.17) we get

VIZWZ ala=29/2  1-b?)/a yla4=2s)/2-1
/ g(t)dt < 7/ s W
0 2 0 (y+1)
(1 — b?)(a=25)/2 q—2s5 q—2s 1=
q—2s Eis = th———)

due to formula [3.194, 1] of [GR94]. Substituting into (2.16) and solving the first integral, we have

_ p2)(g—2s)/2 _ p2)(g—2s)/2 — — — b2
(1= L(1-0?) F((S?q 25 q— 25 1;_1 b>.

> _
fla)za q—2s @ q—2s 2 72 a

Substituting a b? to a, (2.14) becomes
1
I> asi/ bn+25—q—1(1 o b?)(q—2s)/2 db—
q—2sJo

s b 2s—q-1 2\ (q—2s)/2 q—2s q—2s 1-0°
— —— [ b 751 — b))\ F — 1;,——— | db.
aq—28/0 ( ) HTT9 T o ab?

By definition of the beta function (1.7) and by setting z = (1 — b?)/(ab?) in the second integral, we get

2% —q q—2
I>a— " )B<”+S 71 5+1>_

~ 2(q—2s 2 2
2(q — 25)a(n—q)/2 0 (z + 1/a)n/2+1 T 9 T 9 ;—2 | dz.

Applying formula [7.512, 10] of [GR94], substituting v and simplifying, we have

;> plnt25—9)/2)T((g—25)/2)
a T'(¢/2)T ((n—q)/2)
(”q>/2r((q_25)/2)r(("+48—q)/2)F(n/2)F(n+4s—q n n+2s 1).

['(q/2)T ((n+25)/2) ' ((n - q)/2) a

2’20 2 7 a
We conclude the case s < 1 by applying transformation formula [9.131, 1] of [GR94] to the hypergeo-

a

metric function.
Let s > 1. By Lagrange’s Theorem there exists a value £, y < & <y + 1, such that (y +1)° —y® =
s&57L Since €571 < (y +1)*7L, from equation (2.17) we get

V102 s r(1=03)/a 4 (a—2s)/2—1
Ndt < la=29)/22 yid
/0 9() = ¢ 2.Jo y+1 Y
_ —2s q—2s 1—b°
— (1_p)e29/2_°% p(q1 4 . 1.
( ) q—2s 272 5 a
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which follows from formula [3.194, 1] of [GR94]. Substituting into (2.16), we get

fla) > a

— p2)(a—2s)/2 — p2)(a—29)/2 — - —p2
(1 —10%) —0458(1 b*) (LQ 25 q—2s 1;_1 b >

q—2s q—2s 2 72 a

Equation (2.14) becomes

1
I>a° v / bn+25—q—1(1 _ b2)(q—23)/2 db—
q—2sJo

1 2
s VS n+2s—q—1 2\(g—2s)/2 q_25.q_28 . 1-b

- b 741 — b))\ Fl1 1, ——F].
aq—2s/0 ( ) Ty g TH T

Solving the first integral, setting z = (1 — b?)/(ab?) in the second integral and using formula [7.512, 10]

of [GR94] we get
7o oL +25—9)/2)T (g - 25)/2)
- T'(q/2)T ((n—q)/2)

5— 2s(n+2s—q)T ((¢—25)/2)T ((n+2s—q)/2) (n g—2s n —i—l'l—a) .
n I'(¢/2)T ((n —q)/2) 27 2 "2 7
This concludes the proof for 2s < gq.
Let 2s = ¢q. The function f(«) in (2.15) becomes

flo) = [ R (tQj‘_ a)s dt.

0

— a%/35,

where

We rewrite f(a) as

VIo? VITHE
f(a):as</0 bﬁiadt—/ bg(t)dt), (2.18)

t t2s—1
T 21a (P+a)p

where

g(t) (2.19)

We analyze separately the case s = 1/2 and the case s > 1. Let us start with s = 1/2. Since g(t) < 0,

VP 1/2 112
f(a)zaW/ =2 1n< +O‘>.
0 t“ + « 2 «

we get

Substituting into (2.14) we have

1 2
1/27 n—1 1—(1—a)b
IZa/g/Ob hl(ab? db

which yields
1 1 1
I>a/?) (/ b Mn(1 — (1 — a)b?) db +/ b"lin () db> : (2.20)
2 \Jo 0 ab?

We note that In(1 — (1 — 1/2a)b?) > In(1 — b?). In order to bound the first integral in (2.20), we use
the fact that 5”1 In(1 — v?) > In(1 — b?) since 1 — b < 1. We get

1 1
/ " 1In(1 — (1 —1/2a)b?) db > / In(1—1*)=2In2 - 2.
0 0

18



Substituting into (2.20) we obtain

2 1 (1
I > a1 <2ln2—2+2+ In ())
2 n n

1/2 I (n/2) e /2 I (n/2) T 2
F(1/2)F((n—1)/2)1 (a>+ T2 T (0 - 1)/2) (2 In2 -2 +n>7

that concludes the proof of the case s = 1/2, ¢ = 1. Consider now the case ¢ > 2 and s > 1. By (2.19)it

follows
t (t2 + Oé)s_l _ t28—1

(12 + a)®

g(t) <

Setting y = t?/a and using Lagrange’s theorem, we have

V1-b2 (1-b2)/a 1)5—1 — 451
/ oD dt < / (y+1) Oy
0 0 2(y+1)°
s—1 pA=09/a 1 s—1 1—0b
< / dy = .
2 Jo (y+1)2 2 1-+a

Substituting into (2.18) we get

fla)

v

. /VMQ by 8=l 1—b?
a —_—
0 24+« 2 1-b0+a

of <1—b2+a>_as(s—1) -0

= — ] .
7 M o 2 1-P+a

Since a = a b?, substituting into (2.14) we have

s ! n—1 1-— (1 — a)bQ s (8 — 1)7 /1 n—1 1-— b2
I>a°—= 1 _ —a’— —— db. 2.21
_a2/0b n( e db—a 5 Ob 1—(1—a)b2db ( )

Since In(1 — (1 — a)b?) > In(1 — (1 — a)b?), we get

1 1 1
1> a%/ In(1 — b2 +a*~ In () e _ 22 Dp (" 2) F (1, g;
0

2:1—
2n a n2 4 2 T a),

where the last integral of (2.21) is solved by using formula [3.197, 3] of [GR94]. Note that fol In(1-b%) =
2 — 21In 2. Simplifying we obtain

I>a I'(n/2) In (1> 3

TN -a/2) " \a
BaoIie PP T el S Y GRS R
© T M e (3]

which concludes the proof of the case 2s = q.

Finally, consider the case 2s > ¢q. Setting y = t2/a, equation (2.15) becomes

/2 p(=b)/a ya/2-1

a) = —— dy.
fla)=— ; PESEA
It can be rewritten as
/2 0o yq/2—1 00 yq/2—1
o) = d —/ dy| . 2.22
f(@) 2 [/0 (y+1)8 Y 1-2)/a (y + 1) Y (222)
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The two integrals in (2.22) can be solved by using formula [3.194, 3] and [3.194, 2] of [GR94] respectively.
We have

at/? q 2s—q o’ 2s—q 2s—q «
=2 pB(2 - F ; 1;—
J(e) == <2’ 2 > (25— q) (1 — b2)(2-0)/2 <S’ 5 g 1—b2>
Substituting into (2.14) we get
25 —q Lo
> qu(q )/ n—1 gp_
za" 5B 5 A b" " db
1 pn+2s—q—1(25=0)/2 9 — g 25 — b2
— / Fls, 292979, ¢ db.
2s—qJo (1-0% 2 2 1—02

Solving the first integral and changing variables in the second by setting z = ab?/(1 — b?), we get

oy 5 +oo ,(n+2s—q)/2—1 2s—q 2s—q
I> q/Q’YB<q )_q/2+1 / F( . 1._>d.
5 St a 15— 2q Jo (z + a)n/2+1 5Ty Ty +1;—2z) dz
(2.23)

Since
Z(n+2$fq)/271 2(2sfq)/2

<
(z +a)2+1 = (2 +a)?’
substituting into (2.23) and using [7.51, 10] of [GR94] we have

027 (4 254 g24170((2s —q)/2+1)T (¢/24+1)
I>“/22 3(2 2 )_a/2+1 (4s —2¢)T (s + 1) F(

1,g+1;8+1;1—a>.

Substituting the constant v we get

1> a2t /2025 —a)/2)  gpaal'(n/2+ DI((25 —q)/2)
- I'((n—q)/2)T (s) 25T (s)I'((n — q)/2)

This completes the proof of the lemma. O

F(l,g+1;s+1;1—a>.

2.2 Eigenvalues Approximation by the Power Method

In this section we analyze the behavior of the randomized error of the power method for eigenvalue

approximation, that is, we study the following n-dimensional integral

Pow \ P 1/p
(L () o)
_ / HHM““ V(1= N/A) ) (db) "
- n -1 07 + X p2A7EY g

1/p
52 2(k 1)(1—1") P
_ 2 r+1 7
_ (/ ( - ) 2T u@d)| (2.24)
Z =1 +Zz T-‘rlb

where z; = \j/A,and 1l =21 = =2, > xpp1 > -+ > x5 > 0.

eran (EIEOW’ A,p)

The first part of this section is devoted to prove bounds independent of the particular matrix to
which the algorithm is applied. In the second part, we give bounds that depend on the eigenvalues of

the matrix.

20



2.2.1 Distribution free bounds

In [KW92a] a sharp bound for the power method is given for the £ norm. These bounds do not depend
on the distribution of eigenvalues and show that, for any matrix, the randomized error vanishes as the

number of iteration grows. We report briefly these results.

Theorem 2.2.1 [KW92a] Let ££°Y be the k-th value returned by the power method defined by (1.1).

For any symmetric positive definite matriz A and for any k > 2, we have

a)
1
e (0™, AL D) < aln)

where m1/2 < a(n) < 0.871 and for large n, a(n) =~ 7~ /2. Moreover, for any k > 1+ $In(n/Inn), let
A be a matriz with exactly two distinct eigenvalues Ay > 0 and \; = A\ (1 —In(n/Inn)/(2(k —1))), for

1=2,3,...,n. Then, for large n and k,

b)

1
erm (ePow 4 1) > 0.5%(1 +0(1)).

Proof. See the proof of Theorem 3.1 in [KW92a]. O

This theorem states that no matter what the distribution of eigenvalues is nor how poorly separated
the two largest eigenvalues are, the randomized error of the power method for eigenvalue approximation
is bounded by a quantity that goes to zero as Inn/(k — 1). Part b) states that this upper bound is
sharp since for every k& we can find a symmetric positive definite matrix that essentially achieves that
bound. However, numerical experiments show that these estimates, pricisly because they are general,
are not always very accurate. Moreover, these bounds hold in the case the £1 norm is studied. The
generalization to the £, case is not easy. In fact, the techniques used in [KW92a] for p = 1 cannot
be used for an arbitrary p. The main difficulty is that we have to deal with hypergeometric functions
instead of logarithms and arctangents.

We now assume to know the multiplicity r of the largest eigenvalue A\;. We show how this knowledge
allows us very offen to get tighter bounds then those in [KW92a]. This fits with the general paradigm
that knowing more about the problem allows us to get better bounds. These bounds can be considered
as independent of the distribution of the eigenvalues since they hold for all the matrices that have the

largest eigenvalue with a given multiplicity.

Theorem 2.2.2 Let 5}50“’ be the value returned by the power method after k steps as approximation of

Ai. Letr, v < mn, be the multiplicity of A\1. Let C = (1 —1/(2k —1))2*=1 =1 < € < 0.45. For every
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k > 2 we have

C

1 <r<<r—2p>/2>r<<n—r+2p>/2>)1/p
2k —1 L(r/2)T((n—1)/2)

In'/P(2k — 1) T (n/2)

ran( Pow A >< 1/p
e o AP = 2% — 1 (F(p)F((n—Qp)/2)> o

2k — 1 F(p)T((n—r)/2)

=t <>r<(gl/2—)r>/2>(3+i))l/p'

where

for2p <r

for2p=r

/e <1>” ) (F (n/2)T ((2p ~7)/2) ) P e

Moreover, there exists a positive definite matrixz with only two distinct eigenvalues for which we have

o 1 (F((r—2p)/2)F((n—T+2p)/2)>l/p_ 1
2% — 1 T'(r/2)T((n—r)/2) 2% — 1

1

v for2p<r

ran (¢Pow v ' (n/2) 1/p )
‘ = 2k—1 K (C)(rpr n—2p 2) “op—1)  JerZe=v
G AP =) Oy T (0~ 29)/2)

vep L (T2 (@ —r/2N\" 1,
C/mzk—1< L(p)T((n—r)/2) ) 2k —1

~y for 2p > r,

where ,v',y" are lower order terms (with respect to k) defined accordingly with lemma 2.1.3 (equa-

tion (2.13)).

Proof. By definition of the randomized error (2.24) we have

1/
eran Pow z r+1 b2 Q(k 1)(1 - xl) " !
(& ) = / 2 2. 2(k—1) db ’
Sn =1 b + 2 bl

Since (1 — z;) < 1, we have

b2 Q(k 1) 1— : P
[eran ({}:OW,A,p)]p < / z r+1 (( )JU ) db
n 1b2+z T—l—lb (].—"Ifl)

rop2 ?
= / 1= i 2(k 1) db.
n i 0F 2 bR (1— )

Note that

2k=1) 2(k—1) (1 1 1L\
: ) < D)= (1- ,
7t M m) < max a1 - ) ( 2% — 1) % —1

Then we upper bound equation (2.26) as follows
P i=1 b2 g
ran OW’A’ P < / 1 _ 1= db
[e (é.k p)] N n ( g:l sz +a z r+1 b2>
n b2 p
_ / GQZZ =r+1 5 db,
n =1 b +a Z =r+1 b

22
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where a = (1 —1/(2k — 1))2(]“71) /(2k — 1). The theorem is proven by observing that 0 < a < 1 and
applying the bounds proved in lemma 2.1.2 (see formula (2.7)).

We now prove the existence of a matrix for which the randomized error is lower bounded by the
lower bound in Theorem 2.2.2. Let A be a n X n matrix whose eigenvalues are as follows. A has only

two distinct eigenvalues, Ay with multiplicity » and A, with multiplicity n —r. For this matrix we get

7™ (&°%, A, p)]P = i(1 —x +1)p/ AN, db (2.27)
o “n n \ X b7 + w?ffl) i bF

We can apply to the integral (2.27) the lower bounds proved in lemma 2.1.3. We get

'mkn<rm+%wwwmr«r—%vﬂf”_7] <t

(1—2r41) _CCT+1 L'(r/2)T((n—1r)/2)

ran (¢Pow 2(k-1) 1 I'(n/2) v _
G, Ap) 2 | (1= arp) |2y P (xz(k—l)) <F(p)1“((n—7“)/2)> ST e

r+1

2p >,

0o |75 (gm0

where ~,+" and 4" are as in lemma 2.1.3. By setting x,11 =1 —1/(2k — 1) we conclude the proof. O

Note that for 2p < r the upper bound is sharp. For the other cases, 2p = r and 2p > r, we have
not been able to produce a matrix which achieves the upper bound. For p = 1 it is possible to compare
these bounds with those reported in Theorem 2.2.1. We have that for small r the bounds in 2.2.1 are
better, while for » > n/Inn our bounds are tighter. We have anyway to underline that these bounds
estimate the randomized error in the £, case, while Kuczynski and Wozniakowski dealt with the easier

L case.

2.2.2 Distribution Dependent Bounds

In this section we give upper and lower bounds on the randomized error for eigenvalue approximation
with the power method. In [KW92a] the randomized error for the power method has been studied
considering the £ norm. In that paper the authors study the rate of convergence as the number of
iterations k goes to infinity. The following theorems establish upper and lower bounds on the randomized

error for all £ > 1 and for every p € [1,00).

Theorem 2.2.3 Let A be a symmetric positive definite matriz, and let v < n be the multiplicity of the
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largest eigenvalue A1 of A. For every p, 1 < p < oo and for every k > 1, we have

I'((r—2p)/2)T ((n—r+2p)/2) 1/p
x%ﬁl (1—2xp) < L ((n—r)/2)T(r/2) )

if 2p <,

n 1/p
G Ap) < 0 R (1 - ) (ln(x;)r<<n2)_rz(p>//2z)>r<p>) o=

zkr/p (1— ) (F((2p - T)/Q)F(n/2)>1/p

i T ()T (n—1)/2) Y2 >7

where x; = X\;/\1, and

9=t (1- i) (v ((n g S;;/Q;)r ® (2+ i»/

Proof. By equation (2.24) we get

braF(1—z;) \°
ran (¢+Pow z r+1 ?
e A p))P = / db
[ (é‘k p)] s, ( i) b2 Zz 1 b2 2k /’L( )

b? Qk

p
< 1_ np/ = 7‘+1 db
< (A=) Sn (Z b+ r+152 2k> wldb)
2k‘ n b2 p
< (- / ( Srdl Sdril ) p(db).

1 b e Y 0
The theorem now follows by using the upper bounds (2.7) in lemma 2.1.2. O

Using the same arguments, and the lower bounds (2.12) in lemma 2.1.3, we get the following result.

Theorem 2.2.4 Let A be a symmetric positive definite matriz, and let v < n be the multiplicity of the

largest eigenvalue A1 of A. Then, for every p, 1 < p < oo and for every k > 1, we have

r_ 1/p
EI-CH(I — Tpt1) (F d 52;2; 1; Eiz/g;_ 1)/2)> - ﬁ:_/f)'y for2p <,
1/p
eran (f}ljow7 A,p) > kl/pzn% (1= zp41) (ln <$r1+1> QFF(((f/Z;_FI();)Q)) Eiﬂ for 2p =,

xf:/lp(l — Tpi1) (F (C@p _Tr()p/)? 1;1(/(;)+ 1)/2)> :c,(f:”)/p " for2p>r

where xp41 = Aey1/M1 and 7,7, are lower order terms (with respect to k) defined accordingly to

lemma 2.1.3 (equation (2.13)) as follows

B p(2p+ 1) T ((r—2p)/2)T((2p+1)/2) . (r+1 r—2p+2 r+3 L/p
= =) (B rears )
1/p
’y':(l—xrﬂ)( 2p+1//22 (2p+1 2§1;) (1n2—1)(4p+2)+1n2>) ,
0 D((r+3)/2)T(2p=7)/2) (| T Y
7= ) (S g (g ek - ))
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Proof. By (2.24) we have

b2k (1 — ;) g
[eran (gPow, A,p)]p — / ( z r+1 (db)
g n b7+ b2 %

2 p
Ibl|=1 1b +1’r+1br+1

b p
> (=) | ( il ) p(db),
lbllg1=1 \ Siy bF + 22K b2

where [|b]|2,; = S0} 2. We then apply the lower bound of lemma 2.1.3 remembering that the above

v

integral is over the unit sphere of dimension r + 1. O

We note that the upper and lower bounds of the previous two theorems have the same behavior (up
to a multiplicative constant) with respect to k. Using similar techniques, we can derive the formulas
for the asymptotic rate of convergence for all p € [1,+00). These formulas show that the constants
in the previous theorems are asymptotically optimal. The existence of tight upper and lower bounds
shows that for the power method the speed of convergence of the randomized error does depend on
the relation between r and p. In other words, the existence of three different cases is intrinsic for the
problem. A similar phenomenon holds also for the randomized error for eigenvector estimate with the
power method as we will see in the following section.

We already comment on the fact that we were not able to find sharp distribution free bounds for
the general £, case. The behavior of the power method underlined by Theorems 2.2.3 and 2.2.4 gives
us the intuition that, probably, we have the same dpendence on p and r also for the bounds that do
not depend on A\.41/A1. In fact, we believe that, in order to get matching upper and lower bounds,
we have to make some effort to improve the lower bound rather than the upper bound. In fact, from
Theorem 2.2.2 we have that the lower bound goes to zero as 1/(2k + 1) independently of the relation

between p and r.

2.3 Eigenvector approximation by the Power Method

We now analyze the randomized error of the power method for eigenvector estimate. The randomized
error in the sense of £,, 1 < p < +o0, for eigenvector approximation by the power method can be

defined as follows

ran Pow Pow p
e af Ap) = ([ ng E vl )

1/p

L b2k p/2
- = db , 9.28
/Sn < RN D b%c?k) Hldt) (229

where z; = \;/A;. We note that the minimum distance between the vector ul,:ow

and the eigenspace Zq
corresponds to the sine of the angle a(b) between the vector uEOW and the its orthogonal projection
on the subspace Z1. In the same way we define the randomized error in the L., space to be

e (%, A 00) = sup inf ||uL® —v|| = sup |sin(a(b)|
bes, VE€Z1 beSy
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n 2.2k

—  sup iert1 0T

- T 2 n 2.2k "
Ibll=1 \ 2oi=1 b + 2y b

It is easy to see that the supremum in (2.29) is achieved by setting >/, b2 = 0. From (2.29), we get

(2.29)

e (ufo%, A, 00) = 1. (2.30)

We first show that, on the countrary of what happen for eigenvalue, it is impossible to find sharp
bounds that are independent of the matrix to which the method is applied. Then, we give sharp upper

and lower bounds that essentially depend on the ratio between the two largest eigenvalue.

2.3.1 Worst Case Matrices

As we pointed out in Section 2.2.1, the randomized error for eigenvalue estimate by the power method
can be bounded by a quantity that goes to zero as fast as In(n)/k independently of the distribution of
the eigenvalues. Our first goal is to analyze the possibility of obtaining distribution-free bounds for the
problem of approximating a largest eigenvector. To this extent, we will deal with “worst case matrices”.

Let us denote by s(k,p) the supremum of the randomized error in the £, sense over all positive
definite matrices A, i.e.,

sthp) = sup e (wp™, 4,p).

Since the randomized error increases with x;, see (2.28), it is easy to show that the supremum is achieved

by setting x; = 1 for every ¢ > 2 and for every p, 1 < p < oo. Then we get

/2 1/p 2 p/2 l/p
S, b2 P b
k, :/ =20 ) g :/ 1——L ) | . 2.31
s(k:2) [sn (e A .

Hence, s(k, p) is independent of k and cannot go to zero. This shows that there are no distribution-free

bounds. In fact, s(k,p) are pretty close to 1. We first consider the case p = 1. Using (2.31) and

symmetry argument, we have

o\ b2 1

We obtain estimates on s(k,p) by the following proposition.
Proposition 2.3.1 For every k and p, 1 < p < oo, we have

(1 — ;) < s(k,p) <1.

Proof. The right-hand side inequality is trivial. Let us prove the left-hand side. For p = 1 it follows
immediatly by (2.32). For p > 1, applying Holder’s inequality to (2.31) we get

2 1/2 B2 p/2 1/p 1/q
e te) o 1 (-t o L
n =195 n i=10; n

where p and ¢ are the conjugate exponents, i.e., 1/p + 1/¢q = 1. The proof is completed by observing
that [q db=1. O
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Proposition 2.3.1 states that for every k there are matrices for which the randomized error is close to
one. These matrices have the largest eigenvalue of multiplicity one, and the second largest eigenvalue
has multiplicity n—1 and is pathologically close to A;. In this case, even if the starting vector is random,

the sequence {ul°"} for i = 1,2..., k does not approximate a largest eigenvector.

2.4 Non Asymptotic Behavior

So far we have seen that if A\,y1/A\1 &~ 1 then the power method behaves badly even for a random
starting vector. We now analyze the relationship between the ratio A,+1/A1 and the rate of convergence
of the power method for approximating a largest eigenvector. We first show upper and lower bounds on
the randomized error e™" (ul,zow, A,p). These bounds depend on the distribution of the eigenvalues of
the matrix A and on the norm used. In particular, we prove that the rate of convergence is slower when
the multiplicity of A1 is smaller than the value of the parameter p of the norm. What seems interesting
about these results is that they hold for a complete class of norms, and we are able to show how the

speed of convergence of the power method depends on the norm.

2.4.1 Upper Bounds

We now show how the rate of convergence depends on the multiplicity r of the largest eigenvalue and
on the value of the parameter p of the norm. Theorem 2.4.1 shows that the rate of convergence depends
on the relation between the parameters r and p. In particular the speed of convergence increases with

r and decreases with p.

Theorem 2.4.1 Let A be a symmetric positive definite matriz, and let r, r < n, denote the multiplicity

of the largest eigenvalue A1 of A. Let

n /p
f= [mp/z)Fr(((f)—p)/m <2+i)] '

Then, for every p, 1 < p < oo, and for every k we have

2k (F((T—p)/2)F((n+p_7,)/2)>1/p
r+1 I (7"/2) I ((n _ 74)/2)

forp <,

T (n/2) )1/1’

ran (. Pow k 1/ 1 1/p i B
e abmian <3 st @0 [ (O (s ) ook fro=

Tr41

forp >,

_r/p (r (0 —1)/2)T (n/2) ) "
TAT (/2T (0= 1)/2)

where Ty41 = Apy1/ 1.

Proof. By equation (2.28) we have

P i bt v
ran 0W7A7 p :/ 1=T K] A db
[e™ (u;™, A, p)] ( NS S b?x?’“)
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Observe that the integrand is an increasing function of i | bfzf"’ The upper bound is then obtained

by replacing x; by z,41 for i > r + 1,

kp n 2 p/2
ran Tpy1 2imr1 b
[ (w™, A, p)P < / ( B db. (2.33)
n \ i1 b7 + 2y S, b
The theorem is proven by applying the same reasoning as in the proof of Lemma 2.1.2. O

Note that, when p = r, the bound is composed of two terms. The first term depends on k£ through
zk +1k1/ P the second term depends on k through z* 11- We remark that for large k the influence of the
second term is negligible. Nevertheless, numerical tests show that this term can affect the bound when

the value of x,11 is close to 1.

2.4.2 Lower Bounds

In this section we find lower bounds on the randomized error e™" (ullzow, A,p). As in Section 2.4.1, we
show that these lower bounds depend on the multiplicity of the largest eigenvalue and on the value of
the parameter p of the norm. Upper and lower bounds show the same dependence on the ratio between
the two largest eigenvalues and on the relation between p and r.

Below we define some constants that are used in Theorem 2.4.2.

(F((T_p)/Q)F(p+1/2)F((r+1)/2)F(T—i—l r—p r+p+ 1'1—m2ﬁ1)),1/pforp< )

2 (r/2)T(1/2) T ((r+p+1)/2) 2 7 9 9 ;
¥ =
pL'((r=p)/2)T ((p+3)/2) r+1 r—p r+3 1/p
( 2(r + 1)L (r/2)T (1/2) ( 2 2 g T ﬁl))? for p > 2.
r_ F((p+l)/2) p2+3p 2 2p—4 p+1.p+5. 1/p
7= (T (s () - A e (12 ) ) ),
v (rT(r+1)/2+1)T((p—7)/2) (T Vs 1/p
7= ( 4PF(1/2)F(p/2+1) F<2+1,1,2+1,1—x21j_1>).

Theorem 2.4.2 Let A be a symmetric positive definite matriz, and let r, r < n, denote the multiplicity

of the largest eigenvalue A1 of A. Then, for every p, 1 < p < 0o, and for every k we have

L(r=p)/DT((+1/2\'"" ks
o < T (r/2)T (1/2) ) ~ T Jorp<r.

e (Y, A, p) > 4 ok 2k {m( 1 ) Lr ( L((p+1)/2)

1/p !k
r@ﬂﬂwvm) “VErea Jorp =

ke (T (0= 7)/2T((r+D)/2N\Y", kroy
THP( F(p/2)F(1/2) ) —y :L'r+1+2 D for p >,

where Tp41 = A1/ A1
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Proof. From equation (2.28) and (1.9) we have

. 1 Ly bRk p/2
e (u, Y, A p)lP = — = db.
[ (uy, p)] o 5, < 1b2+21 1 bezzk)

Notice that the integrand is an increasing function of 71" ., b22?%. Hence, the lower bound is obtained

by replacing z; by 0 for ¢ > r + 1,

kp bP
[eran( Pow A p)]p > r+1/ r+1 7 db.
Cn JBn (g b7 + 2751674 )

Let a = :U,’f 1. Writing the last integral as an integral over the ball B, and the r dimensional ball of

radius ¢ = /1 — 1., b7, and applying [4.642] of [GR94], we get

/2
e (uf Pow VA )P > ﬁ/ / <2a bg+1 )p dt db. (2.34)
e 2 +a?b?,,
Let us denote a? b? 7.1 by a, and consider the integral
q o \P/2
f(a):/o {1 <t2+a> dt. (2.35)

We have three cases depending on the relation between p and r.

Consider first the case p < r. It is convenient to split f(a) as follows

(@) = a?/? ( /O gy — /O 0 dt) , (2.36)

g(t) = 1 (tlp _ (t%lra)pﬂ) .

We can conveniently rewrite g(t) as

t2 p/2
ty=t"P 11— :
9(t) <t2 + oz)
Setting y = t?/a, we have

)2 ¢*/o (y+ 1)P/2 — yp/2
r—p)/2—1\Y Y

where

We consider two cases: p < 2 and p > 2. Let us start with p < 2. Notice that (y + 1)?/2 — y?/2 < 1.
Then from (2.37) we get

IA

I alr D2 ey
t)dt -
| gt — | T

T—p _ _ 2
_ g F<p7' p.r +1_q>7
«

r—p \2° 2 2
due to formula [3.194, 1] of [GR94] (see also [GR94] for the definition and the properties of the hyper-
geometric function F'(a,b;c;z)). Substituting it into (2.36) and solving the first integral, we have

r—p T—p _ _ 2
2 d P (prpr—p )
fla) z o r—p “ r—p \2° 2 7 2 thg
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Hence, (2.34) becomes

N T
[eran (uEOW’A7p):|p > L/ apbf_ﬂ (1 _ Z blz) db —

(’r - p)cn n—r i=r+1

(r—p)/2
re, K pr—pr—p . 1=30 b
_/Mazobgz+1 (1— 3 bi) F<2, T A LS | b,

(r —p)en i=r+1 a*by i

Using [4.642] of [GR94], we get
[eran (UEOW, A’p)]p > apF ((p + 1)/2) I ((T — p)/2)

I(1/2)T (r/2)
(r+1I'((r+1)/2) /1 o\ (1 pr—pr—p 1—t2
—aP (1 — ) P2E (L : 1;— dt. 2.38
T2 L) 2 2 2 T (2:38)
After setting y = (1 — t?)/(a?t?), we can rewrite the integral in (2.38) as
/1tp(1_t2)(rp)/2F p T’—p.T—p_’_l‘_l—tz dt —
0 27 2 7 2 T a?t? B
-p—1 oo (r—p)/2 _ _
- ¢ / Y (p)r p;r p—i—l;—y) dy.
2 Jo (y+1/a2)r+3)/27 \27 2 2
From the last equation and using formula [7.512, 10] of [GR94], we have
/1tp(1—t2)(r‘p)/2F proprop g 10 g
0 27 2 7 2 T a?t?
B ap1r((r—p)/2+1)r(p+1/2)r((r+1)/2)F( 1T+1_p+7“+1_1_1> (2.3
-2 I((r+3)/2)T((p+r+1)/2) 2227 2 @)

Applying transformation formula to the hypergeometric function, see [9.131, 1] of [GR94], we have

F(p—i—l rtlprral,y 1):a’“+1F<TH 7ﬁppﬂaﬂ;l—a?).

27 2 7 2 T g2 2 7 2 7 2

Substituting it into (2.39) and then into (2.38), we get

ran ow p pl—‘((p+1)/2)r((7‘—p)/2) r
[6 (ug aA7p)] >a T (1/2) T (T‘/Z) —a",

where

_T(r—p)/2)T(p+1/2)T((r+1)/2) <r+1 r—pr+p+l1 1_a2>
2T (r/2)T(1/2)T((r+p+1)/2) 2 27 2 7 '

This concludes the proof of the case p < 2.
Let p > 2. Observe that, from Lagrange’s Theorem, there exists a value &, y < £ <y + 1, such that
(y + 1)P/2 —yp/2 = p/2£P/2-1 Since €P/271 < (y 4 1)P/271 we obtain the bound

q a('r—p)/2p q2/0‘ y(T—p)/Q—l
nar < &P / vy
/0 gt)ydt < 1 ; L

o o 2
= gL F(l,r p.T p+1;—q> (2.40)
«

2(r — p) 2 7 2 o
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which follows from formula [3.194, 1] of [GR94]. Proceeding exactly as before, we get

T—p T—p _ _ 2
>qp24 g2 P pfy TP TR T
fla) za r—p “ 2(r — p) T iy ThHTy

Using this bound in (2.34), we get

n (r—p)/2
ran Pow rCr 2
e (ubov, A, P>7/ abl (1= ) b db—
[ ( b p)] N (T - p)cn By rH ( i=r+1 )

(r—p)/2
n n 2
— / PP 3 0 reprop g 1m el
- a 1-— b3 F (1, ; +1;— db. 2.41
2(7”' - p)cn Bn_r rH ( i=r41 Z) ( 2 2 a2bg+1 ( )

Solving the integral in (2.41) as before, and applying the transformation formula [9.131] of [GR94] to

the hypergeometric function, we have

F(p+1)/2)T((r —p)/2)

ran Pow r
A P> 4P _
[6 (uk 3 )p)] Za T (1/2) T (7“/2) a v,
where
:pF((r—p)/Q)F((p—i-?))/Q) <r+1 r—p_r+1+11_a2>
2(r+ 1) (r/2)T(1/2) 2 7 2 7 2 ’ ’
This concludes the proof for p < r.
Let p = r. The integral denoted by f(«) in (2.35) becomes
q 1 p/2
—aP/? [ gt dt 2.42
floy=ar’? [Tt () e (2.42)
and can be rewritten as
q t q
= aP/? ———dt — / t dt) 2.43
flo) = ([* = [gwyar). (2.43
where
t tp—1

t) = — .
g( ) t2 +p/20¢ (t2+0é)p/2
Since p = r, we have that p is an integer between 1 and n. We analyze separately the cases p = 1 and

p>2. If p=1, then g(t) <0 and

e [Tt
flo) = o (f t2+1/2adt>
_ a1/21n<q2+1/2a>

2 1/2a

From (2.34) and since ¢ = /1 — 31", b?, we get

ran (. .Pow 1 1/2 i=2"
u A D] > a /" In db.
[ (™, 4, 1) Cn JB,_1 ( 12« )
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Let [|b]] = 7507, and t = by/(1 — ||b]|?)!/2. Since o = a? b3, using [4.642] of [GR94], we have

2 1 1—(1-1/2a?)t?
ran [, Pow “ o 2
e @A) 2 o [ [ (1 )m( raa ) b
(n —2)cn_o (n ) /1 1—(1-1/2a%)t?
~— IR (- 1,2 t1 dt
T, 2 )t 1/2a2t2

—2)ep— 1 —2)ep—
a“l%323<n_1ﬂ>m<>+a01%sz(n_12>m@%
2¢y, 2 a? 2¢y, 2

v

from which we have

1
e (uPov 4,1y > L1n (2) + 2 1m(2).
a

T T
This provides the proof for p =r = 1.

Let now p > 2. We notice that t2 + p/2a > t? + a. Then

t(t? + a)P/>71 — p1

9(t) = (2 + a)p/2

Setting y = t2/a, we have

q %/ 1)p/2-1 _ p/2-1
0 0 2(y + 1)p/2

1(p )/q% 1
< | ——d
= 2(2 o wr12®

(5-1)af
2\ 2 a+q?

We substitute this inequality into (2.43). We have

a t 1
)
“ </0 t2+p/2a 2\ 2
2 p/2 2 \2 a+q?
Since ¢ = /1 — Z?=p+1 b? and p = r, we obtain the lower bound

1= b2 +p/2
[eran (UEOW’A7p)]p > &/ ap/2 hl( i=p+1 "¢ p/ a) db —
Bn—p

fla)

v

2¢y, p/2a
2
pCp (P /2 1-— = rbz
I A (N | P )
2¢y, (2 )/Bnpoc a+1-— Zrbfdb
Let [[b|> = Y0, 067, and t = byy1/(1 — 16]|2)1/2. Then from the definition of a and using [4.642]

of [GR94], we have

p/2 a?t?
2
ppcp ( ) / / " <p+1>/2&
a A —(Il?) e
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Using again [4.642] we get

—p—1 1 1 1—(1—p/2a2)t?
[ (W, A, p)P > ap7B<n P ,p+ +1>/0tpln< (1=p/2a’) dt —

2 2 p/2 a’t?
p—2_(n—p—1p+1 Logp(1 —+#2)

where v = p(n —p — 1)cpen—p—1/(2¢n). Observe that
! 1—(1—p/2a?)t?
/ 1n (L—p/2a0)t7 4 _
0 p/2a’t?

L < 2 >+ 2 +/1t7’1 (1 (1 p 2)152) dt (2.45)
= —In{— — n{l—(1-—=a . .
p+1 \pa®) (p+1)2 Jo 2

Notice that if a®> > 2/p then In(1 — (1 — p/2a?)t?) > In(1) = 0. Hence, from (2.45) and using formula
[3.197, 3] of [GR94] to solve the integral in (2.44), we have

! 2
[eran (uEOW,A,p)]p > CLPL hl( ) _

~ p+1l  \pa?
2(p—-2) ( p+1 p+5 2) ) 2
aPy/ F(l,———/—;1—a | +ad’y ——,
T+ 3) 2 9 o1

where v/ = vB((n—p—1)/2,(p+1)/2+41). Using (1.6), we can express ¢; in terms of the gamma

function, and we get

T 1)/2 1
[eran (ugovv’ A,p)]p > aprm In (a2> — (2.46)
p D@+ 1)/2) [20-2) (, p+1p+5 o\ | (2) 2
a ar(p/2)r(1/2)[ p+3 F<1’ 2 g ! 2) ! (p) p+1}'

Otherwise, when a? < 2/p, we use the fact that

In(1 — ct?) = — i (Ct,z)i,

i1

where c is a constant such that —1 < ¢t? < 1. Setting ¢ = (1 — p/2a?), and using previous relation, the

integral in (2.45) becomes

P 2\ 2 (1—p/2a%) 1 <p+3>
rin(1-(1-2a2)2) at=-%" >~ ] .
/o n( < za) ) 2 i@itp+rl) = prl o\ 2

In this case, from (2.45) we have
1 1—(1—p/2a%)t? 1 2 1 2
/tpln (1= p/2a7)t dt>ln(>— ln<p+3>—|— :
0 p/2at? p+1 \pa?) p+1 2 (p+1)2
and then

e (e, A, p) > apm in () -
_ aprr(](?(/];;—f‘l()l/?;) {2(;;32)F<1 p+1p+5 a2)+1n<p+3)_ln<2) 2 ]




which concludes the proof for p = 7.

The last case is p > r. Setting y = t?/a, the integral f(a) defined by (2.35) becomes

a’l?2 ré?/a r/2 1

It can be rewritten as

a2 00 y’r/2—1 p 00 yr/2—1 p o 47
J@=7 /o (y+1)p/? y_/q2/a(y+1)”/2 | (247

The first integral of the right hand side of (2.47) can be solved using formula [3.194, 3] of [GR94] and is
equal to B(r/2, (p—r)/2). The second integral of (2.47) can be solved using formula [3.194, 2] of [GR94]

and is equal to
(O‘>(pr)/2 2 F(p,p_r;p_r +1;—O‘>.
q? p—r \2 2 2 q?
Hence, (2.47) becomes

r/2 p/2 —
« r p—r Q pp—r p—r «
(a) (2’ 2 ) (p—r)gP" (27 2 72 ’ q2> ( )

By substituting (2.48) into (2.34), and from the definition of o and ¢ we have

[eran (uEOW’ A7p)]p > a’ rér B <T pP— T‘) /B b:Jrl db —

2¢y, 27 2
» TCr b$+1 r P p—r‘p—r+1’_ a2b§+1 b
e n ne-r/2° \ 20 2 7 9 13" b2 '

Using again the technique of reducing integrals to one-dimensional integrals, we get

ran /.. Pow r Y rp—r r+1 n—r—1 )
LA p)P > B B 1) —
e @ AP 2o 2B (52 ) B (R

! P pp—rp—r +2
_ b p ' g P
av/o (1—t2)(P—T’)/2F<2’ 5y tlhi—aty— | dt (2.49)

where v = repep—p_1/cp and v/ = T((r+1)/2+1)/((p—r)I'(1/2)T (r/2)). Consider the integral
n (2.49). By setting z = t2/(1 — t?), we obtain

1 P D p—r p—r 12
—_— F —_— 1;— dt =
/0 (1 — )2 ( TR

1 o0 Z(p_l)/2 p pfr p*'l"
= g S 1;—z | da. 2.
2qP—T—2 /0 (a2 4 z)(r+3)/2F (27 9 ' 9 + 1 Z> Zz ( 50)

We notice that
¢ notice Hha Lp-1)/2 (5—)/2

< .
(a2 + 2)(r+3)/2 = (a2 4 2)?
Using this inequality and formula [7.51, 10] of [GR94], (2.50) can be bounded as follows

1 /OO Z(pfl)/Q (p p_r p_/r
20P7"2 Jo  (a®+2)0 /27 \27 2 2

1 o0 Z(p—?”)/? p p_r p_r
2ap*”*2/o (a2+z)2F<2’ 5 g TH Z) ‘
1 T(p-r)/2+1)T(r/2+1)

r b 2
- FlEi,.2 11— 42). 2.51
Qa2 T (p/2+1) (2 thbg Tl a) (2:51)

+ 1; —z) dz <
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Substituting (2.51) in (2.49), we get

. oo T((p—7)/2)T((r+1)/2+1)
e (af™, A,p)]'” 2 a I (p/2)T(1/2) B
2T+ 1)/2+ DT (0 —1)/2) (T

T (p/2+ 1)1 (1/2) 2

This concludes the proof. O

+1,1;§+1;1—a2>.

2.4.3 Asymptotic Behavior

In Section 2.4.1 and 2.4.2 we provide upper and lower bounds for the randomized error of the power
method at each step k. These bounds differ only by multiplicative constants and by lower order terms.
We notice that only for upper bounds the constants depend on the size of the matrix, while for the
lower bounds they depend only on p and r. Moreover, if A is a large matrix, the constants of the upper
bound become huge. So, it is natural to ask if these constants are sharp. We answer this question by

analyzing the asymptotic behavior of the randomized error ' (u}°%, A, p).

Theorem 2.4.3 Let A be a symmetric positive definite matriz, let v, r < n, and s denote the mul-
tiplicities of the two largest eigenvalues \1 and \r+1 of A. Let x,4+1 = A1/A1. Then for every p,

1 < p < o0, we have

e (ufv, A p)  (T((r—p)/2T((p+s)/2)\""

N - ( T (r/2)T (s/2) ) Jorp<r,
. e (ufov, A, p) [ T(p+s)/2) \'* B
W 5 (2k) Y7 [In (1)) (r<p/2>r<s/2>) Jorp=m,

e (uf, Ap)  (T((p—1)/2)T((r+5)/2)\""

r+1

Proof. From (2.28) we have

P 1 1 b2 Qk p/2 Vp
eran (ll ow’ A,p) N / < = 7"+ ) db .
F Cn n Zz 1 b2 + Zz =r+1 b2 2k

We can rewrite the previous equation as follows

1/2 p 1/p
1 r+s b2
ran /. Pow 7"+1 Zz r+1 Y1
JAp) = | — / by | dv|
e (g P) (Cn n (( b2+ Jir+1 :+1§+1 bz2> el )) )

where 12 12
rk(b) _ ( i= T+1 b2 Qk > _ ( T+1 Z:+j+1 bz2 ) ) (252)
S b2+ Ei:r—H ba2 L 07 ok ST 0
Let

r+s p/2 1/p
~ran A 1 T+1 Zz +7”+1 612 db
( p) 2 r+s 2 ’
n =1 b + xr+1 Zz =r+1 bz
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We want to show that

Jim e (W™, A, p) = limE(A, p). (2.53)

Notice that
~ran(A p) ran( Pow A p) < eran(A’p) + ||Tk||p7

1 1/p
el = (= [ noras) ™.
Cn JB,

Since ry(b) — 0 pointwise almost everywhere, and |r(b)| < 1 for the £,-dominated convergence Theo-

where

rem (see [Lan69], p. 312) we have limy_, 4 ||7%]|, = 0. This proves (2.53).
Equation (2.53) shows that the asymptotic behavior of ™ (u}°%, A4, p) can be studied by analyzing

e (A,p). Let a = x’;’H. Integrating with respect to by4sy1, ..., by, we have
+s 2 p/2 r+s (n—r—s)/2
~ Cn—r—s Z: r4+1 bz 2
| S)
Cn Br+s Z?:l bZQ + a’2 Z:+f+1 b’L2 z:z:l ‘

Let [|b]|2 = 30_, b7 and let t; = b;/(1 — ||b]|*)V/2 for i = r 4+ 1,...,7 + s, and ||t]|? = Sude 2 If we

rewrite the last integral as an integral over the balls B, and B, we have

(1 _ (n+p—r)/2(1 _ 2\(n—r—s)/2
A B [ [ POy,
r/Bs (o112 + a[[1>(1 — [[o][*)]

Using [4.642] of [GRY94] for both integrals, we get

(A, p)]
» 5=l pr— ltp 1— b2)(n+p r)/2 (1 _ t2)(n—r—s)/2
- / / 2 + a22(1 — b2)]p/2

Lpr=1(1 — [,2)(n+10*7‘)/2
_ D p+s—1(7 _ 12\(n—r—s)/2
- a 7/0 (1 - g2) [/0 e R K (2.54)

dt db

where v = rscp_r_sCrcs/cCp.
We have now three cases depending on the relation between p and r. Consider first the case p < r.

Then the last integral of (2.54) is finite even for a = 0. Substituting a = 0, we get
1
[~ran(A p)]p _ ap,)// {Pts— 1(1 t2)(n—r—s)/2 dt/ br—p—l(l o 62)(n+p—r)/2 db.
0

From the definition of the beta function (1.7) we have

+s n—r—s r—pn+p-—r
[ran(Ap)]—apZB<p2, 5 +1>B( 2p, ]2? +1).

Using (1.6), we can express ¢; in terms of the gamma function. We obtain

L ((r—p)/)T ((0+5)/2)

[ (A, p)]P = L (r/2)T (s/2)

This proves that for p < r, by using (2.53) we have

e (upeY, A,p) (P((r —p>/2>r<<p+s>/2>)”P
T (r/2)T (s/2) |

lim -
k—+oo wr+1
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Consider now the case p = r. From (2.54) we have

1 1 bpfl(l _ b2)n/2
gran( A P _ P / tp+8—1 1— t2 (n—p—s)/2 / db| dt 2.55
[ (A, p)]" = aPy 0 ( ) 0 [b2 + a2t2(1 — b2)]p/2 ’ ( )

We expand bP~1(1 — b?)™"/2 as bP~1 — (n/2)bPT! + O (P+3). Since [B*(1 — a®t?) + a?t?|P/? behaves as
bP + o (a2t2), it is sufficient to consider the first two terms of the expansion. As a approaches zero, we

have

1 b ( b2)n/2 "
/o [b2(1 — a?t?) + a2t2|P/2 7
1 bp—l 1 bp—i—l
= db+ O db
/0 [2(1 — a?t?) 4 a?t2]p/? - (/0 [2(1 — a?t?) 4 a?t2]p/? )
1 pr—1 1
= 55 db+ O bdb
/0 (b2 + a2t2)p/2 * (/ >

Observe that (b + a?t2)P/2 = b + (p/2)b>®/2~Da?t2(1 + 0 (1)) as a — 0. Then from the last equation

we have
1 bp—l 1
——db+ O /bdb)—
/0 CETE ( 0

1 bp—l
_ /0 e P00

! b
55 db 1
/0 b? + p/2 a*t? o)

1 1
= 3 In (b2 + gaQtQ) +0(1)
0

— (1 /pa22t2> (1+40(1).

Substituting this equality into (2.55) we get

1 2
~ran _ s—1 2\(n—p—s)/2
e (A, p)P = ap'y/ tPrs=1(1 — ¢2)(nmp=9)/2 ] (”pa2t2> dt

) —p—
- en(2)s (11 ) o

If we replace the expression for v in the last equation, from (2.53) we obtain

O Ap) < I((p+5)/2) )“p
koo gk (2k)1/T [ln(l/xr+1)]1/r I'(p/2)T(s/2))

The last case is p > r. We want to compute the limit

i eran (UEOW7A’p) _ [

r——+00 kr/p

1/p
I‘al’lA
L pn]
xr—i—l

kr
k—+o00 7‘—|—1

From (2.54) we get
[eran (ugow’ A,p)}p

lim = lim =
k—-+o00 7’+1 a—0 a”
1pr—1(1 _ p2 (n+p—7)/2
— lim d?~ TW/ pts— 1 2)(n—r—8)/2 / b ( b%) - dbl dt. (2.56)
a—0 0 b2+ a2t2(1 — b2)”/
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Observe that for a — 0 we have
/1 o br71<1 _ b2)(n+pfr)/2
0 b2 4 a2t2(1 — b2)]P/?

1 r—1c1 _ 12\(n+p—r)/2
= /ap—rb A=)
0 [b2+a2t2]17/

1 pr—1(1 — p2)(ntp—r)/2
— / p—r ( ) > (2.57)
0 artp (b2 /(a2t2) 4 1)/
We change variables by setting y = b/(at). Then the integral (2.57) becomes
1 /1/(at) yrfl(l _ a2t2y2)(n+pfr)/2 p
Y.
P~ Jo (y2 + 1)p/2
If we set z = 32, this integral can be transformed into
1 1/(a?t?) Zr/z—l(l _ a2t22)(n+p—r)/2
/ dz.
2tP=T (z + 1)p/2
We substitute this integral into (2.56). We get
P
ran A emn( POW’A p)
k——+oco 7“+1 a—0 a
1 n—r—s -3 31 ]. — 2t2 —
_2 / 11— 2) " | lim / Gl Gl LI P (2.58)
2 Jo a—0Jg (z+1)2
To find the limit of the last integral, we use the following bounds (for a < 1)
/alt 2571(1 — at)pnﬂ;_r iz < /1121152 2571(1 — a2t2:)n+g_r ds < /(1219 231 iz
0 (z+1)2 0 (z+1)2 0 (z+1)2
Since
(at) zr/2=1(1 — gt)(ntp=—r)/2 1/(a282)  ,r/2-1
lim dz = lim ———=dz,
a—0 Jo (z+1)p/2 a—0 Jo (z+1)p/2
passing to the limit and then using [3.194, 3] of [GR94], we get
1/(a%t?) Zr/2—1 +00 Zr/2—1 rp—r
= li ———dz = —————dz=B| < .
a0 Jo (z+ P2 " /0 (z+ 12 (2’ 2 )
Hence, we also have
1/(a?t?) r/2=1(1 _ 242 \(n+p—r)/2 _
lim (A —a’tz) dz_B<T,W).
a—0 Jp (z + 1)?/2 2 2
From (2.58), we get
P
' {eran( Pow A’p)}
lim i =
k—+o00 Tpliq
_ 7 rp- r+s— 1 (n—r—s)/2
= —B t dt
o (5557) [
_ T(p—7)/2) T (( r—l—s)/2)
I'(p/2)T (s/2) '
This concludes the proof. O
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Theorem 2.4.3 shows that upper and lower bounds provided in Section 2.4.1 and 2.4.2 are asymptot-
ically optimal. In fact, the analysis of the asymptotic case indicates that the upper and lower bounds
cannot be improved since the constants coincide with those of the upper bound when we set the mul-
tiplicity of the second largest eigenvalue to n — r, and with those of the lower bound for s = 1. The
constants increase with s and 1/r. This corresponds to the intuitive idea that the convergence is fast if
the eigenspace Z is large, and is slow if the eigenspace corresponding to the second largest eigenvalue
is large. Note that if p approaches infinity, the rate of convergence approaches 1 and even the constant

converges to 1. This agrees with (2.30) for p = occ.

2.5 Discussion

Theorems 2.2.3 and 2.2.4 as well as Theorems 2.4.1 and 2.4.2 show how the randomized errors depend
on the ratio A\,+1/A1. In addition, these theorems describe the actual behavior of the rate of convergence
for every k, p and r. We notice that only when p < r (respectivelly 2p < r for eigenvalue estimate), we
have the same rate of convergence as in the asymptotic deterministic case with >.7_; b? # 0. For the
other two cases, p =r and p > r (2p = r and 2p > r respectivelly for eigenvalue), the rate convergence
is slower. This is due to the fact that these theorems deal with the randomized case. So, in order to
compute the randomized error we have to integrate over all possible starting vectors, even those for
which the power method does not converge or converges very slowly.

To give an intuitive idea about the difference in the rate of convergence between the asymptotic
deterministic case and the randomized case, let us analyze the error for p = 1 for the eigenvector

approximation. In this case we have only two possibilities: 7 > p or 7 = p = 1. Assuming >_/_, b? # 0,

A1 \* DR 4 4 A
Pow . r+1 r4+1 r4s r+1
lélzf |lu,® — v|| = sin(ax(b)) = < N > \/ FES— +o <( I >) 7

where s is the multiplicity of the second largest eigenvalue.

we have

If 7 = 1, the expected value of sin(ax(b)) with respect to b cannot be proportional to (A2/A1)* since

b2 + bs+1
[Ib||=1

A more careful analysis shows that we have to lose a factor proportional to In(A;/A2)? in order to

achieve the convergence of the integral. For r > 2,

_|_
7"+1 r+s

db) < ,
/b|| 1\/ +b2 p(db) < oc

so we have a rate of convergence proportional to (A.41/A1)" as in the deterministic case. The explanation

of the general case p > 1 is similar.
Analyzing together upper and lower bounds we have a complete behavior of the power method for
computing a largest eigenvector. In fact, for every p and r, upper and lower bounds exhibit the same

dependence on A,41/\; and on k.
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We now comment on the bounds proposed by Kostlan in [Kos88].

Kostlan estimates the number of steps required by the power method to give a dominant e-eigen-
vector, averaged over all the possible starting vector. However, he considers another error criterion,
so that it is not easy to compare these bounds with our bounds. In particular, we use the Euclidean
distance where in [Kos88| the Rimannian distance is considered. Moreover, we study the error in the

L, case, while Kostlan simply integrate the error over the all possible starting vectors.

2.6 Numerical Experiments

We tested the power method for several matrices with many pseudo-random starting vectors b. The
matrix A can be chosen as follows. As before, let £/°V(A4,b) and u}°"(A,b) be the approximation
of A\ after k steps of the power method and the vector computed by the power method applied to
the matrix A with starting vector b respectivelly. Observe that for any orthogonal matrix ), we have
u,(QTAQ, QTb) = uy(A, b). Moreover, the uniform distribution on the unit sphere of the vectors b
implies the same distribution of vectors @”b. So, without loss of generality, we can restrict ourselves
only to consider diagonal matrices, see also [KW92a] and [KW94]. Vectors uniformly distributed over
the unit sphere can be generated as described in [Knu81], [KW92a] and [KW94].

The tests were performed on a Sun SPARCsystem 10 using double precision. To compute the values
of the hypergeometric and the gamma functions we used the program Mathematica.

We tested many different matrices of size 100 with the distributions of the eigenvalues chosen as

in [KW94]. We tested the following distributions:

e Chebyshev distribution: ~ A =--- = A, = 1+ cos(7/200), A\ryi = 1 + cos(( (2 — 1)7),/200);

e quadratic distribution 1: A\ =--- =\, = 2(1 —1/101)%, A\, ; = 2 (1 —i/101)%

e quadratic distribution 2: A\ =--- = A\, = 2(1 — (1/101)?), A\uiy = 2(1 — (i/101)?);

e uniform distribution: Al=-=XA=2(1-1/101), A\pyy = 2(1 —3/101);

e logarithmic distribution: A} =--- = A, = 21og(101)/1og(102), A\,4; = 21og(102 — 7)/log(102);
e 3

e exponential distribution 1: A\; =--- =\, =2e7 1 Ay =2e VY,

e exponential distribution 2: A\ =--- =\, =14+e L, N\, =1+e"

From the theoretical bounds, see Theorems 2.2.3, 2.2.4, 2.4.1 and 2.4.2, it turns out that the behavior of
the power method depends on the relation between r and p. We tested the power method for different
values of p and r for a fixed ratio between the two largest eigenvalues.

The main goal of these tests was to verify the upper and lower bounds and to see how much they
differ from the experimental values.

In order to approximate the randomized errors €' (£5°V A p) and €™ (ul°%, A, p) we have used

1,000 pseudo-random vectors b generated in accorrdance with the propcedure described in Section 1.1.
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| Ap) | E Ap) | EEEAp) || SR, A p) | Sl Ap) | Sl Ap) || p

10 2.456e — 02 1.466e — 04 1.216e + 01 9.737e — 01 4.782e — 01 7.998e + 00
100 2.857¢ — 03 1.423e — 04 1.184e + 01 9.111e — 01 4.850e — 01 7.992¢ + 00 1
1000 3.457e — 04 1.096e — 04 9.086e + 00 7.114e — 01 5.185e — 01 7.685e + 00 1
10 2.512e — 02 1.039¢ — 04 2.441e + 00 9.735e — 01 6.457e — 01 3.522e + 00 2
100 3.156e — 03 1.035¢ — 04 2.409e + 00 9.239% — 01 6.394e — 01 3.474e + 00 2
1000 4.127e — 04 9.893e — 05 2.110e + 00 7.383e — 01 5.799¢ — 01 3.035e + 00 2
10 2.951e — 02 6.440e — 05 1.065e 4 00 9.779¢ — 01 2.712¢ — 01 1.129e 4+ 00 || 10
100 4.456e — 03 6.503e — 05 1.063e 4 00 9.412e¢ — 01 2.729e¢ — 01 1.127e¢ 4+ 00 || 10
1000 8.194e — 04 7.120e — 05 1.035¢ + 00 8.675e — 01 2.902e — 01 1.097e + 00 || 10

Table 2.1: Quadratic distribution 2.

So, the randomized errors are replaced by the mean values among the 1,000 pseudo-random vectors, i.e.

| L0005 ePow 1/p
ran / ~Pow A — k 2.59
€ (fk ) ap) 17000 ; Al ) ( )
1,000 1/p
ran /.. Pow A p 2
e (uy, ,D) 1,000 Z sin® (o (b;)) : (2.60)

Let e"P (&%, A, p) and e"P(££°%, A, p) denote the lower and upper bound computed in accordance with
theorems 2.2.4 and 2.2.3 respectively, and let EUb(ugow, A, p) and ez“b(ulk)o"v7 A, p) denote the lower and
the upper bounds computed using formulas given by Theorems 2.4.2 and 2.4.1. Finally, k¥ and p are the
number of iterations and the parameter of the norm, respectively. Each table contains both randomized
errors for eigenevalue and eigenvector approximation. In the first column is reported the number k of
iterations, the second column contains the value e"*(£5°%, A, p) defined in equation (2.59), third and
forth column contain the theoretical upper and lower bounds 8“b(§,§‘)w, A,p) and 5“b(§£"w, A,p). In the
right hand side of the table we report the same quantities referred to eigenvector approximation. In the
last column we report the value of the norm parameter p.

In order to underline the dependence of the rate of convergence on the ratio between the two largest
eigenvalues we report the results obtained for the quadratic distribution 2, see Table 2.1, and the
exponential distribution 1, see Table 2.2. In fact, these distributions are those (among the different
distributions considered) for which we have the largest (the smallest) ratio between Ao and A; and then
the slowest (the fastest) convergence, respectively.

From Table 2.1 we see that for three different values of p, even after 1,000 iterations the randomized
error for the approximation of the dominat eigenvector is still very close to 1, for the eigenvalue estimate
the error is lower. An important observation concerns the lower and upper bounds. We notice that the
lower bounds are good approximations of the expected values e (££°%, A, p) and €™ (u}°%, A, p) while

the upper bounds are clearly overestimates. This is due to the following reasons:

1. The constants in the upper bounds, see Theorem 2.2.3 and 2.4.1, grow with the size of the matrix.
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k| ™€ Ap) | (&Y, Arp) | €E, Ap) || e, Ayp) | e (wiY, Ayp) | (™ Ayp) || p
10 1.812e — 02 8.507¢ — 03 9.004e — 01 1.770e — 01 1.698¢ — 01 2.124e + 00
30 1.390e — 04 4.700e — 05 4.975e — 03 2.432e — 03 2.300e — 03 2.864e — 02 || 1
10 5.161e — 02 3.934e — 02 6.621e — 01 2.509¢ — 01 2.368¢ — 01 9.616e — 01 || 2
30 5.270e — 03 3.276e — 03 4.921e — 02 2.468¢ — 02 2.006e — 02 7.148¢ — 02 || 2
10 1.532e — 01 8.194e — 02 8.164¢ — 01 6.801e — 01 3.888¢ — 01 8.715¢ — 01 || 10
30 1.150e — 01 7.455¢ — 02 4.854e — 01 3.562e — 01 3.421e — 01 5.182¢ — 01 || 10

Table 2.2: Exponential distribution 1 with » = 1.

k| e, Ayp) | (&Y, Ap) | e (& Ap) || e (™Y, Arp) | e (ur, A p) | e (w®Y, Ap) || p

10 5.171e — 02 1.107e — 02 1.823e + 00 4.100e — 01 1.276e — 01 1.920e + 00

30 3.117e — 05 1.525e — 05 2.427e¢ — 03 3.765e — 03 3.693e — 03 4.622e — 02 1
10 7.429e — 02 9.315e¢ — 03 2.921e - 01 4.593e — 01 1.570e — 01 3.650e + 00 2
30 8.112e — 04 4.103e — 04 7.031e — 03 7.979¢ — 03 7.511e — 03 1.245¢ — 01 2
10 1.663e — 01 3.632e — 02 2.195e — 01 6.904e — 01 2.472e — 01 8.850e — 01 || 10
30 3.251e — 02 3.004e — 02 1.042e — 01 2.551e — 01 1.950e — 01 4.200e — 01 || 10

Table 2.3: Exponential distribution 2 with r = 2.

2. Since the ratio x5 = \y/\; is very close to 1, 2§ goes very slowly to 0 with k. In this case, the

upper bound is more sensitive of the big multiplicative constants.

Table 2.2 is more interesting since it allows us to see the dependence of the speed of convergence on
p and r. The speed of convergence is now good. In fact, after only 30 iterations we get an error of the
order of 107 for eigenvalue and 10~ for eigenvector when p = r = 1. In this case, we have also that
the upper and lower bounds are relatively close to each other, and that the randomized error for k = 30
is very close to the theoretical bounds.

In general, it is possible to observe that the values of aran(g}jOW, A, p) and Eran(ugow, A, p) computed
with these tests are very close to the theoretical lower bounds while they are more distant from the
upper bounds even for small A\,11/A;. This is due to the importance of the multiplicity s of .41,
as it turns out from the asymptotic constants of Theorem 2.4.3. Experimental results prove that the
power method behaves differently for matrices with the same two largest eigenvalues but with different
multiplicities. In particular, increasing s we get bounds closer to the upper bounds.

To understand the role of p and r, we have performed tests with matrices for which the multiplicity
of the largest eigenvalue is r > 2. In Table 2.3 we report the results for the exponential distribution 2
with r = 2.

An important observation concerns the comparison between the three cases, 2p < r, 2p = r and
2p > r (respectively p < r, p = r and p > r for eigenvector). From Table 2.3 it is easy to see that
for the same value of k, the rates of convergence are different. For example, for £ = 30 we have that
eran(ui)(’w, A, p) is of the order of 1073 for p < r, and of order 10~! for p > .

We performed also tests with matrices with only two distinct eigenvalues. These tests indicate
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the asymptotic dependence of the randomized error on the multiplicity s of the second eigenvalue. In
particular, they show that the randomized errors are closer to the upper bounds eub(f}:"w, A,p) and

EUb(uEOW, A,p) when s is big. This is an important consequence of Theorem 2.4.3.
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Chapter 3

The Lanczos and Polynomial Methods

3.1 Worst Case Results

This chapter is devoted to the study of the randomized error of the Lanczos method and of other
polynomial methods (see Chapter 1 for definitions).

The analysis of the Lanczos method for eigenvalue and eigenvector estimate is much harder than
that of the power method, even in the deterministic case.

Saad [Saa80] proved upper bounds for the Lanczos method in the symmetric case. For completeness
we report here two theorems. Theorem 3.1.1 refers to the eigenvalue approximation, Theorem 3.1.2 to

eigenvector estimate. The proofs can be found in [Saa80] or in [Saa92].

Theorem 3.1.1 [Saa92] p. 201 The relative error of estimating the largest eigenvalue A1 by the
k — th approrimation 5,%“ returned by the Lanczos method satisfies the following inequality
Al — Epan _ (1 )\n) (tan@(b,Z1)>2
At T At T(14+2p) )’
where Ty, is the k-th Chebyshev polynomial of first kind, (b, Zy) is the angle between the starting vector

b and the eigenspace corresponding to A1, and

_ Al — Ayt
)\7“+1 - )\n

a

Theorem 3.1.2 [Saa92] p. 203 Let ukan be the vector returned by the Lanczos method after k steps
as approximation of an eigenvector in Zi. Let fi(k), 1 =1,2,...,k, be the eigenvalues of the matriz
Q%AQ;C, where Q. is an orthogonal basis of Ky. Let Q(ulgan, Z1) be the acute angle between the vector

ukan and the eignspace Z1. Then we have the following bound

VJ1+72,,/6
Lan o< Vo R 0(b, Z1),

inf
Il To(1 +2p)
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where § = min;; || A ffi(k)H, and Vi1 = ||(I — Ri) ARy || where Ry, is the orthogonal projector onto K.

O

These two theorems show that the error in the estimate of A\; and of an eigenvector in the space
Z1, depends on the eigenvalues of the matrix and on the starting vector b. In particular, when the
starting vector is orthogonal to Zi, the bounds are infinity. Moreover, the dependence on k is through
the Chebyshev polynomial computed at the value 1+2p. We see that, when p = (A —Ary1)/(Arp1—An)
goes to zero, the argument of the polynomial T}, goes to 1 and that the bounds do not decrease with k.
This shows that the speed of convergence of the Lanczos method depends on the particular distribution
of the eigenvalues.

The rest of this chapter is organized as follows. Section 3.2 reports results about eigenvector estimate.
We first comment about the impossibility to bound the randomized error with a quantity that goes to
zero when k < n but that is independent of the particular matrix. This result holds for every polynomial
method. We then give distribution dependent bounds. In Section 3.4 we report distribution free bounds
as well as distribution dependent bounds for eigenvalue estimate. Finally, Section 3.5 contains numerical
experiments.

The result of this chapter are mainly contained in [dCM96].

3.2 Best Eigenvector Approximation

In this section we analyze the behavior of the best polynomial method B introduced in Section 1.1,
equation (1.3). The main result of this section is the computation of the supremum of the £, randomized
error over all positive definite matrices. In Chapter 2 the same problem has been analyzed for the
power method. It is shown that there are matrices for which the distribution of the eigenvalues is
so bad that the power method does not converge, even for a random starting vector. In [LW96] the
analysis is generalized to all polynomial methods showing that there exists an n x n matrix for which
all polynomial methods fail in the approximation of an eigenvector in Z1, unless n steps are performed.
This “worst case” matrix has a unique largest eigenvalue but the others are pathologically close to ;.
Hence, polynomial methods are not able to distinguish between the eigenspace Zi; and the eigenspace
corresponding to the second largest eigenvalue. In [LW96] the randomized error is considered only in
the Lo case. The goal of this section is to generalize this result to the £, case, for 1 < p < 4o00. In
addition, we prove an upper bound on the randomized error of the method B which shows how the

distribution of the eigenvalues affects the speed of convergence.

Theorem 3.2.1 Let A, denote the class of all n x n positive definite matrices.

a) For k < n we have

L((n—k+1)/2)T((n+p - k>/2>>1/’{

sup e™" (UE,A,P) = (I‘((n— E)/2)T ((n+p—k+1)/2)

AeA,

b) For k > n the method B has zero randomized error.

45



Let us comment on this theorem. Observe that the value

<r<<n —k+1)/2)T ((n+p- k>/2>)”p
F'((n—k)/2)T((n+p—k+1)/2)

(3.1)

is decreasing with k since k > h implies Kj, C Ki. For K = n — 1 the value in (3.1) becomes

T(p+1)/2) \"*  /2T(p+1)/2)\""
(ramronim) = Crnren) (32)

Hence, even for £ = n — 1 there are matrices for which the best polynomial method B fails.

Proof of Theorem 3.2.1. Part b) follows by observing that e™" (uk®", A, p) = 0 (it will be proven in
Theorem 3.3.1), and e™" (uE,A,p) < emm (ukm A p).

To prove ! part a), assume k < n, and let r denote the multiplicity of the largest eigenvalue A;. Let

b =1, biz;. An arbitrary vector uy € Ky with ||ug| = 1 can be written as

n biP )\i i
up = =1 ( )Z ,

iy b7 P2(N)

where P is a polynomial of degree at most k — 1. We have

1/2
: it PP (M)
Fllug — v = i . .
e =l ( "R (33)

Let P denote the class of all polynomials of degree at most k — 1. By (1.3) and (3.3) we have that u?

satisfies

no 2P\ Y2
i=r+1"Y7 ( )> (34)

inf B .
o8, e =l 1%3( S 2PN

By (1.4) we have,

1/p
n L b2P2(\) o/
ran B i bl .
n _ db .
& (uk) 7p) (/”b|=1 ]gé%lk < ?:1 b,L2P2()\rL> M( )

Using a continuity argument we may restrict ourselves to polynomials P that are not equal to zero in
A1. Let Q(t) = P(tA1)/P(A1). The polynomial @ belongs to Py and we have that Q(1) = 1. Let Pg(1)
denote the class of polynomial of degree at most k& — 1 that takes 1 at 1. For x; = A;/A1, from the

previous equality we have

p/2 1/p
ran B . Ei:r+1 bzzQQ ('TZ)
e ug,A,p) = / min = - db .
(uf4.2) (blllQGPk(1)< i1 0F + 2001 57 Q% () uldb)

Let Q* be the polynomial in Py(1) that minimizes the integrand value. We want to prove that

2 1/p _ 2
sup | | BT, plan) | = | e u(db)
Acd, \Jipl=1 \ X0y b7 + 20,40 07Q (24)? lell=1 \ b3 + P+ 2

(3.5)

1/p

!The first part of this proof is a generalization of the L2 proof due to Leyk and Wozniakowski [LW96].
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In order to prove (3.5) we first note that for the worst possible Equality (3.5) can be proven by simply
applaying the same reasoning of [LW96] to the £, case.

The problem is then reduced to the solution of the following integral

/2
Zn k+1 b2 p
S = |b||71 <b2 n En ] b2 ,U,(db) (36)

Since the integrand function satisfies the assumptions of equality (1.9), we have

e 2

1 Zi:2k+1 bzz p/ "

S =— 5 o . (3.7)
Cn JBn \DT + 20555 b;

Integrating with respect to the last k — 1 variables, we get

/2 n—k+1 \ (k=1)/2
Ch1 P k+1 b2 p
S:—/ ( e 1— Y b db (3.8)
Cn JB,_ k1 b1 + Zi:2 bz‘ i=1
Rewriting last integral as an integral over the balls By = {b1,b? < 1} and the (n — k)-dimensional ball

B’ of radius /1 — b?, we get

_ Ck—1 [0]1P 2 2\ (k=1)/2
= 1—-07—1b db 3.9
L e o (0 10?) , (39

where ||b]|> = S0 b2
Let t; = bj/\/1—b}, fori=2,....,n—k+1, and let ||t||®> = 7142 = [|b]|2/(1 — b?). We rewrite

equation (3.9) as follows

P(1 — 2 p/2(] 20\ (k—1)/2(1 _ $2\(k—=1)/2(1 _ p2\(n—k)/2
Bi /By (bl-+ [£12(1 — )P/

Applying two times formula [4.642] of [GR94]| we get

1 sn—k+p— 1 2\(k—1)/2(1 2\ (n+p—1)/2
g — / / t — 1) (1-0%) dt db
b2 (- )
1 (1— b2)(n+p—1)/2
_ tn7k+p*1 1 —t2 (kfl)/Z/ ( db dt 3.11
7/0 ( ) 0 (b2 41t2(1—b2))P/2 4y

where v = 2¢c;_1(n — k)cp—i/cn.

Setting z = (1 — b?), equation (3.11) can be rewritten as

— 7 ! 7’L—k,‘+p—1 2 (k‘—l)/? /1 Z(n+p*1)/2
2! 1=t dz dt. 3.12
2 /0 ( ) 0 (1 - 2)1/2(1 _ (1 _ tQ)z)p/Q z ( )

Let us consider the double integral in (3.12). We notice that the first integral can be thought of as an

integral over the open interval (0,1). Hence, we can apply formula [3.197, 3] of [GR94] to the second
integral since condition (1 —#?) < 1 holds. We get

Yp(ntp+l 1)/1 n—k+p—1 2\ (k—1)/2 (P n+p+1l n+p 2)
=-B = t P11 —t Fl= 1;1 -t dt.
§=3 ( > 3) ), (1-1) 55 g b
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Changing variables by setting z = 1 — 2, we get

g — 7//1 z(k—l)/2<1 _ Z)(n—k+p)/2+1F <(12?, n—H;)—i— 17 n—QHU 4 l;z) dz,
0

where v/ = /4B ((n+ p+1)/2,1/2). Applying formula [7.512, 3] we have
/Ll 4+p) 2+ DT ((E+1)/2)T (n+p—k)/2)T((n -k +1)/2)

5 = T((n+p+1)/2)T (n/2+ )T ((n+p—Fk+1)/2)
T((n+p—k)/2)T((n-k+1)/2)
D=k T (n+p—k+1)/2)°
which proves the theorem. g

Theorem 3.2.1 establishes the behavior of the best algorithm for the “worst” positive definite matrix.
It is interesting to study the randomized error also for matrices whose eigenvalues are not so badly
distributed. The following theorem gives us an upper bound on the randomized error as a function of

the difference between the two largest eigenvalues.

Theorem 3.2.2 For any symmetric positive definite matriz A, let m denote the number of distinct
eigenvalues, let r, r <n—m-+1 be the multiplicity of the largest eigenvalue A1, and let A\.+1 and A\, be
the second largest and the smallest eigenvalue of A. Then for every p, 1 < p < +00, we have

for k> m,

e™" (ulkg,A,p) =0

and for k < m,

forp<r

T ((r—p)/2)T((n—r—p)/2)\7

B A ) (SR )
I'(n/2)

(p/2)T ((n—r

ran B 1/ Lp
€ (uk’A’p> S fk()‘lv)‘r-i-l,)‘n)ln p(fk ()‘la)\r-‘y—la)\n)) (1—\ )/2)> +ﬁ fOTp:T

(T
o Oty A s An)]7 (F forp >,

(n/2)T ((p— r>/2>)”p
(p/2)T ((n—1)/2)
where fi, (A1, \r+1, An) 1s defined in (3.24), and Ty, is the Chebyshev polynomial of the first kind of degree

k—1.

Before giving the proof, it is worth to comment on this theorem. The first part tells us that, when the
number of iterations k reaches the number of distinct eigenvalues, the randomized error vanishes no
matter how the eigenvalues are distributed. The second part shows that, when the two largest eigenval-
ues are well separated, the randomized error quickly decreases with k& (in fact fx (A1, Apy1, An) = a~k
for a constant « > 1). Moreover, we observe that we have three different behaviors of the randomized
error depending on the relation between p and r.

We have not been able to find lower bounds, hence we still do not know if the relation between

p and r is intrinsic for the problem or if the three cases above are due to our inability to bound

multi-dimensional integrals.
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Proof of Theorem 3.2.2. In the next section (see Theorem 3.3.1) we prove that, for & > m,
e (uf® A, p) = 0. Then, we have

ern (uf,A,p) < e (ui‘an,A,p) =0.

We now consider the case k < m. We have already observed that
W8 = iz b (Ni)zi
VI, 2P (A)2
where P* is the polynomial in Py for which the minimum in (3.4) is achieved. By setting x; = \;/A\1
and Q*(t) = P*(A1t)/P*(A1), the randomized error can be written as

(3.13)

B " +1 bQQ*( i)2 p/2 Hr
o (uf A.p) = (/bzl<zz_1b2+z YT m)) 8 (db)) | (3.14)

Denote by Pi(1) the class of all polynomials of degree at most k — 1 that are equal to 1 in 1. Then,
by (1.3) we have

1/p

n bQQQ(l‘l) p/2
ran B _ i=r+1
e (uk,A,p> = (/b” . erk <Zr 2y o bZQQQ(xZ)> p(db) (3.15)

= / min [1-— Zic b " (db) "
Ibll=1 QEP(1) TR Q2 )

Thus, the polynomial Q* that minimizes the error e™" (uk JA p) is such that

S BRQ ) = min Z ().

i=r+1 Qep,(1

We have

min Z b2Q2 (z;) < min max Z b2Q2

QEPy 1)1 ) QEPL(1) t€[zn,zri1] i—rt1

= [min max \Q(t)|] z”: b2, (3.16)

QEPK(1) t€[zn,xr+1] i=r—+1

From the Minimax Theorem (see 1.1.1) we have that

1
min max |Q(¢ ,
QEP,(1) t€[zn,Try1] Q)] = ’Tk (1 4+ 2 ﬁ)‘
where T}, is the Chebyshev polynomial of the first kind of degree k — 1.
Let
1
fk ()\hAT-‘rlv)‘ By .
C[m (2 )]
By (3.16) we get
epll b7Q*(wi) < fir (M; Argrs A b;. 3.17
erkwl;ﬂ Q% () < fr (M, A Z;l (3.17)

49



Using (3.17) we upper bound (3.15) as follows

n /2
Fr A5 A An) 040 b7 3
e (B A, p)JP < / irt1 Y db. 3.18
e (uf 4.p)] bl =1 <Z§:1 b + fi (A1, A1, An) D,y b7 (3.18)
The theorem now follows from the upper bounds proven in Lemma 2.1.2. O

3.3 Eigenvector Approximation by Lanczos Method

In this section we consider the Lanczos method for eigenvector estimate. In view of Theorem 3.2.1
we know that we cannot have distribution-free bounds. Therefore, we prove a result analogous to
Theorem 3.2.2 which bounds the rate of convergence of Lanczos method in terms of the relative distances
between the eigenvalues. Note that this theorem shows the substantial equivalence between the Lanczos

method and the best polynomial method B.

Theorem 3.3.1 Let u%an be the vector returned by the Lanczos method after k steps. For any symmetric
positive definite matrix A, let m denote the number of distinct eigenvalues, and let r, r <n—m+1, be
the multiplicity of the largest eigenvalue A1, and let \.11 and A\, be the second largest and the smallest
eigenvalue of A. Then, for every p, 1 < p < 400, we have

for k>m,

e (up™, A, p) =0
and for k < m,

AL — A

eran (ulljv Aap) S eran (u%an’A’p) S N\
A1 — Ary1

et (u?, A,p) )

Proof. To prove that '3 (uk® A, p) = 0 when k > m, we use Theorem 5 of [LW96] where this result
is proven for p = 2. The generalization to the £, case is straightforward.
Assume now that & < m. Obviously we have e™" (uk ,A p) < efan (uI,;an,A, p). Let b=>"", b;z;

denote the initial vector. By definition of the Lanczos method we have

uLan_ ZZL 1bp*(>\)

k
VI B2 P ()2
where P* is the polynomial in Py which maximizes the Rayleigh quotient. Thus
i1 bEAP (N)? i1 bEAP2(N)

mPT (N2 PeR. Y BEP2(N)

Equivalently, P* minimizes the relative error for the approximation of A1, that is

n L bPPF ()21 — N/ n b2 PE(N) (1 — N/

i=r+1 Zn (2 ) ( / 1) — min i=r+1 ln <2 )( / 1) (319)

Y P (N)? PEP, Yoi1 by P2(A)

By (1.4), setting z; = A\;/A\1 and Q*(t) = P*(A1t)/P*(\1), we get
1/p

Q@) \"”
eran uLan’A’p — / i= r+1 ! db . 3.20
s ) ( [Ibl|=1 (Zl 107 + 200 b7 ()2 ldb) (3.20)
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We have

Siy B @21 — 2i) it \
[eran(u%an7A7p)]p _ /”b 1( +1 Li) T=ay) 11(db)

Yim1 b7 + X Q7 (2:)?

1 1 D2 ()2 (1 — ) %
T e (zr S b?@*(wm) i)

min z r+1 b2Q2(xZ)(1 _ xl)
QEPr(1) Zz 1b2 + Zz =r+1 b Qz(xl

where (3.21) follows from 3.19 by setting Q(t) = P(A1t)/P(\1). Since

62 2 [ 7
QEPL(1) Zz:l by + 2 biQ (i)

using (3.15) we get

IN

1 p/2
= a7 /”b” 1 )> p(db),(3.21)

: b; Q* ()
<(l1—-z,) min i rl )
o ( ) QEePL(1) Z;:l bZQ + Zz:r-{-l bz Q (:L"L)

1/p

eran (u%an, A, p)

IN

1—a, \'/? | Lo 0Q )\
( ) / 11 T2 n 202 1(db)
11—z Ibll=1 \QEPK(1) D i1 by + D 0,1 b7Q ()

a

The randomized error €' (uk®®, A, p) has been studied in [LW96] for p = 2. Since we take into
account the multiplicity r of A1, we obtain tighter estimates. For r > 2, we get asymptotically (with

respect to k) better bounds; for r = 1, we get the same asymptotic behavior but with a smaller constant.

3.4 Eigenvalue Approximation by The Lanczos Method

We already underlined in Chapter 1 that the Lanczos method is the method, among polynomial al-
gorithms, that better approximates the largest eigenvalue A;. In fact the value §Lan returned by the
method miximizes the Rayleigh quotient over the space K.

By equation (1.2), the randomized error in the L, sense for eigenvalue estimate by the Lanczos

method is given by

B2P2(0\)(1 - Ai/A) ) v
eran (glganafbp) - (Ln <m1n =il i:1 IE,%.P)2(()\1) / 1)> /J'(db)>

PePy

= YR WAL —a) \° 1/p
- </Sn <Qéﬂ7’lﬁl) S b+ b?QZ(.Ti)> p(db) : (3.22)

As for the power method, also for the Lanczos method, it is possible to bound " (51%“, A,p) (see

Section (3.4.1)) by a quantity that does non depend on the eigenvalues of the matrix.
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3.4.1 Distribution free bounds

In this section we first report a theorem due to Kuczynski and Wozniakowski that gives a bound of
the randomized error €™ (££%", A1) that is independent of the distribution of the eigenvalues but
that holds only for the £y case. In Theorem 3.4.2 we generalize this result to the £, case when the
multiplicity of the largest eigenvalue is known. Unfortunately, for the Lanczos method, is not very easy
to get lower bound, so we can only judge the goodness of our upper bound by comparing the theoretical

results with the values obtained from tests (see Section 3.5).

Theorem 3.4.1 [KW92a] Let {,I;an be the value returned by the Lanczos method applied to the matrix

A after k steps. Let m denote the number of distinct eigenvalues of A. Then for k> m
eran (g,II;an7 A’ 1) = 0’

and, for k <m,

2
In (n(k —1)%) Inn \?
ran (¢Lan <0. < 9. < ) ]
e (& ,A,l)_0103< - < 2.575 p—

Proof. We refer to the paper of Kuczynski and Wozniakowski [KW92a] for the proof of this theorem.
O

Next theorem gives a distribution-free bound when the £, norm is considered. We note that we have
three different upper bounds depending on the relation between the multiplicity r of A\; and the norm
parameter p. The lack of lower bound does not allow us to find out if the Lanczos method follows these

different behaviors. We can only compare these bounds with the numerical bounds (see Section 3.5).

Theorem 3.4.2 Let f,%an be the value returned by the Lanczos method applied to the matriz A after k
steps. Let m denote the number of distinct eigenvalues of A, let r, r < n—m-+1, be the multiplicity of
the largest eigenvalue \i. For any p € [1,+00) we have

fork>m

eran (&I;an7 A,p) — O,

and, for k <m,

1 (T ((r—2p)/2)T ((n—r+2p)/2)\"/”
el G T for2p <7
eran Lan i nl/p 9 F(n/2) 1/p - _,
G Ap) <) k1) (F(P)T((n—Qp)/2)> t6 Jor2p=
1 (T(2p—r)/2)T (n/2)\"7
L(r/p) ( T ()T ((n—r)/2) ) for2p>r

where

=5 (r ») PF&Z/—Q)zp)/m (2+ i»/
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Proof. To prove that €' (L1241 A p) = 0 when k& > m, we use Theorem 3.4.1 where this result is
proven for p = 1. The generalization to the £, case is straightforward.

Assume now k < m. Accordingly with (3.22), the randomized error is given by

o B =)\ N\
ran LanjA’ _ / . Zz—’l’-i-l 7 ) 7 db '
e (& 2 <|Ib=1 QP Yoy b7 + 30,1 DFQ?(x)

Rising everything to the power p, we get

i1 Q2 () (1 — i) \"
eran Lan’A’ P _ / min i=r+1"4 i 7 db
e A i1 @2t \ S ¥ + o Q@) ) M)

. nob2Q%(x)(1 —22) \
Ibl|=1 QEPL(1) \ Doi—1 b + 2ty b7 Q% ()

IN

Since 327, 11 b2Q%(z;) > Y, 11 b7Q%(z;)(1 — ), from the previous equation we get

1 07Q* () (1 — a7)
S b+ 2 b Q2 () (1 —

[eran (glIsan’A,p)]p S/ minl ( )> ,LL(db) (323)

l|b]|=1 QEPx(1)

Let Uy be the Chebyshev polynomial of second kind of degree k — 1. The polynomial W}, = Uy /k is in
the class Py (1). We replace the minimum in (3.23) with the value achieved for Wy, and we get

e PWE () (1 — 23)
Sy 0F 4+ 0 W () (1 — 7

e g A < [

[[b]=1

)> 11(db).

Rewriting last equation as

[eran (é-]%an’ A’p)]p < /

[[bll=1

i b? ’
1 - = - ! 1(db),
< 1 b+ i DPWR () (1 — ) ()

we notice that we can upper bound e (££21, A, p) by taking the maximum of W2(z)(1 —?) over [0, 1].

By the properties of U, we have

Ui (x)
2 2y _ k 2
Jnax, Wi(z)(1—27) = Jnax, — (1—a%)
Ui (cos(0)) 2
= (1 — 0
b, T2 (1 —cos™(0))
sin? (k) sin?(0) 1
= max s 2 2
ocfo,7/2] sin“(6) k k
We get
n p
ran (¢Lan (1/k2) i=r+1 bzz
e (g Ap) < [ . pu(db).
e ) Ioll=1 \ 2= 0F + (1/K%) 30y bF ()
The theorem now follows from the upper bounds proven in lemma 2.1.2 O

Theorem 3.4.2 establishes upper bounds that hold for the £, norm. For these bounds considerations
similar to those for the power method apply. That is, for p = 1 these bounds are tighter than those
reported in [KW92a] only when the multiplicity of the largest eigenvalue is greater than n/In?n.
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3.4.2 Distribution Dependent Bounds

We now give upper bounds on the randomized error for approximation of the largest eigenvalue by the
Lanczos method. The same problem has been considered for the £; norm in [KW92a]. By comparing
our results (for p = 1) with those reported in [KW92a] we find that our estimates are tighter. For
r > 2, we get asymptotically (with respect to k) better bounds; for » = 1, we get the same asymptotic

behavior but with a smaller constant.

Theorem 3.4.3 For any symmetric positive definite matrix A, let m be the number of distinct eigen-
values of A. Let r, r <n—m+ 1, denote the multiplicity of the largest eigenvalue \1, and let \r11 and

An be the second largest and the smallest eigenvalue of A. For every p € [1,+00) and k < m we have

T ((n+2p—7r)/2)T ((r - 2p>/2>>1“’

An
(1 50 e O e 2 (FH (n—1)/2)T (r/2)

1

for2p <r,

n n 1/p
] Y (SR sy

(12 Yt sy (CB2E G

Y T'((n—7)/2)T (p)
where y
_ 2 L' (n/2) 2\\ *
and
1 T (n/2) 2\\ /7
ALy Arg 1y An) = AL, Ara1, An — .
A Y (R =T | (Femrn 7 2+3))
(3.24)
Proof. By equation (3.23) we know that
1=r b2Q2<mZ)( xl) g
ran [ ~Lan +1
[6 ( A p)]p < leplﬁl) /|b|1 (ZZ . bQ + Z L i1 b Q2($z)> M(db)
Since Ty41 > Tyya = -0 2 Ty, We get
. 1 PO () !
ran (+Lan _ i=r+1
[6 (gk ’A’p)]p < (1 wn)p QénPl:%l) /|b -1 (Zr 162 +Zz r+1b Q2($z)> :u(db) (3'25)

To complete the proof we note that the integral at the right hand side has been already bounded in
Theorem 3.2.2.
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k 5ran(£l%an’ A,p) 5Ub(§l%anv A,p) Eran(uI];an’ A,p) {—:ub(u%ar‘, A,p) P
10 6.724e — 03 1.151e 401 9.240e — 01 3.427¢ +02 | 1
30 8.158¢ — 04 6.373e + 00 7.273e — 01 2.397e+02 | 1
90 4.427e — 05 4.766e — 01 1.180e — 01 3.479¢+01 | 1
10 6.874e — 03 2.398e + 00 9.209¢ — 01 3.999¢ +02 | 2
30 9.444e — 04 1.785e + 00 7.639¢ — 01 2.946e +02 | 2
90 1.064e — 04 4.881e — 01 2.129e¢ — 01 8.032¢ +01 | 2
10 9.725¢ — 03 1.079e + 00 9.528e — 01 2.843e + 02 | 10
30 1.945e — 03 1.017e 4+ 00 8.858e — 01 2.674e +02 | 10
90 3.595e — 04 7.845e — 01 7.287e — 01 2.062e + 02 | 10

Table 3.1: Lanczos method: Chebyschev distribution, where r = 1.

3.5 Numerical Experiments

This section reports the results of some numerical experiments designed to verify the sharpness of the
bounds provided in this thesis. We report tests for eigenvalue and eigenvector approximation by the
Lanczos method. All tests have been performed on a Silicon Graphics Iris Indigo R4000 using double
precision. The Lanczos method has been implemented using the numerical package Meschach [LS94].

We tested the Lanczos method using matrices of size 100 with eigenvalues distributed as in Sec-
tion 2.6.

In Section 2.6 we already pointed out that, without loss of generality, we can restrict ourselves to
consider diagonal matrices. For each matrix we generated 100 starting vectors uniformly distributed
over the unit sphere using the technique described in Section 1.1. Estimates of the randomized errors
eran ({,I;an,A,p) and e™" (uI,f““,A,p)7 have been computed by the average over the random starting

vectors, i.e.

1100 /3, — glan\P 1/p
gran(&%an?A’p) = ( Z ( k ) > ) (326)
100 =\ X
1 loo 1/p
£ron (i, 4, p) = (100 > i k- vH”) . (3.27)

Let e"P(¢kan ) A, p) and e"P(ul*®, A, p) denote the upper bounds for Lanczos method given by Theo-
rems 3.4.3 and 3.3.1 respectively. Finally, £ denotes the number of iterations and p the norm parameter.

The results of the numerical tests are reported in Tables 3.1-3.3. For reasons of space we cannot
report the numerical results for all distributions. Since no lower bounds are known for Lanczos method,
in the randomized setting, these tests are particularly important for establishing the sharpness of the
upper bounds given by Theorems 3.4.3 and 3.3.1. Table 3.1 shows the results for the Chebyshev
distribution, which is the one with the slowest convergence rate. Table 3.2 shows the results for the
exponential distribution 1, for which the error reaches the machine precision (10716) after only 25

iterations.
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e (& A, p)

" (&, A, p)

ean(ulan A p) | e(ulan A p) | p
10 5.132e — 05 1.765e — 03 9.964e — 04 4.920e —03 | 1
15 1.410e — 12 8.878¢ — 06 1.089e — 07 3.573e —05| 1
25 5.432e — 16 2.245e¢ — 10 3.019¢ — 15 1.459¢ — 09 | 1
10 9.619¢ — 04 2.932¢ — 02 9.481e — 03 1.367e — 01 | 2
15 3.837¢ — 11 2.079¢ — 03 1.378e — 06 9.693¢ — 03 | 2
25 6.161e — 16 1.045e — 05 1.255e — 14 4.874e — 05 | 2
10 1.372e — 02 4.376e — 01 1.107e — 01 4.890e + 00 | 10
15 6.052e — 10 2.578e — 01 2.016e — 05 2.880e + 00 | 10
25 1.393e — 15 8.945e — 02 1.744e — 13 9.994¢ — 01 | 10
Table 3.2: Lanczos method: Exponential Distribution 1, where r = 1.

k| e (& Ap) | ™G Ap) | e up Ap) | e (upt™ Ap) | p
10 1.238¢ — 03 1.628e 4 00 4.060e — 01 2.368e+01 | 1
30 4.410e — 06 9.006e — 03 2.967e — 02 1.728e +00 | 1
60 1.202¢ — 12 2.874e — 06 7.305¢ — 06 3.086e —02 | 1
10 1.820e — 03 7.877e 4+ 00 4.817e — 01 2.770e+01| 5
30 1.573e — 05 5.180e — 02 4.631e — 02 2.021e+00 | 5
60 3.428¢ — 12 1.816e — 05 1.016e — 05 3.609e — 02 | 5
10 2.390e — 03 6.903e — 01 5.603e — 01 7.432e +01 | 10
30 2.259¢ — 05 5.135e¢ — 02 6.035¢ — 02 5.850e + 00 | 10
60 8.472¢ — 12 9.172e — 04 1.709¢ — 05 1.089¢ — 01 | 10

Table 3.3: Lanczos method: Logarithmic Distribution, where r = 10.
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We can observe, especially from Table 3.2, that the speed of convergence shows a dependence on
the norm parameter. In fact, we have slowest convergence as the value of p increases. Unfortunately,
the upper bounds are, in this case, not very accurate, so it is not easy to understand if the dependence
on p and r is really like that of Theorems 3.4.3 and 3.3.1.

In Table 3.3 we report the numerical results obtained for the Logarithmic distribution when the

multiplicity of the largest eigenvalue is 10.
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Chapter 4

A Randomized Parallel Algorithm for

Eigenvalue Approximation

The algorithms presented in the first part of this thesis can be considered as randomized methods even
though the randomization is only limited to the choice of the initial vector, and no random choice is
done in the other parts of the algorithms. In this chapter we present a “fully” randomized version
of the power method. The parallel cost of this algorithm is lower than that of the best deterministic
implementation of the power method on a PRAM.

In the area of numerical linear algebra there are very few example of randomized algorithms. An
interesting example is provided by the result obtained by Codenotti and Leoncini [CL91]. They propose
a parallel Monte Carlo method for solving linear systems. The computational parallel cost of their
algorithm is O (log n) with n?W processors, while the best know deterministic algorithm for this problem
takes O (log2 n) time with n®®) processors.

The results of this chapter are also reported in [dC095].

4.1 The Algorithm

Let A be an n x n symmetric real matrix, and let A1, A9, ...\, denote the eigenvalues of A. Assume
(Al = A2 =2 [Ag] = -+ [An],

and that if |A\;| = |A2| = -+ = || then we have A\; = Ay = --- = A, that is A does not have two
different dominant eigenvalues. Denote by z1,2s,. .., z, the orthogonal eigenvectors of A.
The randomized method we are proposing is an algorithm based on the power method without

normalization, that can be defined as follows

{“(0) = b (4.1)

u® = Auk-D),
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where b is a starting vector. If the starting vector b is not orthogonal to the eigenspace corresponding

to the dominant eigenvalue A1, then the sequence u'®) is such that

Um
lim =A
k——+o0 ugi_l) b

where u%) denotes the m-th entry of the vector u® and m is an index for which uﬁfi‘” # 0. We can
write b as a linear combination of the orthogonal eigenvectors. b = >, b;z;. Assuming b is not

orthogonal to Zi, then Y ;_; b; # 0. Substituting into (4.1) we get

) . i n Nk (g
) mmeab)  Slabie £ S b (3) o (4.2)
(k1) — g k1,0 S (i) n PO '
Um i=1 9, Zm Zi:l bzzm +Zi:r+1 bl ()Ti) Zm

Since (/A1) goes to zero as k goes to infinity, the ratio u%f)/quffl)

converges to Aj.

In this chapter )\EA) (or simply A; when there is not ambiguity) denotes the eigenvalue of the matrix
A whose absolute value is maximum.

The deterministic computation of an approximation to A; with this scheme, involves the calculation
of the vectors u®) = A¥b and u*~1 = Ak—1p, for a sufficiently large k. On a CREW-PRAM this takes
O (log klogn) time with n3/logn processors as a consequence of the computation of the k-th power of
the matrix A. We assume the starting vector b is not orthogonal to the eigenspace Z;. We show a
randomized method for the computation of the two quantities uﬁ,’i) and uslrf*l), that allows us to estimate
A1 as the ratio between these two values.

The randomized method for determining an approximation of uﬁfi) consists in a n-fold sampling of
the value of the random variable with a series of independent tests and in the computation of their

arithmetic mean. The m-th entry of u®*) = A¥b can be written as

ugﬁ) = Z Amiy Aiqig * ° Aiy_ iy, bik- (4.3)
11,0250 0k
Assume that
aij = fij pij, 0<pij <1, ih,j=12,....n
" 4.4
> pij =1, i=1,2,...,n, (44)
j=1
then, (4.3) can be rewritten as
uﬁ,’? = Z Jmiy fivio *+* fir_yixPmis Pivia - - - Dig_yig i -

11,8250 0k

Let P be an n x n matrix with entries p;;. By (4.4), we notice that P is a transition matrix that
describes a family of homogeneous Markov chains with state space V' = 1,2,...,n (see [Fel68] for a
theoretical treatment of Markov chains).

Let Xo, X1, ... Xk be the Markov chain of length k£ + 1 described by P. If we concentrate the initial

distribution in m, i.e., Pr(Xo = m) = 1, we have
Pr(Xo =m, X1 =i1,..., Xp = k) = Pmiy Pivio - ** Pigp_rin- (4.5)
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Let the (k + 1)-tuple m,iy,12,...,4 denote a trajectory of the Markov process. Let € be the set of
all trajectories of length k£ 4+ 1 with m as initial state. We construct the random variable q)ﬁ,’i) Q2 —-1R
as

W) (m,iv, iz, .y ik) = foir firia Jin_vinQiy- (4.6)

The expectation of @2’? is equal to ugf). In fact, by definition of expectation, together with (4.5)

and (4.6), we have

E@P) = > B (m,iriz,... i) Pr(m,iydz,. .., i)
iz
= > fuiruin o FirinPmiDivia  Pigain i = U
11,82, 0y0k

For approximating the expected value of @1(7’;’) , we proceed as follows

1. Compute N independent trajectories wi,wo,...,wnN.

2. Compute @' = §V:1 @gi)(wj)/]\f.

For a sufficiently large N, the quantity a&’i) is close to ugff). The Chebyshev inequality allows us to
bound the probabilistic error. We have

Pr ( > 5) -
Var (I)’grlf)
- v -l et < o)

(k)

(k)

Um

(4.7)

A problem arising with inequality (4.7) is that, for an arbitrary matrix A, it is difficult to bound
)

the variance of <I>7(jaf . Moreover, it is not possible to give bounds on \ugﬁ)] that holds for all the class

of symmetric matrices. We circumvent these problems by introducing a matrix M for which these two
quantities can be bounded. The new matrix M has the form

A

M=t
Ak Alloo

I, (4.8)

where k is a fixed integer.

We apply the previous method to the matrix M in order to get an approximation to the dominant

eigenvalue of M and then we get )\gA) by the following relation

(M) )‘(A) (4.9)
A = e 1=1,2,...,n. 4.9
4k || Al oo

It is evident that the largest eigenvalue of M might not correspond to the largest eigenvalue of A, this

)

happens for example if )\gA < 0, In this case, it is necessary to apply the algorithm to the matrix

M= —A/(4K]| Allc) + I
rather than to M. If we do not know the sign of )\gA), we can compute both )\gM) and )\51\71). The
dominant eigenvalue of A is 4k||A| \OO()\gM) —1) or 4k|| 4| \Oo()\gM) — 1) depending on which of those two

values has maximum absolute value.
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In order to approximate the values )\gM) and /\gM), we proceed according to the procedure shown
before. In particular we need to compute the m-th entries of u®) = M*b and u*~Y = M*1p (and
the corresponding values for M).

As before, we decompose each entry m;; of M as the product of f;; and p;;, where

n
, |45
fij =sign(mg;) > |manl,  pij = :
2 ST o
This choice satisfies conditions (4.4), so that we can implement the Markovian process on the random

variable ®)

In the following is sketched the parallel algorithm.

Algorithm RANPOWER

1. Apply the following procedure two times, one when C' = M, the other when C' = M to produce the values

5\5\];) and 5\5\]—;) as approximations to the dominant eigenvalues of M and M:

lcij

[fisl for L] = 1727--.,’”.

1.1 Compute f;; = sign(c;;) > p_; |ein| and p;; =
1.2 Compute the matrix S = (s;;), where s;; = E%leih fori,j=1,2,...,n.
1.3 Compute the trajectories wq,...,wn, and vq,...,vyN as follows:

for each pair (w;, ;)

1.3.1. Produce, independently, numbers x;; for ¢ = 1,...,n, j = 1,...,k, and y;; for

i=1,...,n,j5=1,...k —1, randomly chosen in [0, 1].

1.3.2. Determine the trajectories w; = tg,t1 ..., tk, and v; = ug, U1 - .., Ug_1. as follows:
Determine integers «;; and §; fori =1,...,n,j=1,...,k,andr=1,...,k -1, for
which

Siag;_1 < Tij < Siay;, SiBir_1 < Yir < Sify,-

The trajectories are
to = m; . up =My
by = oy - Upr = By, v
1.4 Compute the values @%c)(wi), and (I)gf*l)(yi) fori=1,...,N.
1.5 Compute the sums Zi\; @%)(wi) and 2511 @5571)(ui).
1.6 Compute the approximate value to )\(Ck) as

k N k
j\(k)_ 97(71) _ Ei:lq)gl@)(wi)
¢ (k-1) N k—1 :
D SARE Sl (%)

2. Compute the values p = 4k||A|| (5\5\7 - 1) ,and ' = —4k||Al|oo (5\%}) + 1).
3. Return the approximation of )\ff) as
sy ) omo Af |l =max{|pl, 1]}

u' otherwise.
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4.2 FError Analysis

In this section we analyze the error in the computation of an estimate of )\SA) when we use algorithm

RANPOWER.

From Section 4.1 it is clear that the error analysis has to take into account three sources of error:
1. the error arising from the approximation of u,(fi) /uq(q’ifl) with the output 5\(:) of the randomized

algorithm RANPOWER (probabilistic error);
2. the error due to the truncation of the sequence (4.1) at the k-th term (analytic error);

3. the roundoff error induced by using formula (4.9) to compute an estimate of )\gA).

Let /\Ef) be the estimate of )\EA) after k iterations of the power method and let S\Ef) be the value
returned by the algorithm RANPOWER.
We would like to determine 5\%), so that
(A4) _ 5(k)
w < ea, (4.10)
AL
where €4 is a fixed positive threshold.

Observe that, neglecting second order terms, it is sufficient to have

A) (k)
A A 1
@ T ()
AP = A 1
A

In fact, from (4.11) we have

1
RIS

g 1 A
5 _)‘E4)S§5A’)‘g )

and from (4.12)
1 ~ 1
Lo a0 -3 < Loy
Summing up these two inequalities we get
a, 1 k A A) Rk A, , 1 k A
—eal Y= GealAW = YD < AP = AR < ealh i)+ gealA - ).

Since |a| — |b] < |a — b|, and we have
A) _ (k)
A - AY) )
1 7A 1 ~ -
o ST
The analysis of the analytic error (4.11) depends on specific properties of the matrix A. In particular,

from (4.2) we have

n ADNFTL G A
0y | St () ()

(4) ) W\ k-1
A ST bz + > i bi % 2
A
1
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AN ()
r n
( A’(X)l ) > imr41 bizm
1
. (4) \ k-1 .
(4) A (4)
2221 bizm + )\(j)l Z?:r-t,-l bizm

1

AN\ i
- ‘)\7("+)1 i=r+1 bz‘zgn)
A T ’
A S0y biz)

from which follows that, in order to satisfy (4.11), it is sufficient to choose

IN

k = O (log(ea)/log(|Arta] /| A1) -

Most of the time we do not have a good approximation of A,11/A1, since we are looking for a good
estimate of A;. Moreover, inequality (4.11) is not sufficient to guarantee that a similar bound on the
analytic error holds also when we apply the method to the matrix M. This problem can be partially
resolved by the application of the algorithm RANPOWER many times, with increasing values of k. We
stop this process when the difference between two successive approximation of )\gM) is less than a positive
threshold, say ). It is well known that this condition does not guarantee the same bound on the actual
error but for iterative method it is necessary to establish some halting criterion.

We now consider the roundoff error. We assume that k is a fixed integer value corresponding to the
number of iterations that guarantees bound (4.11).

The first step of the algorithm RANPOWER consists in the computation of the estimate of the largest
eigenvalues of M and M. Let us denote by S\Ef) the approximation of )\gA) returned by RANPOWER and
by 5\5\]2) and S\S\I—Z) respectively the estimate of largest eigenvalues of M and M computed by RANPOWER.

We assume )\gA) > 0, the case A\1(A4) < 0 is similar. With this assumption, we have that at step 3.

of the algorithm RANPOWER the algorithm outputs u = 4k||A||so (5\5\? — 1) as approximation of /\Ef).

We need then to analyze how the probabilistic error, on 5\5\]2) and on 5\5\];[)

relation (4.9).

, is propagated to S\Ef) through

(k) _3(k)
Assume that Vil YIRS Lear, for a certain positive threshold 37 that depends on the randomized

N
error. Assume also that k and the entries of the matrix A are numbers exactly available. Suppose to

compute A; with the following procedure:

vy = Al

y(z) = 4xk

yB = y@ ey (4.13)
y(4) = )\g\]}) -1

y® = y®) y@),

Let agi) be the error at steps (i) in (4.13). Then the total error &, in the computation of /\gA) with this

procedure is denoted by 5§5). Let u be the machine precision, and assume that the error produced at

each step is bounded by u. We have
|5§1)| <u(n+1)logn.
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Since ]5%2)] < u we have |5£3)] < 2u+u(n+1)logn. The error produced at the 4-th step can be bounded

as follows

(k)
S e
Ay =1
because £)7/2 bounds the probabilistic error of )\g). Since
€t = ef’) =+ 653) + 5§4),
the following inequality holds
k
Xt | e

led] <u(d+ (n+1)logn) + ———.
2]AE) — 1
In order to satisfy (4.12), we require || < e4. It is straightforward to verify that it is sufficient to

take
1 1

< - < - 4.14
Y= At nlogn) M= 8+ akp(A)SN (4.14)

where p1(A) = ||A||so||A7 |00, is the condition number of the matrix A.

We analyze now the probabilistic error in the computation of an approximation to )\g\’}). Let

)\5\12) = ugi) /uﬁ,’ffl) and let 5\5\? be its approximation computed during the first stage of the algorithm
RANPOWER. We fix a positive threshold €,;, we wish to determine a lower bound on the number N of
Markov chains to simulate, so that Pr (|)\§\]}) — 5\5\]})| < %sM\)\g)\) is close to 1.

Let SO = é\le o) (wj)/N. From Chebyshev inequality, we have

Var (() ®4)

k k k
Pr (\uﬁn) - 50> €1|u£”)|> = N(€1’u(k)|) ’

(4.15)

where €1 = (1/4)ep.
The following theorem gives a bound on the m-th entry of the vector u®) = M¥*b under certain

assumptions on the starting vector b.

Theorem 4.2.1 Let b be a vector with positive entries, i.e. b; > 0, and such that

minz-zlr_.’n b

i 1 )k
——— A e T 1 4.16
maxi:Lm’n bz < + 4k ( )

and let u%’i) be the m-th entry of the vector u'®) = M¥b. Then, for s =0,1,...,k, and for every index

m, we have:

1\?° 1\°?
i P . - —_ < (s) < . - .
Proof. We proceed by induction on s.
For s = 0 we have
ugo) = bl
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and then min;—y, ., b; < uﬁ,?) < max;—1,. nb;. Suppose that the theorem is true for s — 1, i.e.

1 s—1 ( 1) 1 s—1
_ — < s <« . _ .
(1 + 4k) 1] Sty S max b (1 + 4k>

By inductive hypothesis and by using equation (4.16) we claim that u(s D> o. By definition

min b; — max b;
1=1,...,n i=1,....n

1 “ -
(5) — 4(5=1) — 3 apulY 4.17
Um Um + 4kHAHoo jZIamJu] ? ( : )
then equation (4.17) can be rewritten as

Z amJ“S = Z \amj\ugi_l)ll

(s-1) 1 - (s—1)
< ) - _
<m0 g | X o - min NZ@'“W']
mj mj
< (s—1) , min;u Z max,u ) _ min; uz(s b
max u a a
i 4"7”A|’oo mi + min; w7V Jiamy >0 "

Since the sum of the elements of each row is less than the co-norm, we have

(s—1) . (s—1)
1 (s—1) min; u max; u; — min; u,
U,S)i ) S m?axui + 4,1{;”AHOO Zam] Zmin'u('871) 7 ) am]]
j=1 O J:@m;>0
. (s—1) (s—1) . (s—1)
(s—1) , min;u; max; u, min; u,
< : _
= T ik 1k 4k
1
< maxu(s 2 (1 + 4k> (4.18)
By induction hypothesis together with (4.18) we get
1 S
(5) < : il
up) < i:rrll’a'f(’nbz (1 + 4k> . (4.19)

Let us now prove the other inequality. From equation (4.17), separating negative terms from positive,

we get

() = -1 4
Uy, U,

Z amﬂus Y- > |amj‘u§8_1)]

Jiam; <0

. (s—1) 1 . (s— (s—1)
> min u; + TR Al~ min u; Z (pj — MAX U, Z |amj|}
] arng>0 j a'mj<0
( min; w2 max; wl*™Y _ min; ulsY
I : S— 1 . 7 K3 .
= minuy + 74kHAHoo Z:amj — D) ) Z | @]
j=1 G Jiam;<0

Observing that [|Al|cc > — >°7_1 am; and by inductive hypothesis, we get

1 S
(5) > minb; — b-[(l ) —1}.
Uy, = miln i mzax i + 1k
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The same theorem holds when we consider M instead of M. The proof is essentially the same of
that of Theorem 4.2.1 where is used the fact that —>>"_ am; < [|A]|c-
In order to evaluate inequality (4.15), we need to bound Var <<I>7(,I§)). We remind that

Var (9 (w;)) = E[(@(F (w:))?] - [E(@ (wi)]*

)

The following lemma allows one to bound the variance of the random variable <I>£,’§ . The same lemma

holds for the matrix M.

Lemma 4.2.2 Let M = (mj) be a matriz defined as in (4.8). Then we have

1 1 <i <1+ !
. - -
Ak ==Y T 4k

O

The proof of the Lemma follows easily from the definition of matrix M (see equation (4.8)). By

lemma 4.2.2 we have

@O (@) = |fmis Firiz-+ fir_yi by

| k

IN

max b;| max f;;
% ¥

n k
= maxb; (max Z |bih>

h=1

1 k
< 1+ —
= m?Xbl< +4k> ’

and by theorem 4.2.1 we can bound the variance as follows

)
4k

IN

Var (@g’f))

(o) ]

1 k
= —(minb; + maxb;)? + 2 max b, (1 + Zlk) (min b; + max b;)

2k
(max b;)? (1 + ) — [minbi — max b;

1 k
< 2maxb; (1 + 4k:) (min b; + max b;).

Inequality (4.15) can be rewritten as

1\F, .
2 max; b; (1 + @) (min; b; + max; b;)

(k) _ g(k) (k)

(4.20)

Observe that

A — A1 fuin) = S®| _ - fuia = $EY)]
T ( ‘)\(k‘)‘ S §5M =Pr (k:) S €1, (k‘—l) g 21
M

|um’| um |
where g1 = g9 = (1/4)e .
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We notice that the sequences w; and v; are chosen independently in RANPOWER, then the random

variables S®*) and S*~1 are independent. From previous equation, we have,

(k) _ (k)
Py (‘)‘M/\M| < ;€M> _

ALY
|u£7’f) . S(k)| |u$7]§71) . S(k—1)|
- (M s (e =

(k) (k-1)

N(er]uin)))? N (eafusn V)2

It is straightforward to see that

k k— _ (k) (k—1)
Pr<u£n)_S(k)| . ]ugn 1)_S(k 1)| . ) 1 Var (Cbm) B Var ((I)m ) |
|u$r]f)‘ =2 ’ugﬁfl” N(€1|ug§)‘)2 N(52|u%71)])2

Using the bounds proved in Theorem 4.2.1, and inequalities (4.20) and (4.21), we have that, in order

to have a probability of success greater than 1 — ¢, it is sufficient to choose
N = Q6 e 2u(A)k?). (4.22)
If A is a normal matrix, i.e. ATA = AAT, we can choose
N = Q(6 e 2nk?). (4.23)

In this case, |)\§A)| > ||A||oo/+/n, and hence |/\gM) — 1| > 1/(4ky/n). Tt follows that it is sufficient to

choose e)r < -=———¢c4. This bound on £); guarantees equality (4.23).

I(1+4k~/n)
By (4.23) we have that, if the problem is ill-posed, e.g. ©(A) increases exponentially with the order
of the matrix, it is necessary to simulate an exponential number of Markov chains. On the other hand,

if A is normal, than N is linear in n.

4.3 Analysis of the Computational Cost

In this section we study the computational cost of the algorithm RANPOWER on a CREW-PRAM.

Let T'(n) and P(n) be the parallel time and the number of processors required for an input of size

We first analyze the parallel cost of the step 1. of the algorithm. This step consists of the double
application of a procedure that allows to approximate )\S\Z) and )\E\’—;).

The computation of fj;, in stage 1.1, can be performed in [logn]| time on n[n/logn| processors.
Then the values p;; can be computed in constant time. Similarly, stage 1.2 requires [logn]| time and
n[n/logn| processors. During stage 1.3 we compute in parallel 2N trajectories. Stage 1.3.1 can be
carried out in constant time on 2nk — n processors. Step 1.3.2 can be performed by using a binary
search algorithm with running time [logn] on 2nk — n processors. Hence, stage 1.3 requires O (logn)

time on 2N (2nk — n) processors. By using 2Nk processors the values in stage 1.4 can be computed in
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[log k] time . Stage 1.5 consists of the sums of NV terms, so that [log N'| time steps suffice on [N/ log N|
processors. Stage 1.6 can be carried out in constant time. Since stages 1.1-1.6 are performed twice, the

global cost of stage 1 is

T(n) < 6[logn]|+2[logk] +2[logN]+ O (1),
P(n) < max{n[logn],2N(2nk —n)}.

Step 2 requires the computation of ||A||«, that can be performed in time [logn] on n[n/logn| pro-

cessors. Finally, the value 5\§A) in step 3 can be computed in constant time. The cost of the algorithm

RANPOWER is

T(n) < T[logn]+ 2[logk] +2[log N1+ O (1),
P(n) < max{n[logn],2N(2nk —n)}.

Theorem 4.3.1 Let A be a symmetric n X n matriz with real entries. Assume we want to compute
an approrimation of the dominant eigenvalue of A with a total error at most of €4, by using algorithm
RANPOWER. If A is normal or its condition number (A) increases at most polynomially with the order
of the matriz, then RANPOWER computes an € z-approximation of the dominant eigenvalue in parallel

time T(n) = O (logn + logk) and P(n) = kn®W, with high probability.

Proof. We observe that the bound on the parallel cost follows from the hypotheses of the theorem. In
fact in this case, by equations (4.22) and (4.23), we have N = O (nh), and then log N = O (logn). O

This theorem proves that the parallel time cost of the randomized algorithm RANPOWER is lower

than that of the deterministic implementation of the power method.

68



Chapter 5

Conclusions

This thesis has investigated the effectiveness of randomized techniques for computing the largest eigen-
value and a corresponding eigenvector of a symmetric matrix. In particular, our study has been ad-
dressed towards two different directions. We first asked if the use of randomized techniques allows one
to characterize better the behavior of very well known methods. Then, we considered the problem
of designing a randomized algorithm whose performance is better than that of the best deterministic
implementation of the power method.

Both of these questions have been answered positively. In particular, in Chapter 2 and 3 we con-
sidered the power and Lanczos methods when the choice of the starting vector is done at random.
We noted that this is usually the case, in practical implementation of these methods. We defined the
randomized error in the sense of £, for p € [1,+o00], and we analyzed the behavior of these methods
for every value of the norm parameter p. Our analysis has pointed out mainly two properties of Krylov

methods that were not known in the deterministic setting.

e In the randomized setting, the behavior of the above mentioned methods as well as of any other
polynomial methods differs when eigenvector or eigenvalue estimate is considered. In fact, for
eigenvector estimate it is impossible to give sharp bounds that do not depend on the matrix !,
while for eigenvalue these bounds exist 2. This allows one to conclude that eigenvector estimate

is a harder problem that eigenvalue estimate in the setting considered in this thesis.

e From the analysis of distribution dependent bounds 3 it is evident that the speed of convergence
of power and Lanczos methods depends on the relation between the multiplicity = of the largest
eigenvalue and the norm parameter p. In particular, the error decreases faster when the dimension
r of the eigenspace corresponding to A; is large, but it slows down when the parameter p increases.
This is a complete new fact respect to the asymptotic deterministic case, where the speed of

convergence depends only on the eigenvalues of the matrix and on the iteration step.

1See Sections 2.3.1 and 3.1.
2See Sections 2.2.1, 3.4.1.
3See Sections 2.2.2, 2.4, 3.3 and 3.4.2.
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In Chapter 4 we described a parallel randomized algorithm for the approximation to the largest
eigenvalue. That method is based on the power algorithm, and it simulates k steps of that algorithm
at each time. The cost analysis showed that, the parallel cost of our method on a CREW-PRAM with
a polynomial number of processors, is O (logn + log k) where the best deterministic implementation of
the power algorithm requires in the same model O (lognlogk).

This thesis showed very encouraging results, and highlights several topics that deserve further investi-
gations. For example, we plan to study the randomized error of Lanczos algorithm for the approximation
of the first s largest eigenvalues of a symmetric positive definite matrix, s < n. For this problem error
estimates are known in the deterministic case, but so far no results are available in the randomized
setting.

It would be interesting also to extend our results by considering different error criteria, for example
the randomized residual error defined in [LW96], or to study other methods such as Arnoldi method in

this setting.
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