
AM7Q`K�iB+� a2K�MiB+� PT2`�xBQM�H2

"`2p2 BMi`Q/mxBQM2 �HH� a2K�MiB+� PT2`�xBQM�H2 
Zm2HHQ +?2 �##B�KQ pBbiQ Tmǁ 2bb2`2 pBbiQ +QK2 mM TB++QHQ HBM;m�;;BQ
BKT2`�iBpQ- +QK2 [m2HHQ +?2 qBMbF2H +?B�K� AJSX

AH +QKTQ`i�K2MiQ /B AJS pB2M2 /2b+`BiiQ 7Q`K�HK2Mi2 /� mM BMbB2K2
/B `2;QH2 +?2 bT2+B}+�MQ +QK2 p�Hmi�`2 H2 2bT`2bbBQMB 2 +QK2 2b2;mB`2
B +QK�M/BX
G2 `2;QH2 /�MMQ mM� b2K�MiB+� QT2`�xBQM�H2 �H HBM;m�;;BQ-
QT2`�xBQM�H2 T`QT`BQ T2`+?û pB+BM� �HHǶBKTH2K2Mi�xBQM2 /2H HBM;m�;;BQX
AMQHi`2 Qz`QMQ H� #�b2 T2` b2KTHB+B /BKQbi`�xBQMB /B 2[mBp�H2Mx2 i`�
+QK�M/BX
G� b2K�MiB+� QT2`�xBQM�H2- +?2 7Q`MBb+2 mM KQ/2HHQ K�i2K�iB+Q-
HǶ�bi`�xBQM2- /2HHǶ2b2+mxBQM2 /B mM BMi2`T`2i2- pB2M2 mb�i� T2` b+`Bp2`2
+QKTBH�iQ`B 2 BMi2`T`2iB +B /2b+`Bp2 HǶ2z2iiQ /B Q;MB +QK�M/Q bmHHQ
bi�iQX

 .�H *�TBiQHQ k /B ǳh?2 6Q`K�H a2K�MiB+b Q7 S`Q;`�KKBM; G�M;m�;2b, �M
AMi`Q/m+iBQMǴ /B :HvMM qBMbF2HX @ 1/BxBQM2 Bi�HB�M�, ǳG� b2K�MiB+� 7Q`K�H2 /2B
HBM;m�;;B /B T`Q;`�KK�xBQM2Ǵ /B :X qBMbF2H- 6X hm`BMB- SX "�H/�M 2 �X "`�++B�HB

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kjR f kN9



AM7Q`K�iB+� aBMi�bbB

*�i2;Q`B2 bBMi�iiB+?2

*QKBM+B�KQ +QM HǶBMi`Q/mxBQM2 /2HH2 +�i2;Q`B2 bBMi�iiB+?2 /2H MQbi`Q
HBM;m�;;BQ,

MmK2`B L 3 M UbQHQ BMi2`B- T2` b2KTHB+Bi¨V
p�HQ`B /B p2`Bi¨ h = {i`m2, 7�Hb2}
HQ+�xBQMB GQ+ 3 s Up�`B�#BHB +?2 TQbbQMQ 2bb2`2 KQ/B}+�i2V
2bT`2bbBQMB �`BiK2iB+?2 �2tT 3 �
2bT`2bbBQMB #QQH2�M2 "2tT 3 #
Bbi`mxBQMB Q +QK�M/B *QK 3 +
1bT`2bbBQMB 2 Bbi`mxBQMB BM+Hm/QMQ p�`B�#BHB- [mBM/B BH HQ`Q bB;MB}+�iQ
/BT2M/2 /�H +QMi2biQ- /�HHQ ǳbi�iQǴ BM +mB p2M;QMQ p�Hmi�i2X
GǶBMbB2K2 /2;HB bi�iB ⌃ ĕ /�iQ /�HH2 7mMxBQMB � : GQ+ ! L- iX+X �(s)
`�TT`2b2Mi� BH p�HQ`2 Q BH +QMi2MmiQ /2HH� HQ+�xBQM2 s M2HHQ bi�iQ �X
�/2bbQ p2/`2KQ +QK2 +Qbi`mB`2 ;HB 2H2K2MiB /B [m2biB BMbB2KBX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kjk f kN9



AM7Q`K�iB+� aBMi�bbB

*�i2;Q`B2 bBMi�iiB+?2- +QMiX
S2` [m�MiQ `B;m�`/� H� /2}MBxBQM2 /2HH2 mHiBK2 i`2 +�i2;Q`B2 bBMi�iiB+?2
U�2tT-"2tT- 2 *QKV /�`2KQ mM� /2}MBxBQM2 BM/miiBp�- `B+Q``2M/Q �/
�TTQbBi2 `2;QH2 /B 7Q`K�xBQM2- +QM H2 [m�HB 2bT`BK2`2KQ +Qb2 /2H iBTQ
b2;m2Mi2X

a2 �y 2 �R bQMQ 2bT`2bbBQMB �`BiK2iB+?2- HQ ĕ �M+?2 HǶ2bT`2bbBQM2
+QKTQbi� �y + �RX
�M�HQ;�K2Mi2- b2 #y 2 #R bQMQ 2bT`2bbBQMB #QQH2�M2- HQ ĕ �M+?2
HǶ2bT`2bbBQM2 +QKTQbi� #y ^ #RX
�M�HQ;�K2Mi2- b2 +y 2 +R bQMQ +QK�M/B- HQ ĕ �M+?2 BH +QK�M/Q
+QKTQbiQ +y; +RX
A bBK#QHB �B - #B 2 +B bQMQ mb�iB T2` `�TT`2b2Mi�`2 mM� [m�HbB�bB
2bT`2bbBQM2 �`BiK2iB+� U2bT`2bbBQM2 #QQH2�M�- Q +QK�M/QVX SBɍ
T`2+Bb�K2Mi2- bB i`�ii� /B K2i�p�`B�#BHB +?2 p�`B�MQ �HHǶBMi2`MQ /2;HB
BMbB2KB �2tT-"2tT- 2 *QKX
.B�KQ Q`� H2 `2;QH2 /B 7Q`K�xBQM2 /2HH2 2bT`2bbBQMB Umb�M/Q mM�
MQi�xBQM2 BH TBɍ pB+BM� TQbbB#BH2 � [m2HH� ;B¨ pBbi� T2` BH *V

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kjj f kN9



AM7Q`K�iB+� aBMi�bbB

1bT`2bbBQMB �`BiK2iB+?2

� ::= M|s |�y + �R|�y � �R|�y ⇥ �R

/Qp2 ǳ ,, 4Ǵ /2p2 2bb2`2 H2iiQ +QK2 ǳTmǁ 2bb2`2Ǵ 2 BH bBK#QHQ ǳ|Ǵ p� BMi2bQ
+QK2 ǳQTTm`2ǴX

G� `2;QH� � ::= M +B /B+2 +?2 BH MmK2`Q M 2 L ĕ +QMbB/2`�iQ
mMǶ2bT`2bbBQM2 �`BiK2iB+� U2H2K2Mi�`2VX
G� `2;QH� � ::= s +B /B+2 +?2 H� p�`B�#BH2 s 2 GQ+ ĕ +QMbB/2`�i�
mMǶ2bT`2bbBQM2 �`BiK2iB+� U2H2K2Mi�`2VX
G� `2;QH� � ::= �y + �R +B /B+2 +?2 b2 �y 2 �R bQMQ 2bT`2bbBQMB
�`BiK2iB+?2- �HHQ`� HQ ĕ �M+?2 �y + �R- /Qp2 H2 �B bQMQ K2i�@p�`B�#BHBX
�/ 2bX b2 �y = s �M/ �R = 8 �HHQ`� s + 8 ĕ �M+Q`� mMǶ2bT`2bbBQM2
�`BiK2iB+�X
G2 �Hi`2 `2;QH2 p�MMQ BMi2`T`2i�i2 BM KQ/Q �M�HQ;QX
S2` BM/B+�`2 +?2 /m2 2bT`2bbBQMB bQMQ 2[mBp�H2MiB mbB�KQ BH bBK#QHQ ⌘X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kj9 f kN9



AM7Q`K�iB+� aBMi�bbB

1bT`2bbBQMB "QQH2�M2

# ::= i`m2|7�Hb2|�y == �R|�y <= �R|¬#|#y _ #R|#y ^ #R

G� `2;QH� # ::= i`m2 +B /B+2 +?2 H� +Qbi�Mi2 i`m2 ĕ +QMbB/2`�i�
mMǶ2bT`2bbBQM2 #QQH2�M� U2H2K2Mi�`2V- �M�HQ;�K2Mi2 T2` 7�Hb2X
G� `2;QH� # ::= �y == �R +B /B+2 +?2 b2 �y 2 �R bQMQ 2bT`2bbBQMB
�`BiK2iB+?2- �HHQ`� �y == �R ĕ mMǶ2bT`2bbBQM2 #QQH2�M�- �M�HQ;�K2Mi2
T2` �y <= �RX
G� `2;QH� # ::= ¬# +B /B+2 +?2 b2 # ĕ mMǶ2bT`2bbBQM2 #QQH2�M�- HQ ĕ
�M+?2 ¬#X
G� `2;QH� # ::= #y _ #R +B /B+2 +?2 b2 #y 2 #R bQMQ 2bT`2bbBQMB
#QQH2�M2- �HHQ`� HQ ĕ �M+?2 #y _ #R
G2 �Hi`2 `2;QH2 p�MMQ BMi2`T`2i�i2 BM KQ/Q �M�HQ;QX
S2` BM/B+�`2 +?2 /m2 2bT`2bbBQMB bQMQ 2[mBp�H2MiB mbB�KQ BH bBK#QHQ ⌘X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kj8 f kN9



AM7Q`K�iB+� aBMi�bbB

*QK�M/B

+ ::= bFBT|s = �|+y; +R|B7 # i?2M +y 2Hb2 +R|r?BH2 # /Q +
G� `2;QH� + ::= bFBT +B /B+2 +?2 bFBT ĕ +QMbB/2`�iQ mM +QK�M/Q
U2H2K2Mi�`2VX
G� `2;QH� + ::= s = � +B /B+2 +?2 b2 s ĕ mM� p�`B�#BH2- 2/ � ĕ
mMǶ2bT`2bbBQM2 �`BiK2iB+�- �HHQ`� HǶ�bb2;M�K2MiQ s = � ĕ mM +QK�M/QX
G� `2;QH� + ::= +y; +R +B /B+2 +?2 b2 +y 2 +R bQMQ +QK�M/B- HQ ĕ �M+?2
BH +QK�M/Q +QKTQbiQ +y; +RX
G� `2;QH� + ::= B7 # i?2M +y 2Hb2 +R +B /B+2 +?2 b2 # ĕ mMǶ2bT`2bbBQM2
#QQH2�M� 2 +y 2 +R bQMQ +QK�M/B- HQ ĕ �M+?2 BH +QK�M/Q +QKTQbiQ
B7 # i?2M +y 2Hb2 +RX
G� `2;QH� + ::= r?BH2 # /Q + +B /B+2 +?2 b2 # ĕ mMǶ2bT`2bbBQM2
#QQH2�M� 2 + ĕ mM +QK�M/Q- HQ ĕ �M+?2 BH +QK�M/Q +QKTQbiQ
r?BH2 # /Q +X
S2` BM/B+�`2 +?2 /m2 2bT`2bbBQMB bQMQ 2[mBp�H2MiB mbB�KQ BH bBK#QHQ ⌘X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kje f kN9



AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 /2HH2 1bT`2bbBQMB �`BiK2iB+?2
AH bB;MB}+�iQ /B mMǶ2bT`2bbBQM2 /BT2M/2 /�H p�HQ`2 /2HH2 p�`B�#BHB-
Qpp2`Q /� [m2HHQ +?2 +?B�KB�KQ bi�iQ
GǶBMbB2K2 /2;HB bi�iB ⌃ +QMbBbi2 M2HH2 7mMxBQMB � : GQ+ ! L /�
HQ+�xBQMB � MmK2`B- T2` +mB �(s) `�TT`2b2Mi� BH p�HQ`2 �bbQ+B�iQ � s -
Qpp2`Q BH +QMi2MmiQ /2HH� HQ+�xBQM2 s M2HHQ bi�iQ � UM2HH� MQbi`�
MQi�xBQM2 +Q``BbTQM/2 �HHǶ�bbQ+B�xBQM2 s ; �(s)V
G� p�Hmi�xBQM2 /B mMǶ2bT`2bbBQM2 pB2M2 7�ii� /mM[m2 BM mM +2`iQ bi�iQ
�, �##B�KQ +BQĕ +QM};m`�xBQMB U+QTTB2V /2HH� 7Q`K� h�,�i BM �ii2b� /B
2bb2`2 p�Hmi�i2- �``Bp�M/Q �H p�HQ`2 MX

h�,�i ! M

o2/`2KQ mM BMbB2K2 /B `2;QH2 /� �TTHB+�`2 T2` `Bb+`Bp2`2 H2
+QM};m`�xBQMB }MQ � [m�M/Q MQM `�;;BmM;B�KQ BH p�HQ`2 }M�H2 MX
G� b2K�MiB+� QT2`�xBQM�H2 bB /B+2 bi`miim`�i�- [m�M/Q mb� H� bBMi�bbB
T2` ;mB/�`2 BH T`Q+2bbQ /B p�Hmi�xBQM2X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kjd f kN9



AM7Q`K�iB+� aBMi�bbB

_2;QH2 /B BM72`2Mx� HQ;B+�

_2;QH� /B BM72`2Mx�
�R, ...,�M

"
, b2 bQMQ p2`2 H2 �z2`K�xBQMB bQT`� H�

`B;� UT`2K2bb2V- �HHQ`� ĕ p2`� HǶ�z2`K�xBQM2 bQiiQ H� `B;�
U+QM+HmbBQM2VX 1[mBp�H2 � �R ^ ... ^ �M ) "

TBQp2 ^ MQM ?Q HǶQK#`2HHQ

KB #�;MQ
lMǶBM72`2Mx� ĕ HQ;B+�K2Mi2 p�HB/� UH2 T`2K2bb2 BKTHB+�MQ HQ;B+�K2Mi2
H� +QM+HmbBQM2V [m�M/Q ĕ BKTQbbB#BH2 +?2 H� +QM+HmbBQM2 bB� 7�Hb� b2 H2
T`2K2bb2 bQMQ p2`2X �Hi`BK2MiB MQM ĕ p�HB/�X
� ) " ĕ b2KT`2 p2`Q- i`�MM2 M2H +�bQ BM +mB � ĕ p2`Q 2 " ĕ 7�HbQX
� ) " 2[mBp�H2 � ¬� _ "X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kj3 f kN9



AM7Q`K�iB+� aBMi�bbB

_2;QH2 /B BM72`2Mx� HQ;B+� U+QMiXV

_2;QH� /B BM72`2Mx�
�R, ...,�M

"
, b2 bQMQ p2`2 H2 �z2`K�xBQMB bQT`� H�

`B;� UT`2K2bb2V- �HHQ`� ĕ p2`� HǶ�z2`K�xBQM2 bQiiQ H� `B;�
U+QM+HmbBQM2VX 1[mBp�H2 � �R ^ ... ^ �M ) "

�bbBQK�
"
, `2;QH� /B BM72`2Mx� b2Mx� T`2K2bb2- " [mBM/B H�

+QM+HmbBQM2 ĕ b2KT`2 p2`�
lM� /2`Bp�xBQM2 /B " T`2M/2 H� 7Q`K� /B mM �H#2`Q U/2iiQ /B
/BKQbi`�xBQM2 Q /2`Bp�xBQM2V +?2 Tmǁ 2bb2`2 mM� Bbi�Mx� /B mM �bbBQK�

"
Q BM+Hm/2`2 H2 /2`Bp�xBQMB /2HH2 T`2K2bb2 /B ",

.R, ...,.M

�R
, ...,

1R, ...,1M

�M
"

, H� `�/B+2 ĕ HǶ�bb2`xBQM2 /� /BKQbi`�`2- H2

7Q;HB2 bQMQ �bbBQKB 2 B MQ/B BMi2`K2/B bQMQ Qii2MmiB �TTHB+�M/Q `2;QH2
/B BM72`2Mx�*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 kjN f kN9



AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 /2HH2 1bT`2bbBQMB �`BiK2iB+?2 U+QMiXV
G� p�Hmi�xBQM2 /B mMǶ2bT`2bbBQM2 MQM `B+?B2/2 /B KQ/B}+�`2 H�
K2KQ`B�X
hM,�i ! M �bbBQK� UT`2K2bb� pmQi�V
hs ,�i ! �(s)
h�y,�i ! My h�R,�i ! MR

h�y + �R,�i ! My+MR

T`2K2bb�
+QM+HmbBQM2

h�y,�i ! My h�R,�i ! MR

h�y � �R,�i ! My�MR
h�y,�i ! My h�R,�i ! MR

h�y ⇥ �R,�i ! My⇥MR
LX"X :HB QT2`�iQ`B BM M2`Q UY-�- ⇥V `�TT`2b2Mi�MQ bBK#QHB /2HH�
bBMi�bbB- K2Mi`2 B +Q``BbTQM/2MiB QT2`�iQ`B BM #Hm HǶ2z2iiBp�
BKTH2K2Mi�xBQM2 /2HHǶQT2`�xBQM2X �/ 2bX My+MR bi� T2` H� bQKK� /B
My 2 /B MRX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 k9y f kN9



AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 /2HH2 1bT`2bbBQMB �`BiK2iB+?2 U2b2KTBQV
S2` p�Hmi�`2 HǶ2bT`2bbBQM2 �`BiK2iB+� � = (s + 8) M2HHQ bi�iQ �y- M2H
[m�H2 �y(s) = y bB /2p2 Bbi�MxB�`2 H� `2;QH� /2HH� bQKK�- +BQĕ
bQbiBimB`2 B p�HQ`B +QM+`2iB bm +mB 7�`2 H� p�Hmi�xBQM2 �HH2 K2i�p�`B�#BHB
/2HH� `2;QH�- s �/ �y- 8 �/ �R 2 �y � �X

h�y,�i ! My h�R,�i ! MR

h�y + �R,�i ! My+MR

hs ,�yi ! My h8,�yi ! MR

hs + 8,�yi ! My+MR

� [m2biQ TmMiQ BH T`Q#H2K� +B bB `B+QM/m+2 �HH� p�Hmi�xBQM2 /2HH2
bQiiQ@2bT`2bbBQMB s 2 GQ+ 2 8 2 LX 1bb2M/Q 2bT`2bbBQMB �`BiK2iB+?2
b2KTHB+B- Q;MmM� ?� BH bmQ �bbBQK� /� Bbi�MxB�`2,

hs ,�i ! �(s) hM,�i ! M hs ,�yi ! �y(s) h8,�yi ! 8
�/2bbQ TQbbQ +QKTH2i�`2 HǶ�H#2`Q /B /2`Bp�xBQM2

hs ,�yi ! y h8,�yi ! 8
h(s + 8),�yi ! 8

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 k9R f kN9



AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 /2HH2 1bT`2bbBQMB �`BiK2iB+?2 U2b2KTBQV

.�HH2 `2;QH2 bB QiiB2M2 mM �H;Q`BiKQ T2` H� p�Hmi�xBQM2 /B mMǶ2bT`2bbBQM2X
*QMbB/2`B�KQ �/ 2b2KTBQ H� p�Hmi�xBQM2 /2HHǶ2bT`2bbBQM2 �`BiK2iB+� TBɍ
+QKTH2bb� �y = (s + 8) + (d+ N) b2KT`2 M2HHQ bi�iQ �y- /Qp2 �y(s) = y
S`Q+2/2M/Q �M�HQ;�K2Mi2 Qii2MB�KQ BH b2;m2Mi2 �H#2`Q /B /2`Bp�xBQMBX

hs ,�yi ! y h8,�yi ! 8
h(s + 8),�yi ! 8

hd,�yi ! d hN,�yi ! N
h(d+ N),�yi ! Re

h(s + 8) + (d+ N),�yi ! kR

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 k9k f kN9



AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 /2HH2 1bT`2bbBQMB "QQH2�M2

hi`m2,�i ! i`m2 h7�Hb2,�i ! 7�Hb2
h�y,�i ! My h�R,�i ! MR

h�y == �R,�i ! i`m2/7�Hb2
b2 My = MRfMy 6= MR

h�y,�i ! My h�R,�i ! MR

h�y <= �R,�i ! i`m2/7�Hb2
b2 My  MRfMy 6 MR

h#,�i ! i`m2
h¬#,�i ! 7�Hb2

h#,�i ! 7�Hb2
h¬#,�i ! i`m2

h#y,�i ! iy h#R,�i ! iR

h#y _ #R,�i ! i
+QM i � b2+QM/� /2B p�HQ`B iy 2 iR

h#y,�i ! iy h#R,�i ! iR

h#y ^ #R,�i ! i
+QM i � b2+QM/� /2B p�HQ`B iy 2 iR

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 k9j f kN9



AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 ǳH�xvǴ /B ^

AM *- H� p�Hmi�xBQM2 /2HH� +QM;BmMxBQM2 �M/ ĕ +?B�K�i� H�xv Q TB;`�-
/�iQ +?2 BMBxB�HK2Mi2 bB `BK�M/� H� p�Hmi�xBQM2 /2HH� b2+QM/�
2bT`2bbBQM2 2 TQB H� bB 7� bQHQ b2 M2+2bb�`BQX
AM T�`iB+QH�`2- T`BK� bB +QMi`QHH� b2 H� T`BK� 2bT`2bbBQM2 ĕ 7�Hb�- M2H
[m�H +�bQ bB 2pBi� /B p�Hmi�`2 H� b2+QM/� T�`i2 /2HHǶ2bT`2bbBQM2- /�iQ
+?2 H� p�Hmi�xBQM2 +QKTH2bbBp� b�`¨ +QKmM[m2 7�Hb�X
Zm2biQ iBTQ /B p�Hmi�xBQM2 Tmǁ 2bb2`2 `2bQ +QM H2 `2;QH2 /2HH�
b2K�MiB+� QT2`�xBQM�H2 b2;m2MiB,

h#y,�i ! 7�Hb2

h#y ^ #R,�i ! 7�Hb2

h#y,�i ! i`m2 h#R,�i ! i

h#y ^ #R,�i ! i

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 k99 f kN9



AM7Q`K�iB+� aBMi�bbB

1b2+mxBQM2 /2B +QK�M/B
GǶ2b2+mxBQM2 /B mM +QK�M/Q TQ`i� � mM MmQpQ bi�iQ, h+,�i ! �0-
�KK2bbQ +?2 HǶ2b2+mxBQM2 i2`KBMB5
aB bmTTQM2 +?2 HQ bi�iQ BMBxB�H2 �y �##B� H� T`QT`B2i¨ +?2 �y(s) = y
T2` imii2 H2 HQ+�xBQMB s X
GǶQ`/BM2 /B p�Hmi�xBQM2 ĕ BKTQ`i�Mi2X
hbFBT,�i ! �

h�,�i ! K
hs = �,�i ! �[K/s ]

�[K/s ] ĕ HQ bi�iQ �;;BQ`M�iQ⇤

h+y,�i ! �00 h+R,�00i ! �0

h+y; +R,�i ! �0
T`BK� p� 2b2;mBiQ BH T`BKQ +QK�M/Q

h#,�i ! i`m2/7�Hb2 h+B ,�i ! �B

hB7 # i?2M +y 2Hb2 +R,�i ! �y/�R

⇤�[K/s ](u ) =

⇢
K B7 u = s ;
�(u ) B7 u 6= s .
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AM7Q`K�iB+� aBMi�bbB

JQ/B}+?2 /2HHQ bi�iQ

GǶBMbB2K2 /2;HB bi�iB ⌃ ĕ /�iQ /�HH2 7mMxBQMB � : GQ+ ! L- iX+X �(s)
`�TT`2b2Mi� BH p�HQ`2 Q BH +QMi2MmiQ /2HH� HQ+�xBQM2 s M2HHQ bi�iQ �X
Zm�M/Q bB 2b2;m2 mM �bb2;M�K2MiQ s = � M2HHQ bi�iQ � bB p� �
KQ/B}+�`2 HQ bi�iQ HBKBi�i�K2Mi2 � s X
6Q`K�HK2Mi2 H� KQ/B}+� /2HHQ bi�iQ BM bQHQ TmMiQ bB b+`Bp2, �[K/s ]-
+?2 BM/B+� +?2 M2HHQ bi�iQ KQ/B}+�iQ BH p�HQ`2 K bQbiBimB`¨ BH p�HQ`2
T`2+2/2Mi2 �bbQ+B�iQ � s X
A p�HQ`B �bbQ+B�iB �HH2 �Hi`2 HQ+�xBQMB MQM +�K#B�MQ, M2H MmQpQ bi�iQ-
Qii2``ǁ BH MmQpQ p�HQ`2 K b2 H� HQ+�xBQM2 ĕ s - B p2++?B p�HQ`B BM imiiB ;HB
�Hi`B +�bBX

�[K/s ](u ) =

⇢
K B7 u = s ;
�(u ) B7 u 6= s .

a2 bB 2b2;m2 s = j BM �y- �/ 2bX bB Qii2``¨ mM MmQpQ bi�iQ �R iX+X
�R(s) = j- K2Mi`2 �R(u ) = �y(u ) = y T2` Q;MB u 6= s X
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AM7Q`K�iB+� aBMi�bbB

o�Hmi�xBQM2 /2B +QK�M/B U+QMiXV

h#,�i ! 7�Hb2
hr?BH2 # /Q +,�i ! �

h#,�i ! i`m2 h+;r?BH2 # /Q +,�i ! �0

hr?BH2 # /Q +,�i ! �0
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AM7Q`K�iB+� aBMi�bbB

*QKTH2i2xx� 2 *Q``2ii2xx�

oQ``2KKQ +?2 H� MQbi`� b2K�MiB+� +B T2`K2ii2bb2 /B /BKQbi`�`2 imiiQ
+Bǁ +?2 ĕ p2`Q 2 MB2Mi2 /B 7�HbQX G� b2K�MiB+� ĕ

+QKTH2i� b2 Tmǁ /BKQbi`�`2 Q;MB �bb2`xBQM2 p2`�X �/ 2bX- +QM H� `2;QH�
b2;m2Mi2- MQM TQi`2B /BKQbi`�`2 +?2 h8� j,�i ! k Up2`QVX

h�y,�i ! My h�R,�i ! y

h�y � �R,�i ! My

+Q``2ii� b2 Q;MB �bb2`xBQM2 /BKQbi`�#BH2 ĕ p2`�X �/ 2bX- +QM H� `2;QH�
b2;m2Mi2- TQi`2B /BKQbi`�`2 +?2 h8� j,�i ! d U7�HbQV

h�y,�i ! My h�R,�i ! MR

h�y � �R,�i ! My+k
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AM7Q`K�iB+� aBMi�bbB

1[mBp�H2Mx2

.m2 2bT`2bbBQMB �`BiK2iB+?2 �y 2 �R bQMQ 2[mBp�H2MiB �y ⇠ �R b2 2 bQHQ
b2

8M 2 L, 8� 2 ⌃.h�y,�i ! M , h�R,�i ! M
.m2 2bT`2bbBQMB #QQH2�M2 #y 2 #R bQMQ 2[mBp�H2MiB #y ⇠ #R b2 2 bQHQ b2

8i, 8� 2 ⌃.h#y,�i ! i , h#R,�i ! i

.m2 +QK�M/B +y 2 +R bQMQ 2[mBp�H2MiB +y ⇠ +R b2 2 bQHQ b2

8�,�0 2 ⌃.h+y,�i ! �0 , h+R,�i ! �0
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AM7Q`K�iB+� aBMi�bbB

1bX /B /BKQbi`�xBQM2 bmB +QK�M/B

S`QTQbBxBQM2
aB� r ⌘ r?BH2 # /Q +X �HHQ`�

r ⇠ B7 # i?2M +;r 2Hb2 bFBT

.BKQbi`�xBQM2
aB /2p2 /BKQbi`�`2 +?2 T2` Q;MB b+2Hi� /B �,�0,

hr ,�i ! �0 bb2 hB7 # i?2M +;r 2Hb2 bFBT,�i ! �0

GQ bB 7� mb�M/Q H2 /2`Bp�xBQMB /2HH2 `2;QH2

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 k8y f kN9


