
6mMxBQMB SmMi�iQ`B

SmMi�iQ`B

Ǵh?2 M�K2 Q7 i?2 bQM; Bb +�HH2/ ǳ>�//Q+FbǶ 1v2bǴX
ǴP?- i?�iǶb i?2 M�K2 Q7 i?2 bQM;- Bb Bi\Ǵ �HB+2 b�B/- i`vBM; iQ 722H BMi2`2bi2/X
ǴLQ- vQm /QMǶi mM/2`bi�M/-Ǵ i?2 EMB;?i b�B/- HQQFBM; � HBiiH2 p2t2/X
Ǵh?�iǶb r?�i i?2 M�K2 Bb +�HH2/X h?2 M�K2 `2�HHv Bb Ƕh?2 �;2/ �;2/ J�MXǶ Ǵ
Ǵh?2M A Qm;?i iQ ?�p2 b�B/ Ƕh?�iǶb r?�i i?2 bQM; Bb +�HH2/Ƕ \Ǵ �HB+2 +Q``2+i2/ ?2`b2H7X
ǴLQ- vQm Qm;?iMǶi, i?�iǶb [mBi2 �MQi?2` i?BM;5 h?2 bQM; Bb +�HH2/
Ƕq�vb �M/ J2�Mb-Ƕ #mi i?�i Bb QMHv r?�i BiǶb +�HH2/- vQm FMQr5Ǵ
Ǵq2HH- r?�i Bb i?2 bQM;- i?2M\Ǵ b�B/ �HB+2- r?Q r�b #v i?Bb iBK2 +QKTH2i2Hv #2rBH@
/2`2/X
ǴA r�b +QKBM; iQ i?�i-Ǵ i?2 EMB;?i b�B/X Ǵh?2 bQM; `2�HHv Bb Ƕ�@bBiiBM; PM � :�i2-Ƕ
�M/ i?2 imM2Ƕb Kv QrM BMp2MiBQMXǴ
G2rBb *�`QHHX h?`Qm;? i?2 GQQFBM; :H�bbX

*�``QH bQiiQHBM2� H� /BbiBMxBQM2 i`� H2 +Qb2- B MQKB /2HH2 +Qb2 2 B MQKB /2B
MQKB /2HH2 +Qb2X
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6mMxBQMB SmMi�iQ`B

SmMi�iQ`B

GǶ�bi`�xBQM2 Qz2`i� /�B TmMi�iQ`B +�iim`� H� /BbiBMxBQM2 i`� mM� +Qb� 2 BH
bmQ MQK2,

*Pa� LPJ1
T�;BM� r2# /BT�`iBK2MiQ ?iiT : //T�;2b./B.mMBTB.Bi/#Q/2B/
BM/B`BxxQ 2@K�BH +?B�`�.#Q/2B@mMBTB.Bi
MmK2`Q m77B+BQ jkk.P
bim/2Mi2 998e89
BMi � &�
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6mMxBQMB SmMi�iQ`B

*Qb� ĕ mM� p�`B�#BH2\
Zm�M/Q bB /B+?B�`� mM� p�`B�#BH2- �/ 2bX BMi �c bB `2M/2 MQiQ BH MQK2 2 BH
iBTQ /2HH� p�`B�#BH2X AH +QKTBH�iQ`2

�HHQ+� HǶQTTQ`imMQ MmK2`Q /B #vi2 /B K2KQ`B� T2` +QMi2M2`2 BH p�HQ`2
�bbQ+B�iQ �HH� p�`B�#BH2 U�/ 2bX 9VX
�;;BmM;2 BH bBK#QHQ � �HH� i�pQH� /2B bBK#QHB 2 HǶBM/B`BxxQ /2H #HQ++Q /B
K2KQ`B� �/ 2bbQ �bbQ+B�iQ U�/ 2bX �yRy +?2 ĕ mM BM/B`BxxQ
2b�/2+BK�H2V
a2 TQB i`QpB�KQ HǶ�bb2;M�K2MiQ � 4 8c +B �bT2iiB�KQ +?2 �H
KQK2MiQ /2HHǶ2b2+mxBQM2 BH p�HQ`2 8 p2M;� K2KQ`Bxx�iQ M2HH�
HQ+�xBQM2 /B K2KQ`B� �bb2;M�i� �HH� p�`B�#BH2 �
AM * ĕ TQbbB#BH2 +QMQb+2`2 HǶBM/B`BxxQ /2HH� +2HH� /B K2KQ`B� BM +mB ĕ
K2KQ`Bxx�i� mM� p�`B�#BH2X S2` Qii2M2`2 HǶBM/B`BxxQ /B � #�bi� mb�`2
HǶQT2`�iQ`2 /B BM/B`Bxx�K2MiQ ��X
�yy1 · · ·
�yRy 8  � /B+?B�`�i� +QK2 BMi � 4 8c
�yRk · · ·
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6mMxBQMB SmMi�iQ`B

*Qb� ĕ mM� p�`B�#BH2\
�HH� p�`B�#BH2 � bB �bbQ+B� [mBM/B,

BH p�HQ`2 /2HH� HQ+�xBQM2 /B K2KQ`B�- Qpp2`Q HǶBM/B`BxxQ �yRy 2
BH p�HQ`2 /2HHǶBMi2`Q +?2 pB pB2M2 K2KQ`Bxx�iQ- Qpp2`Q 8X
L2HHǶ2bT`2bbBQM2 � 4 8c +QM � +B `B72`B�KQ �HH� HQ+�xBQM2 /B K2KQ`B�
�bbQ+B�i� �HH� p�`B�#BH2 UHp�Hm2V, BH p�HQ`2 8 pB2M2 +QTB�iQ �HHǶBM/B`BxxQ
�yRyX
M2HHǶ2bT`2bbBQM2 # 4 �c U/Qp2 # ĕ �M+Q`� mM BMi2`QV � bB `B72`Bb+2 �H
p�HQ`2 U`p�Hm2 Q Q#D2+iV, BH p�HQ`2 �bbQ+B�iQ �/ � pB2M2 +QTB�iQ
�HHǶBM/B`BxxQ /B #

Ĕ `�;BQM2pQH2 �p2`2 �M+?2 p�`B�#BHB �TTQbBi2 +?2 K2KQ`BxxBMQ BM/B`BxxB 2
+?2 /BT2M/�MQ /�H iBTQ /B p�`B�#BHB K2KQ`Bxx�i2 � [m2;HB BM/B`BxxBX
�yy1 · · ·
�yRy 8  �
�yRk �yRy  TB

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jdj f 9R9



6mMxBQMB SmMi�iQ`B

SmMi�iQ`B

S`QT`B2i¨ /2HH� p�`B�#BH2 � M2HHǶ2b2KTBQ,
MQK2, �
iBTQ, BMi
p�HQ`2, 8
BM/B`BxxQ, �yRy U+?2 ĕ }bb�iQ mM� pQHi� T2` imii2V

AM * ĕ TQbbB#BH2 /2MQi�`2 2 [mBM/B K�MBTQH�`2 ;HB BM/B`BxxB /B K2KQ`B�
BM +mB bQMQ K2KQ`Bxx�i2 H2 p�`B�#BHBX
�##B�KQ ;B¨ pBbiQ M2HH� b+�M7- HǶQT2`�iQ`2 BM/B`BxxQ ǳ�Ǵ- +?2
�TTHB+�iQ �/ mM� p�`B�#BH2- /2MQi� HǶBM/B`BxxQ /2HH� +2HH� /B K2KQ`B� BM
+mB ĕ K2KQ`Bxx�i� UM2HHǶ2bX �� ?� p�HQ`2 yt�yRyVX
G2 p�`B�#BHB /B iBTQ TmMi�iQ`2 Q TmMi�iQ`B b2`pQMQ T2` K2KQ`Bxx�`2 ;HB
BM/B`BxxB BM K2KQ`B� /2HH2 p�`B�#BHBX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jd9 f 9R9



6mMxBQMB SmMi�iQ`B

hBTQ /B /�iQ, SmMi�iQ`2
lM TmMi�iQ`2 ĕ mM� p�`B�#BH2 +?2 +QMiB2M2 HǶBM/B`BxxQ BM K2KQ`B� /B mMǶ�Hi`�
p�`B�#BH2 U/2H iBTQ /B+?B�`�iQV

1b2KTBQ, /B+?B�`�xBQM2 BMi  TBc
G� p�`B�#BH2 TB ĕ /B iBTQ TmMi�iQ`2 � BMi2`Q
Ĕ mM� p�`B�#BH2 +QK2 imii2 H2 �Hi`2- +QM H2 b2;m2MiB T`QT`B2i¨,
MQK2, TB
iBTQ, TmMi�iQ`2 �/ BMi2`Q UQpp2`Q- BM/B`BxxQ /B mM BMi2`QV
p�HQ`2, BMBxB�HK2Mi2 +�bm�H2
BM/B`BxxQ, }bb�iQ mM� pQHi� T2` imii2

SBɍ BM ;2M2`�H2,
aBMi�bbB iBTQ  p�`B�#BH2c
�H bQHBiQ- TBɍ p�`B�#BHB /2HHQ bi2bbQ iBTQ TQbbQMQ 2bb2`2 /B+?B�`�i2 bmHH�
bi2bb� HBM2�

iBTQ  p�`B�#BH2R- ē-  p�`B�#BH2Mc

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jd8 f 9R9



6mMxBQMB SmMi�iQ`B

1b2KTBQ,
BMi  TBR-  TBk- B-  TBj- Dc
~Q�i  T7R- 7-  T7kc

�##B�KQ /B+?B�`�iQ,
TBR- TBk- TBj /B iBTQ TmMi�iQ`2 �/ BMi
B- D /B iBTQ BMi
T7R- T7k /B iBTQ TmMi�iQ`2 � 7HQ�i
7 /B iBTQ 7HQ�i

lM� p�`B�#BH2 TmMi�iQ`2 Tmǁ 2bb2`2 BMBxB�HBxx�i� mb�M/Q HǶQT2`�iQ`2 /B
BM/B`BxxQX
1b2KTBQ, TB 4 ��c

BH p�HQ`2 /B TB pB2M2 BMBxB�HBxx�iQ �HHǶBM/B`BxxQ /2HH� p�`B�#BH2 �
bB /B+2 +?2 TB TmMi� �/ � Q +?2 � ĕ HǶQ;;2iiQ TmMi�iQ /� TB
HQ `�TT`2b2Mi2`2KQ bT2bbQ +QK2 M2H b2;mBiQ,

pi a

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jde f 9R9



6mMxBQMB SmMi�iQ`B

S`BK� T4�� .QTQ

�yy1 · · ·
�yRy 8 �
�yRk · · ·

· · ·
�kyy \ TB
�kyk · · ·

· · ·
�kyy �yRy TB  BMi  TB
�kyk · · ·
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6mMxBQMB SmMi�iQ`B

PT2`�iQ`2 /B /2`272`2MxB�K2MiQ ǳ Ǵ
aB Tmǁ �++2/2`2 �H +QMi2MmiQ /2HH� +2HH� /B K2KQ`B� TmMi�i�-
�ii`�p2`bQ HǶQT2`�iQ`2 ǳǵ ǴX
 7� `B72`BK2MiQ �HHǶQ;;2iiQ TmMi�iQ- K2Mi`2 � �HHǶBM/B`BxxQX
Tmǁ 2bb2`2 miBHBxx�iQ T2` HǶ�bb2;M�K2MiQ 1b2KTBQ,
BMi  TBc f /B+?X /B TmMi�iQ`2 �/ BMi2`Q  f
BMi � 4 8- #c f /B+?X p�`B�#BHB BMi2`2  f

TB 4 ��c f TB TmMi� �/ � 44=  TB bi� T2` �  f
# 4  TBc f �bb2;M� � # BH p�HQ`2 /2HH� p�`XTmMi�i�

/� TB- Qpp2`Q BH p�HQ`2 /B �, 8  f
 TB 4 Nc f �bb2;M� N �HH� p�`B�#BH2 TmMi�i� /� TB-

Qpp2`Q �/ �  f
LQM +QM7QM/2`2 H2 /m2 Q++Q``2Mx2 /B ǳ Ǵ,

ǳ Ǵ BM mM� /B+?B�`�xBQM2 b2`p2 T2` /B+?B�`�`2 mM� p�`B�#BH2 /B iBTQ
TmMi�iQ`2- �/ 2bX BMi  TBc
ǳ Ǵ BM mMǶ2bT`2bbBQM2 ĕ HǶQT2`�iQ`2 /B /2`272`2MxB�K2MiQ- �/ 2bX # 4
 TBc

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jd3 f 9R9



6mMxBQMB SmMi�iQ`B

PT2`�iQ`B /B /2`272`2MxB�K2MiQ ǳ Ǵ 2 /B BM/B`BxxQ ǳ�Ǵ

?�MMQ T`BQ`Bi¨ TBɍ 2H2p�i� /2;HB QT2`�iQ`B #BM�`B- �/ 2bX BM v 4 TB Yk-
T`BK� bB BM+`2K2Mi� HǶQ;;2iiQ TmMi�iQ /� TB 2 TQB bB �bb2;M� BH
`BbmHi�iQ � vX
ǳ Ǵ ĕ �bbQ+B�iBpQ � /2bi`�
1bX,   T ĕ 2[mBp�H2Mi2 �  U TV
ǳ�Ǵ Tmǁ 2bb2`2 �TTHB+�iQ bQHQ �/ mM� p�`B�#BH2c
�� MQM ĕ mM� p�`B�#BH2 =) ǳ�Ǵ MQM ĕ �bbQ+B�iBpQ
ǳ Ǵ 2 ǳ�Ǵ bQMQ mMQ HǶBMp2`bQ /2HHǶ�Hi`Q

/�i� H� /B+?B�`�xBQM2 BMi �c
 �� ĕ mM KQ/Q �Hi2`M�iBpQ T2` /2MQi�`2 � UbQMQ 2Mi`�K#B p�`B�#BHBV
/�i� H� /B+?B�`�xBQM2 BMi  TBc
� TB ?� p�HQ`2 UmM BM/B`BxxQV m;m�H2 �H p�HQ`2 /B TB
T2`ǁ,
• TB ĕ mM� p�`B�#BH2
• � TB MQM HQ ĕ U�/ 2bX- MQM Tmǁ 2bb2`2 mb�iQ � bBMBbi`� /B ǳ4ǴV

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jdN f 9R9



6mMxBQMB SmMi�iQ`B

PT2`�iQ`B /B /2`272`2MxB�K2MiQ ǳ Ǵ 2 /B BM/B`BxxQ ǳ�Ǵ

5!

pi!

 b!  a!

5!5!

pi!

 b!  a!

9!5!

pi!

 b!  a!

pi = &a!

b= *pi!

*pi = 9!

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3y f 9R9



6mMxBQMB SmMi�iQ`B

_B+�TBiQH�M/Q

b2 � ĕ mM BMi2`Q- �HHQ`� �� ĕ mM TmMi�iQ`2 � � UBM/B`BxxQ /B K2KQ`B� /B
�V
TB ĕ mM TmMi�iQ`2 � mM BMi2`Q- �HHQ`�  TB ĕ HǶBMi2`Q 2 Tmǁ �TT�`B`2
/QpmM[m2 TQbb� �TT�`B`2 HǶBMi2`Q +Q``BbTQM/2Mi2 �X �/ 2bX,
 TB 4  TB YR

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3R f 9R9



6mMxBQMB SmMi�iQ`B

PT2`�iQ`B /B /2`272`2MxB�K2MiQ ǳ Ǵ 2 /B BM/B`BxxQ ǳ�Ǵ

5!

pi!

 b!  a!

5!5!

pi!

 b!  a!

9!5!

pi!

 b!  a!

pi = &a!

b= *pi!

*pi = 9!

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3k f 9R9



6mMxBQMB SmMi�iQ`B

ai�KT� /B TmMi�iQ`B

A TmMi�iQ`B bB TQbbQMQ bi�KT�`2 +QM T`BMi7 2 bT2+B}+�iQ`2 /B 7Q`K�iQ
ǳWTǴ Ubi�KT� BM 7Q`K�iQ 2b�/2+BK�H2VX
1b2KTBQ, �yy1 · · ·

�yRy 8 �
�yRk �yRy TB

· · ·
BMi � 4 8-  TBc
TB 4 ��c
T`BMi7U]BM/X /B � 4 WT\M]- ��Vc f bi�KT� yt�yRy  f
T`BMi7U]p�HX /B TB 4 WT\M]- TBVc f bi�KT� yt�yRy  f
T`BMi7U]p�HX /B � TB 4 WT\M]- � TBVc f bi�KT� yt�yRy  f
T`BMi7U]p�HX /B � 4 W/\M]- �Vc f bi�KT� 8  f
T`BMi7U]p�HX /B  TB 4 W/\M]-  TBVc f bi�KT� 8  f
T`BMi7U]p�HX /B  �� 4 W/\M]-  ��Vc f bi�KT� 8  f
aB Tmǁ mb�`2 WT �M+?2 +QM b+�M7- K� ?� TQ+Q b2MbQ H2;;2`2 mM BM/B`BxxQX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3j f 9R9



6mMxBQMB SmMi�iQ`B

1b2KTBQ, a+�K#BQ /2H p�HQ`2 /B /m2 p�`B�#BHBX
BMi � 4 Ry- # 4 ky- i2KTc
i2KT 4 �c
� 4 #c
# 4 i2KTc

h`�KBi2 TmMi�iQ`B,
BMi � 4 Ry- # 4 ky- i2KTc
BMi  T�-  T#c

T� 4 ��c f  T� /Bp2Mi� mM �HB�b T2` �  f
T# 4 �#c f  T# /Bp2Mi� mM �HB�b T2` #  f

i2KT 4  T�c
 T� 4  T#c
 T# 4 i2KTc

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j39 f 9R9



6mMxBQMB SmMi�iQ`B

AMBxB�HBxx�xBQM2 /B p�`B�#BHB TmMi�iQ`2
A TmMi�iQ`B U+QK2 imii2 H2 �Hi`2 p�`B�#BHBV /2pQMQ 2bb2`2 BMBxB�HBxx�iB
T`BK� /B TQi2` 2bb2`2 mb�iBX
=) Ĕ mM 2``Q`2 /2`272`2MxB�`2 mM� p�`B�#BH2 TmMi�iQ`2 MQM
BMBxB�HBxx�i�X
1b2KTBQ, BMi �-  TBc
�yy1 · · ·
�yRy \ �
�yRk 63yk TB

· · ·
63yk 9Rk
63y9 · · ·
� 4  TBc =) �/ � pB2M2 �bb2;M�iQ BH p�HQ`2 9Rk
 TB 4 8yyc =) b+`Bp2 8yy M2HH� +2HH� /B BM/B`BxxQ 63yk

LQM b�TTB�KQ � +Qb� +Q``BbTQM/2 [m2bi� +2HH� /B K2KQ`B�555
=) H� K2KQ`B� Tmǁ p2MB`2 +Q``Qii�

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j38 f 9R9



6mMxBQMB SmMi�iQ`B

hBTQ /B p�`B�#BHB TmMi�iQ`2
AH iBTQ /B mM� p�`B�#BH2 TmMi�iQ`2 ĕ ǳTmMi�iQ`2 � iBTQǴX AH bmQ p�HQ`2 ĕ
mM BM/B`BxxQX
A iBTB TmMi�iQ`2 bQMQ BM/B`BxxB 2 MQM BMi2`BX
BMi �-  TBc
� 4 TBc
*QKTBH�M/Q bB QiiB2M2 mM �pp2`iBK2MiQ Q r�`MBM;,
ǳ�bbB;MK2Mi K�F2b BMi2;2` 7`QK TQBMi2` rBi?Qmi � +�biǴ
.m2 p�`B�#BHB /B iBTQ TmMi�iQ`2 � iBTB /Bp2`bB bQMQ BM+QKT�iB#BHBX
BMi t-  TBc ~Q�i  T7c
t 4 TBc �bb2;M�xBQM2 BMi � BMi

r�`MBM;, ǳ�bbB;MK2Mi K�F2b BMi2;2` 7`QK TQBMi2` ĘǴ
T7 4 tc �bb2;M�xBQM2 BMi � 7HQ�i 

r�`MBM;, ǳ�bbB;MK2Mi K�F2b TQBMi2` 7`QK BMi2;2` ĘǴ
TB 4 T7c �bb2;M�xBQM2 7HQ�i � BMi 

r�`MBM;, ǳ�bbB;MK2Mi 7`QK BM+QKT�iB#BH2 TQBMi2` ivT2Ǵ
*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3e f 9R9



6mMxBQMB SmMi�iQ`B

S2`+?û BH * /BbiBM;m2 i`� TmMi�iQ`B /B iBTQ /Bp2`bQ\
a2 imiiB B iBTB TmMi�iQ`2 7Qbb2`Q B/2MiB+B MQM b�`2##2 TQbbB#BH2
/2i2`KBM�`2 � i2KTQ /B +QKTBH�xBQM2 BH iBTQ /B  TX
1b2KTBQ,
TmMi�iQ`2 Tc
BMi Bc +?�` +c ~Q�i 7c
SQi`2B b+`Bp2`2,
T 4 �+c
T 4 �Bc
T 4 �7c
AH iBTQ /B  T p2``2##2 � /BT2M/2`2 /�HHǶmHiBK� �bb2;M�xBQM2 +?2 ĕ bi�i�
7�ii� UMQi� bQHQ � i2KTQ /B 2b2+mxBQM2VX
�/ 2b2KTBQ- [m�H2 b�`2##2 BH bB;MB}+�iQ /B f BM Bf T, /BpBbBQM2 BMi2`�
Q `2�H2\

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3d f 9R9



6mMxBQMB SmMi�iQ`B

SQbbB#BHB `Bb+?B +QM B TmMi�iQ`B, �HB�bBM;

 TB 4 jc
 [B 4 dc
TB 4 [Bc
 [B 4 8c

�/2bbQ BH p�HQ`2  [B TmMi�iQ /� [B ĕ 8- K� +QK2 2z2iiQ +QHH�i2`�H2 8
ĕ �M+?2 BH p�HQ`2  TB TmMi�iQ /� TBX
AH T`Q#H2K� ĕ mM� +QMb2;m2Mx� /2HHǶ�HB�bBM;- Qpp2`Q /2H 7�iiQ +?2 mMQ
bi2bbQ Q;;2iiQ p2M;� +?B�K�iQ BM /m2 KQ/B /Bp2`bBX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j33 f 9R9



6mMxBQMB SmMi�iQ`B

6mMxBQM2 bBx2Q7 +QM TmMi�iQ`B

G� 7mMxBQM2 bBx2Q7 `2biBimBb+2 HǶQ++mT�xBQM2 BM K2KQ`B� BM #vi2 /B
mM� p�`B�#BH2 U�M+?2 /B iBTQ TmMi�iQ`2V Q /B mM iBTQX
A TmMi�iQ`B Q++mT�MQ HQ bT�xBQ /B mM BM/B`BxxQX
GǶQ;;2iiQ TmMi�iQ ?� BMp2+2 H� /BK2MbBQM2 /2H iBTQ TmMi�iQX
+?�`  T+c
BMi  TBc
/Qm#H2  T/c
T`BMi7U]W/ W/ W/ ]- bBx2Q7UT+V- bBx2Q7UTBV- bBx2Q7UT/VVc
T`BMi7U]W/ W/ W/\M]- bBx2Q7U+?�`  V- bBx2Q7UBMi  V-

bBx2Q7U/Qm#H2  VVc
T`BMi7U]W/ W/ W/ ]- bBx2Q7U T+V- bBx2Q7U TBV- bBx2Q7U T/VVc
T`BMi7U]W/ W/ W/\M]- bBx2Q7U+?�`V- bBx2Q7UBMiV-

bBx2Q7U/Qm#H2VVc

9 9 9 9 9 9
R k 3 R k 3

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 j3N f 9R9



6mMxBQMB SmMi�iQ`B

PT2`�xBQMB +QM TmMi�iQ`B
amB TmMi�iQ`B bB TQbbQMQ 2z2iim�`2 /Bp2`b2 QT2`�xBQMB,

/B /2`272`2MxB�K2MiQ
1b2KTBQ,
BMi  T- Bc
ē
B 4  Tc
AH p�HQ`2 /2HH� p�`B�#BH2 BMi2`� B ĕ Q`� HQ bi2bbQ /2H p�HQ`2 /2HHǶBMi2`Q
TmMi�iQ /� TX
/B �bb2;M�K2MiQ
1b2KTBQ, BMi  T-  [c
ē
T 4 [c

LX"X T 2 [ /2pQMQ 2bb2`2 /2HHQ bi2bbQ iBTQ U�Hi`BK2MiB #BbQ;M� mb�`2
HǶQT2`�iQ`2 /B +�biVX

.QTQ HǶ�bb2;M�K2MiQ T`2+2/2Mi2- T TmMi� �HHQ bi2bbQ BMi2`Q � +mB
TmMi� [X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNy f 9R9



6mMxBQMB SmMi�iQ`B

/B +QM7`QMiQ
1b2KTBQ,
B7 UT 44 [V ē
A /m2 TmMi�iQ`B ?�MMQ HQ bi2bbQ p�HQ`2X
1b2KTBQ,
B7 UT > [V ē
>� b2MbQ\ *QM [m2HHQ +?2 �##B�KQ pBbiQ }MQ`� MQX o2/`2KQ +?2 +B
bQMQ bBim�xBQMB BM +mB ?� b2MbQX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNR f 9R9



6mMxBQMB SmMi�iQ`B

�`BiK2iB+� /2B TmMi�iQ`B

amB TmMi�iQ`B bB TQbbQMQ �M+?2 2z2iim�`2 QT2`�xBQMB �`BiK2iB+?2- +QM
QTTQ`imM2 HBKBi�xBQMB

bQKK� Q bQii`�xBQM2 /B mM BMi2`Q
bQii`�xBQM2 /B mM TmMi�iQ`2 /� mM �Hi`Q

aQKK� 2 bQii`�xBQM2 /B mM BMi2`Q
a2 T ĕ mM TmMi�iQ`2 � iBTQ 2 BH bmQ p�HQ`2 ĕ mM +2`iQ BM/B`BxxQ BM/- BH
bB;MB}+�iQ /B TYR ĕ BH T`BKQ BM/B`BxxQ miBH2 /QTQ BM/ T2` HǶ�++2bbQ 2 H�
+Q``2ii� K2KQ`Bxx�xBQM2 /B mM� p�`B�#BH2 /B iBTQ iBTQX
1b2KTBQ,
BMi  T-  [c
XXXX
[ 4 TYRc
a2 BH p�HQ`2 /B T ĕ HǶBM/B`BxxQ Ryy- BH p�HQ`2 /B [ /QTQ HǶ�bb2;M�K2MiQ ĕ Ry9
U�bbmK2M/Q +?2 mM BMi2`Q Q++mTB 9 #vi2VX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNk f 9R9



6mMxBQMB SmMi�iQ`B

AH p�HQ`2 +�H+QH�iQ BM +Q``BbTQM/2Mx� /B mMǶQT2`�xBQM2 /2H iBTQ TYB
/BT2M/2 /�H iBTQ h /B T U�M�HQ;X T2` T@BV,

PTX GQ;B+�, T 4 TYR PTX �H;2#`B+�, T 4 T YbBx2Q7UhV
1b2KTBQ,
BMi  TBc
 TB 4 R8c
TB4TBYRc =) TB TmMi� �H T`QbbBKQ BMi U9 #vi2 /QTQV
1b2KTBQ,
/Qm#H2  T/c
 T/ 4 RkXkc
T/ 4 T/Yjc =) T/ TmMi� � j /Qm#H2 /QTQ Uk9 #vi2 /QTQV
1b2KTBQ,
+?�`  T+c
 T+ 4 ^�^c
T+ 4 T+ @ 8c =) T+ TmMi� � 8 +?�` T`BK� U8 #vi2 T`BK�V
SQbbB�KQ �M+?2 b+`Bp2`2, TBYYc T/Y4jc T+@48c
Zm2bi� QT2`�xBQM2 +B b2`pB`¨ T2` B TmMi�iQ`B �/ �``�vX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNj f 9R9



6mMxBQMB SmMi�iQ`B

SmMi�iQ`2 � TmMi�iQ`2

G2 p�`B�#BHB /B iBTQ TmMi�iQ`2 bQMQ p�`B�#BHB +QK2 imii2 H2 �Hi`2, BM
T�`iB+QH�`2 ?�MMQ mM BM/B`BxxQ +?2 Tmǁ +QbiBimB`2 BH p�HQ`2 /B mMǶ�Hi`�
p�`B�#BH2 /B iBTQ TmMi�iQ`2 � TmMi�iQ`2X
1b2KTBQ,
BMi  TB-   TTB- t4Ryc
TB 4 �tc
TTB 4 �TBc
T`BMi7U]TB 4 WT TTB 4 WT  TTB 4 WT\M]- TB- TTB-  TTBVc
T`BMi7U] TB 4 W/   TTB 4 W/ t 4 W/\M]-  TB-   TTB- tVc

TB 4 ytkk27j9 TTB 4 ytkk27j+  TTB 4 ytkk27j9
 TB 4 Ry   TTB 4 Ry t 4 Ry

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jN9 f 9R9



6mMxBQMB SmMi�iQ`B

1b2KTB

BMi �- #-  T-  [c
�4Ryc
#4kyc
T 4 ��c
[ 4 �#c
 [ 4 � Y #c
� 4 � Y  [c
[ 4 Tc
 [ 4 � Y #c
T`BMi7U]�4W/ #4W/  T4W/  [4W/]- �-#- T- [Vc

Zm�HB bQMQ B p�HQ`B bi�KT�iB /�H T`Q;`�KK�\

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jN8 f 9R9



6mMxBQMB SmMi�iQ`B

1b2KTB U+QMi/XV

BMi  T-   [c
BMi �4Ry- #4kyc
[ 4 �Tc
T 4 ��c
 T 4 8yc
  [ 4 Ryyc
 [ 4 �#c
 T 4 8yc
� 4 �Y#c
T`BMi7U]�4W/ #4W/  T4W/   [4W/$M]- �- #-  T-   [Vc

Zm�HB bQMQ B p�HQ`B bi�KT�iB /�H T`Q;`�KK�\

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNe f 9R9



6mMxBQMB SmMi�iQ`B

_2H�xBQM2 i`� p2iiQ`B 2 TmMi�iQ`B

AM ;2M2`�H2 MQM b�TTB�KQ +Qb� +QMi2M;QMQ H2 +2HH2 /B K2KQ`B�
�/B�+2MiB �/ mM� /�i� +2HH�X
GǶmMB+Q +�bQ BM +mB b�TTB�KQ [m�HB bQMQ H2 HQ+�xBQMB /B K2KQ`B�
bm++2bbBp2 2 +Qb� +QMi2M;QMQ ĕ [m�M/Q miBHBxxB�KQ /2B p2iiQ`BX
AM * BH MQK2 /B mM p2iiQ`2 p2i ĕ BM `2�Hi¨ mM TmMi�iQ`2 �HH� T`BK�
HQ+�xBQM2 /2HHǶ�``�v p2i(y)X UAM7�iiB MQM TQbbQ �bb2;M�`2 mM �``�v �/
mM �Hi`QV
BMi p2i(Ry)c =) p2i 2 �p2i(y) ?�MMQ HQ bi2bbQ p�HQ`2 UmM BM/B`BxxQV-
#�bi� T`Qp�`2 � bi�KT�`HB
lM TmMi�iQ`2 Tmǁ TmMi�`2 BH T`BKQ 2H2K2MiQ /B mM p2iiQ`2X
BMi p2i(8)c
BMi  TBc
TB 4 p2ic ĕ 2[mBp�H2Mi2 � TB 4 �p2i(y)c

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNd f 9R9



6mMxBQMB SmMi�iQ`B

�++2bbQ �;HB 2H2K2MiB /B mM p2iiQ`2
1b2KTBQ,
BMi p2i(8)c
BMi  TB 4 p2ic
 UTB Y jV 4 k3c
TBYj TmMi� �HHǶ2H2K2MiQ /B BM/B+2 j /2H p2iiQ`2 UBH [m�`iQ 2H2K2MiQVX
j pB2M2 /2iiQ Qzb2i UQ b+Qbi�K2MiQV /2H TmMi�iQ`2X
LX"X a2`pQMQ H2 UV T2`+?ĕ  ?� T`BQ`Bi¨ K�;;BQ`2 /B YX *?2 +Qb�
/2MQi�  TB Y j \
Pbb2`p�xBQM2,
�p2i(j) 2[mBp�H2 � TBYj 2[mBp�H2 � p2iYj
 �p2i(j) 2[mBp�H2 �  UTBYjV 2[mBp�H2 �  Up2iYjV

AMQHi`2-  �p2i(j) 2[mBp�H2 � p2i(j)
AM *- p2i(j) ĕ bQHQ mM KQ/Q �Hi2`M�iBpQ /B b+`Bp2`2  Up2iYjVX

LQi�xBQMB T2` ;HB 2H2K2MiB /B mM p2iiQ`2,
p2i(j) =) MQi�xBQM2 +QM TmMi�iQ`2 2 BM/B+2
 Up2iYjV =) MQi�xBQM2 +QM TmMi�iQ`2 2 Qzb2i

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jN3 f 9R9



6mMxBQMB SmMi�iQ`B

lM 2b2KTBQ +?2 `B�bbmK2 B KQ/B BM +mB bB Tmǁ �++2/2`2 �;HB 2H2K2MiB
/B mM p2iiQ`2X

BMi p2i(8) 4 &RR- kk- jj- 99- 88'c
BMi  TB 4 p2ic
BMi Q77b2i 4 jc

f �bb2;M�K2MiB 2[mBp�H2MiB  f

p2i(Q77b2i) 4 33c
 Up2i Y Q77b2iV 4 33c
TB(Q77b2i) 4 33c
 UTB Y Q77b2iV 4 33c

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 jNN f 9R9



6mMxBQMB SmMi�iQ`B

�ii2MxBQM2, � /Bz2`2Mx� /B mM MQ`K�H2 TmMi�iQ`2- BH MQK2 /B mM
p2iiQ`2 ĕ mM TmMi�iQ`2 +Qbi�Mi2

BH bmQ p�HQ`2 MQM Tmǁ 2bb2`2 KQ/B}+�iQ5
BMi p2i(Ry)c
BMi  TBc
TB 4 p2ic +Q``2iiQ
TBYYc +Q``2iiQ
p2iYYc b+Q``2iiQ, p2i ĕ mM TmMi�iQ`2 +Qbi�Mi25
Ĕ [m2biQ BH p2`Q KQiBpQ T2` +mB MQM ĕ TQbbB#BH2 �bb2;M�`2 mM p2iiQ`2 �/ mM
�Hi`Q miBHBxx�M/Q B HQ`Q MQKB

BMi �(j)4&R-R-R'- #(j) Bc
7Q` UB4yc BIjc BYYV

#(B) 4 �(B)c
K� MQM #4� U# ĕ mM TmMi�iQ`2 +Qbi�Mi25V

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9yy f 9R9



6mMxBQMB SmMi�iQ`B

JQ/B �Hi2`M�iBpB T2` b+�M/B`2 mM p2iiQ`2

BMi �(GlL:)4 &XXXXXXX'c
BMi B-  T4�c
A b2;m2MiB bQMQ imiiB KQ/B 2[mBp�H2MiB T2` bi�KT�`2 B p�HQ`B /B �

7Q` UB4yc BIGlL:c BYYV 7Q` UB4yc BIGlL:c BYYV
T`BMi7U]W/]- �(B)Vc T`BMi7U]W/]- T(B)Vc

7Q` UB4yc BIGlL:c BYYV 7Q` UB4yc BIGlL:c BYYV
T`BMi7U]W/]-  U�YBVVc T`BMi7U]W/]-  UTYBVVc

7Q` UT4�c TI�YGlL:c TYYV
T`BMi7U]W/]-  TVc

LQM ĕ BMp2+2 H2+BiQ mM +B+HQ /2H iBTQ
7Q` U c �ITYGlL:c �YYV

T`BMi7U]W/]-  �Vc
T2`+?û\ S2`+?û �YY ĕ mM �bb2;M�K2MiQ bmH TmMi�iQ`2 +Qbi�Mi2 �5X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9yR f 9R9



6mMxBQMB SmMi�iQ`B

.Bz2`2Mx� i`� TmMi�iQ`B

AH T�`�HH2HQ i`� p2iiQ`B 2 TmMi�iQ`B +B +QMb2Mi2 /B +�TB`2 BH b2MbQ /B
mMǶQT2`�xBQM2 /2H iBTQ T@[ /Qp2 T 2 [ bQMQ TmMi�iQ`B �HHQ bi2bbQ iBTQX
BMi  T-  [c
BMi �(Ry)4&y'c
BMi tc
XXX
t4T@[c
AH p�HQ`2 /B t ĕ BH MmK2`Q /B BMi2`B +QKT`2bB i`� HǶBM/B`BxxQ T 2
HǶBM/B`BxxQ [X
ZmBM/B b2 M2H +Q/B+2 T`2+2/2Mi2 XXX bQMQ H2 Bbi`mxBQMB,
[ 4 �c
T 4 ��(8)c
BH p�HQ`2 /B t /QTQ HǶ�bb2;M�K2MiQ ĕ 8X

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9yk f 9R9



6mMxBQMB SmMi�iQ`B

1b2KTBQ
/Qm#H2 #(Ry) 4 &yXy'c
/Qm#H2  7T-  7[c
+?�`  +T-  +[c

7T 4 #Y8c
7[ 4 #c

+T 4 U+?�`  V U#Y8Vc
+[ 4 U+?�`  V #c

T`BMi7U]7T4WT +T4WT 7[4WT +[4WT$M]- 7T- +T- 7[- +[Vc
T`BMi7U]7T@7[4 W/- +T@+[4W/$M]- 7T@7[- +T@+[Vc

7T4ytkk72j+ +T4ytkk72j+ 7[4ytkk72R9 +[4ytkk72R9
7T@7[48 +T@+[49y

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9yj f 9R9



6mMxBQMB SmMi�iQ`B

Diagramma di Alice 

Haddock’Eyes 

The Aged, Aged Man 

Ways and Means 

A-sitting on A Gate 

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9y9 f 9R9



6mMxBQMB 6mMxBQMB

S�bb�;;BQ /2B T�`�K2i`B T2` BM/B`BxxQ M2HH2 7mMxBQMB
S2` TQi2` KQ/B}+�`2 BH p�HQ`2 /2B T�`�K2i`B �iim�HB- �H+mMB HBM;m�;;B
U2bX S�b+�HV T`2p2/QMQ mMǶmHi2`BQ`2 KQ/�HBi¨ /B T�bb�;;BQ /2B
T�`�K2i`B- BH T�bb�;;BQ T2` BM/B`BxxQ

+?2 BM7Q`K�HK2Mi2- 7� BM KQ/Q +?2- �H KQK2MiQ /2HH� +?B�K�i�- BH
T�`�K2i`Q 7Q`K�H2 +QbiBimBb+� mM KQ/Q �Hi2`M�iBpQ T2` �++2/2`2 �H
T�`�K2i`Q �iim�H2 U+?2 /2p2 2bb2`2 mM� p�`B�#BH2 2 MQM mM� ;2M2`B+�
2bT`2bbBQM2V
/m`�Mi2 HǶ2b2+mxBQM2 /2H +Q`TQ- Q;MB `B72`BK2MiQ U2fQ KQ/B}+�V �H
T�`�K2i`Q 7Q`K�H2 ĕ mM `B72`BK2MiQ �H T�`�K2i`Q �iim�H2X

AM * 2bBbi2 bQHQ BH T�bb�;;BQ T2` p�HQ`2- K� [m2HHQ T2` BM/B`BxxQ bB Tmǁ
`2�HBxx�`2 +QK2 b2;m2,

R bB miBHBxx� mM T�`�K2i`Q 7Q`K�H2 /B iBTQ TmMi�iQ`2
k �HHǶBMi2`MQ /2H +Q`TQ /2HH� T`Q+2/m`� Q;MB `B72`BK2MiQ �H T�`�K2i`Q

7Q`K�H2 �ppB2M2 �ii`�p2`bQ HǶQT2`�iQ`2 /B /2`272`2MxB�xBQM2  
UT�`�K2i`Q �iim�H2 2 BH T�`�K2i`Q 7Q`K�H2 bB `B72`Bb+QMQ �HH� bi2bb� +2HH�V

j �H KQK2MiQ /2HH� +?B�K�i�- bB miBHBxx� +QK2 T�`�K2i`Q �iim�H2 mM
BM/B`BxxQ /B mM� p�`B�#BH2 UmiBHBxx�M/Q- b2 M2+2bb�`BQ- HǶQT2`�iQ`2 /B
BM/B`BxxQ �VX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9y8 f 9R9



6mMxBQMB 6mMxBQMB

1b2KTBQ, _BT`2M/B�KQ HǶ2b2KTBQ /2H p�HQ`2 �bbQHmiQX
pQB/ �#bUBMi  tV
&
B7 U t I yV

 t 4 @U tVc
'
L2H +?B�K�Mi2 bB miBHBxx�MQ +?B�K�i2 /2H iBTQ �#bU�xV T2` Qii2M2`2
HǶ2z2iiQ /B `BKTB�xx�`2 BH p�HQ`2 /2HH� p�`B�#BH2 x +QM BH bmQ p�HQ`2
�bbQHmiQX
BMi x 4 @8c
�#bU�xVc =) t 4 �xc

B7 U t < yV  t 4 @U tVc
LX"X AH T�bb�;;BQ /2B T�`�K2i`B ĕ b2KT`2 T2` p�HQ`2- K� [m2bi� pQHi�
pB2M2 T�bb�iQ mM p�HQ`2 TmMi�iQ`2 +?2 +QMb2Mi2 /B �++2/2`2 �HH�
p�`B�#BH2 /2H +?B�K�Mi2X
L2HHǶ2b2KTBQ- HǶ�bb2;M�K2MiQ  t 4 @U tVc ?� +QK2 2z2iiQ H�
KQ/B}+� /2HH� p�`B�#BH2 x /2H +?B�K�Mi2- BM [m�MiQ BH p�HQ`2 /B t ĕ �x
2 /mM[m2  t ĕ T`QT`BQ xX

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9ye f 9R9



6mMxBQMB 6mMxBQMB

1b2KTBQ, S`Q+2/m`� T2` HQ b+�K#BQ /B /m2 p�`B�#BHB BMi2`2

pQB/ br�TUBMi  t- BMi  vV
&

BMi i2KT 4  tc
 t 4  vc
 v 4 i2KTc

'
1b2KTBQ /B miBHBxxQ, T`Q;`�KK� +?2 H2;;2 /m2 p�HQ`B BMi2`B 2 HB bi�KT�
Q`/BM�iBX
K�BMUV &
BMi �- #c
b+�M7U]W/]- ��Vc
b+�M7U]W/]- �#Vc
B7 U� = #V br�TU��- �#Vc
T`BMi7U]o�HQ`2 KBMBKQ, W/$M]- �Vc
T`BMi7U]o�HQ`2 K�bbBKQ, W/$M]- #Vc '

*X "Q/2B U.BTXiQ AM7Q`K�iB+�V 6SG kykjfk9 9yd f 9R9


