
























Convexity for sets

C ⊆ Rn is a convex set if

x , y ∈ C , λ ∈ [0, 1] =⇒ λx + (1− λ)y ∈ C
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Operations preserving convexity

I Let C ⊆ Rn be convex.

– The closure and the (relative) interior of C are convex

I Let A ∈ Rm×n.

(i) If C ⊆ Rn is convex, then A(C ) = {Ax : x ∈ C } is convex

(ii) If D ⊆ Rm is convex, then A−1(D) = { x : Ax ∈ D } is convex

I Let Ci ⊆ Rni be convex and µi ∈ R for all i ∈ I .

(i)
∏
i∈I

Ci is convex

(ii) If ni = n, then
⋂
i∈I

Ci is convex

(iii) If I is finite and ni = n, then
∑
i∈I

µiCi is convex



Convexity for functions

Let C ⊆ Rn be convex. f : Rn → R is a convex function on C if

f (λx + (1− λ)y) ≤ λf (x) + (1− λ)f (y)

holds for all x , y ∈ C , λ ∈ [0, 1].

Proposition

Let C ⊆ Rn be convex. f : Rn → R is convex on C if and only if
(the restriction of) its epigraph (to C), namely

epi(f ) ∩ (C × R) = {(x , t) ∈ C × R : t ≥ f (x)},

is a convex set in Rn+1.

Morever, if f is convex on C , then the
(the restriction of) its α-sublevel set (to C), namely

Sα(f ) ∩ C = {x ∈ C : f (x) ≤ α},

is a convex set in Rn for any α ∈ R.
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Let C ⊆ Rn be convex. f : Rn → R is

I convex on C if

f (λx + (1− λ)y) ≤ λf (x) + (1− λ)f (y)

holds for all x , y ∈ S , λ ∈ [0, 1]

I strictly convex on C if

f (λx + (1− λ)y) < λf (x) + (1− λ)f (y)

holds for all x , y ∈ C with x 6= y , λ ∈]0, 1[

I strongly convex on C with modulus µ if

f (λx + (1−λ)y) ≤ λf (x) + (1−λ)f (y)− µ
2
λ(1−λ)‖x − y‖2

holds for all x , y ∈ C , λ ∈ [0, 1]

f strongly convex on C if and only if f − µ

2
‖ · ‖2

2
is convex on C .



Operations preserving convexity

Let C ⊆ Rn be convex.

I Let fi : Rn → R be convex on C and µi > 0 for all i ∈ I .

(i) If I is finite, then
(∑

i∈I

µi fi
)

(x) =
∑
i∈I

µi fi (x) is convex on C

(ii) If
(

sup
i∈I

fi
)

(x) = sup
i∈I

fi (x) < +∞ for all x ∈ C , then the

pointwise supremum function
(

sup
i∈I

fi
)

is convex on C

I Let f : Rn → R be convex on Rn.

(i) g(x) = f (Ax + b) is convex on Rm for any A ∈ Rm×n, b ∈ Rn

(ii) g(x) = h(f (x)) is convex on Rn if h : R→ R is convex and
non-decreasing

(iii) g(x) = h(−f (x)) is convex on Rn if h : R→ R is convex and
non-increasing



Examples of convex functions

I f (x) = ‖x‖2 (nonsmooth at x = 0)

I f (x) = ‖x‖2
2

(smooth)

I f (x) = ‖x‖1 (nonsmooth along the coordinate axes)

I f (x) = 1
2 x

TQx + bT x + c with Q = QT ∈ Rn×n positive
semidefinite, b ∈ Rn, c ∈ R (strongly convex if Q is positive definite)

I Let C ⊆ Rn be convex.

(i) dC (x) = min{ ‖y − x‖2 : y ∈ C} (nonsmooth on the boundary)

(ii) d2
C (x) = min{ ‖y − x‖2

2
: y ∈ C} (smooth)

(iii) σC (x) = sup{ yT x : y ∈ C} [ support function of C ]



Convexity and optimization

Let C ⊆ Rn and f : Rn → R.

(P) min{f (x) : x ∈ C}

Suppose C is convex. Then,

II If f is convex on C , then any local minimum point of (P) is
also a global minimum point. Moreocer, the set of all the
minima is a convex set.

I If f is strictly convex on C , there exists at most one minimum
point of (P).

I If f is strongly convex on C , there exists exactly one minimum
point of (P).



Differentiable convex functions

Let C ⊆ Rn be convex and f : Rn → R differentiable on C .

(i) f is (strictly) convex on C if and only if

f (y) ≥ f (x) +∇f (x)T (y − x) (>)

or equivalently(
∇f (x)−∇f (y)

)T
(x − y) ≥ 0 (>)

holds for all x , y ∈ C (with x 6= y).

(ii) f is strongly convex on C with modulus µ > 0 if and only if

f (y) ≥ f (x) +∇f (x)T (y − x) +
µ

2
‖y − x‖2

2

or equivalently(
∇f (x)−∇f (y)

)T
(x − y) ≥ µ‖y − x‖2

2

holds for all x , y ∈ C .
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Mean value theorem

Let f be convex on Rn. Given any x , y ∈ Rn with x 6= y , then

I there exist λ ∈]0, 1[ and sλ∈ ∂f (λx + (1− λ)y) such that

f (y)− f (x) = sTλ (y − x)

I f (y)− f (x) =

∫ 1

0
sTλ (y − x) dλ

for any choice of the subgradients sλ∈ ∂f (λx + (1− λ)y)



Calculus rules

Let f , fi :Rn → R be convex on Rn for all i ∈ I [← finite index set]

I ∂f (x) = α∂f (x) for all α > 0

I ∂
(∑

i∈I
fi

)
(x) =

∑
i∈I

∂fi (x)

I Let I (x) = { j ∈ I : fj(x) = max
i∈I

fi (x)}

∂
(

max
i∈I

fi

)
(x) = conv

⋃
i∈I (x)

∂fi (x)

I Let A ∈ Rn×m, b ∈ Rn, g(x) = f (Ax + b)

∂g(x) = AT∂f (Ax + b)

I Let h :R→ R be convex, non-decreasing and differentiable

∂(h ◦ f )(x) = h′(f (x)) ∂f (x)


