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Convexity for sets

C C RR" is a convex set if

x,ye C,Ae[0,1]] = M+(1-NyeC

Ax+(1-A)y

convex nonconvex



Operations preserving convexity

» Let C C R" be convex.

— The closure and the (relative) interior of C are convex

> Let A e R™*",

(i) If C CR"is convex, then A(C) = { Ax : x € C} is convex
(i) If D C R™ is convex, then A~}(D) = {x : Ax € D} is convex

> Let C; C R" be convex and p; € R for all i € /.
() H C; is convex
icl
(ii) If n; = n, then ﬂ C; is convex
i€l

(iii) If I is finite and n; = n, then ZM;C,- is convex
iel



Convexity for functions

Let C C R"” be convex. f : R” — R is a convex function on C if
FOAX + (1= N)y) < Af(x) + (1 = A)f(y)
holds for all x,y € C, X € [0,1].

M) +(1-Mf(y)

AX+(1-N)y



Convexity for functions

Let C C R"” be convex. f : R” — R is a convex function on C if
FOAX + (1= N)y) < Af(x) + (1 = A)f(y)
holds for all x,y € C, X € [0,1].

M) +(1-Mf(y)

AX+(1-N)y



Convexity for functions

Let C C R"” be convex. f : R” — R is a convex function on C if
FOAX + (1= N)y) < Af(x) + (1 = A)f(y)
holds for all x,y € C, X € [0,1].

Proposition

Let C CR" be convex. f : R” — R is convex on C if and only if
(the restriction of) its epigraph (to C), namely

epi()N(CxR) = {(x,t) € CxR : t > f(x)},

is a convex set in R,



Convexity for functions

Let C C R"” be convex. f : R” — R is a convex function on C if
FOAX + (1= N)y) < Af(x) + (1 = A)f(y)
holds for all x,y € C, X € [0,1].

Proposition

Let C CR" be convex. f : R” — R is convex on C if and only if
(the restriction of) its epigraph (to C), namely

epi()N(CxR) = {(x,t) € CxR : t > f(x)},

is a convex set in R, Morever, if f is convex on C, then the
(the restriction of) its a-sublevel set (to C), namely

Sa(f)NC={xe C : f(x)<a},

is a convex set in R" for any o € R.



Let C CR" be convex. f : R" — R is
» convex on C if
FOX 4 (1= A)y) < A(x) + (1= N)f(y)
holds for all x,y € S, A € [0, 1]
» strictly convex on C if
f(Ax 4+ (T=XN)y) < Af(x)+(1—XNf(y)
holds for all x,y € C with x # y, A €]0, 1]
» strongly convex on C with modulus y if
FAX+ (L= N)y) S M)+ (1= V() = 5 AA =N x =yl
holds for all x,y € C, A € [0,1]

f strongly convex on C if and only if f — %H . ||§ is convex on C.



Operations preserving convexity

Let C C R" be convex.

» Let f;: R" — R be convex on C and p; >0 forall i € /.

(i) If I is finite, then (Z u/ﬁ)(x) = Zu;f;(x) is convex on C
icl iel
(i) If (sup f,-)(x) = sup f;{(x) < oo for all x € C, then the
icl iel
pointwise supremum function (sup f,-) is convex on C
iel
> Let f : R” — R be convex on R".
(i) g(x) = f(Ax + b) is convex on R™ for any A € R™*" b € R"

(i) g(x) = h(f(x)) is convex on R" if h: R — R is convex and
non-decreasing

(i) g(x) = h(—f(x)) is convex on R" if h: R — R is convex and
non-increasing



Examples of convex functions

f(x) = ||x||, (nonsmooth at x = 0)
f(x) = HXH§ (smooth)
f(x) = ”XH1 (nonsmooth along the coordinate axes)

f(x) =3xTQx+ b x+cwith Q= QT € R™" positive
semidefinite, b € R", ¢ € R (strongly convex if Q is positive definite)

Let C C R" be convex.
(i) de(x) =min{|ly — x|, : ¥ € C} (nonsmooth on the boundary)
(i) d&(x) =min{|ly —x|? : y € C} (smooth)

(iii) oc(x) =sup{y"x : y € C} [ support function of C ]



Convexity and optimization

Let CCR"and f : R" — R.

(P) min{f(x) : xe C}

Suppose C is convex. Then,

» If f is convex on C, then any local minimum point of (P) is
also a global minimum point. Moreocer, the set of all the
minima is a convex set.

> If f is strictly convex on C, there exists at most one minimum
point of (P).

» If f is strongly convex on C, there exists exactly one minimum
point of (P).



Differentiable convex functions
Let C C R" be convex and f : R" — R differentiable on C.
(i) f is (strictly) convex on C if and only if

fy) > f)+ V) (y =) (>)

or equivalently
T

(VF(x) = Vf(y)) (x=y)>0  (>)

holds for all x,y € C (with x # y).



Differentiable convex functions

Let C C R" be convex and f : R" — R differentiable on C.
(i) f is (strictly) convex on C if and only if
Fy) 2 F)+ V)T (y =x) ()
or equivalently
(VF() = VW) (x =320 ()
holds for all x,y € C (with x # y).
(ii) f is strongly convex on C with modulus & > 0 if and only if
F(y) 2 F(x) + VA Ty = x) + Slly = xI2
or equivalently

-
(VE(x) = VE(y)) (x = y) = ully — x|
holds for all x,y € C.
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Mean value theorem

Let f be convex on R". Given any x,y € R" with x # y, then
> there exist A €]0,1[ and sy € 9f(Ax + (1 — \)y) such that

fly) = f(x) =s{(y —x)

1
- f(y)—f(x)zfo ST(y — x) dA

for any choice of the subgradients sy € 9f(Ax + (1 — A\)y)



Calculus rules
Let f,f;:R" — R be convex on R" for all i € I [« finite index set]

» Of(x) = adf(x) for all a > 0

(D oh)(x) = D oi(x)

iel i€l

v

v

Let I(x)={jel : fi(x)= max fi(x)}

E?(max f,-) (x) = conv U Ifi(x)

i€l
iel(x)

v

Let Ac R™™ beR", g(x) = f(Ax + b)
dg(x) = ATOf(Ax + b)

v

Let h:R — R be convex, non-decreasing and differentiable

A(ho f)(x) = H(f(x))df(x)



